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Three-dimensional quantization of the electromagnetic field
in dispersive and absorbing inhomogeneous dielectrics

Ho Trung Dung,* Ludwig Knöll, and Dirk-Gunnar Welsch
Theoretisch-Physikalisches Institut, Friedrich-Schiller-Universita¨t Jena, Max-Wien-Platz 1, D-07743 Jena, Germany

~Received 11 November 1997!

A quantization scheme for the phenomenological Maxwell theory of the full electromagnetic field in an
inhomogeneous three-dimensional, dispersive, and absorbing dielectric medium is developed. The classical
Maxwell equations with spatially varying and Kramers-Kronig consistent permittivity are regarded as operator-
valued field equations, introducing additional current- and charge-density operator fields in order to take into
account the noise associated with the dissipation in the medium. It is shown that the equal-time commutation

relations between the fundamental electromagnetic fieldsÊ andB̂ and the potentialsÂ andŵ in the Coulomb
gauge can be expressed in terms of the Green tensor of the classical problem. From the Green tensors for bulk
material and an inhomogeneous medium consisting of two bulk dielectrics with a common planar interface it
is explicitly proven that the well-known equal-time commutation relations of QED are preserved.
@S1050-2947~98!01905-2#

PACS number~s!: 42.50.Ct, 42.50.Lc, 03.65.Bz
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I. INTRODUCTION

It is well known that the quantum statistical properties
electromagnetic fields including their interactions w
atomic systems can be strongly influenced by the presenc
dielectric bodies. Typical examples are the Casimir eff
@1,2#, the modification of the spontaneous emission rate
excited atoms@3–5# in the presence of dielectric media, an
the degradation or improvement of nonclassical propertie
light propagating through optical devices, such as cavit
beam splitters, wave guides, etc., which typically can be
garded as dielectric bodies@6–8#. Therefore, it has been o
considerable interest to formulate QED on a dielectric-ma
background. Various quantization schemes have been
posed for dispersionless@9–16#, dispersive@17–23#, and
nonlinear@18–22,24–26# dielectrics. However, most of thes
quantization schemes run into difficulties when an absorb
medium is attempted to be included in the concept, whic
crucial for studying propagation effects and keeping
theory consistent with the causality principle.

The problem has been considered by a number of aut
@27–38#. In @29#, a fully canonical quantization scheme fo
the macroscopic electromagnetic field in a linear harmon
oscillator bulk material is developed that is based on
Hopfield model of a dielectric@39#. The electromagnetic
field is coupled to a harmonic-oscillator polarization fie
that interacts with a continuum of harmonic-oscillator res
voir fields. The resulting Hamiltonian, which is a biline
form of bosonic fields, is diagonalized in two steps—first t
polarization-reservoir part and after that the total Ham
tonian. The scheme is much more involved when it allo
the electromagnetic field to be in an inhomogeneous
dium, as is the case in practice, and much effort must

*On leave from the Institute of Physics, National Center for S
ences and Technology, 1 Mac Dinh Chi St., Dist. 1, Ho Chi Mi
City, Vietnam.
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made to perform the diagonalization even for simp
dielectric-body configurations@37#.

Another approach to the problem of including losses
the quantization scheme is the method of Green func
expansion@40,41#, which can be regarded as a natural exte
sion of the familiar method of mode expansion~which only
applies to strictly nonabsorbing media! to arbitrary Kramers-
Kronig consistent media. The approach, which resembles
a sense, the method of~operator! Langevin forces
@30,31,42,43#, directly starts with the Maxwell equations fo
the macroscopic electromagnetic field, including the diel
tric displacement vector and a~phenomenologically! given
permittivity. The quantization of the radiation field is bas
on the classical Green function representation of the ve
potential, identifying the external sources therein with t
noise sources that are necessarily associated with the lo
in the medium and replacing thec-number sources with
operator-valued ones such that the equal-time basic com
tation relations of QED are preserved. The advantage of
method is that the calculation of the Green function is
similar to the determination of the mode structure in t
standard scheme—a purely classical problem. The Gr
function is essentially determined by the permittivity of th
medium, which is a space-dependent, complex function
frequency. The configuration of the dielectric bodies is d
scribed by the dependence on space of the permittivity,
the effects of dispersion and absorption, respectively, are
scribed by its real and imaginary parts. It is worth noting th
they are not independent of each other, but they must sa
Kramers-Kronig relations, because of causality~see, e.g.,
@44,45#!. The Green function method has been proved c
rect for radiation in 3D bulk material@40,46# and in 1D
multilayer structures@40,41,46#, and applications to various
problems have been studied~e.g., ground-state field fluctua
tions @41,47#, photonic wave packets at dielectric barrie
@48#, and nonclassical-light propagation in dispersive and
sorbing dielectrics@49,50#!.

The aim of this paper is to extend the Green functi

-

3931 © 1998 The American Physical Society



n

us
th
a
ad
is
u

un
ca

m
r

nt
io
an
fu
e
n

ar
le
tro
s
in
r
u

ll

u
a
la

by

de
a

fo
te
e

wn

ne,

the

m
ors
ould
tions
n-
ys

the
but
n-

uch
ua-

he
s

by
ell
a

the
tric

an-

the

o

3932 57HO TRUNG DUNG, LUDWIG KNÖLL, AND DIRK-GUNNAR WELSCH
method to the quantization of the electromagnetic field i
dispersive and absorbing three-dimensional~3D! inhomoge-
neous medium. For this purpose, both the transverse and
longitudinal parts of the electromagnetic field vectors m
be included in the analysis in a unified manner. Relating
overall noise current to a bosonic basic field, the electrom
netic field operators can be expressed—through the dy
Green function of the classical problem—in terms of th
field, and all the fundamental electromagnetic-field comm
tation relations can be expressed in terms of the Green f
tion. Using earlier results of the calculation of the classi
3D Green function for multilayer systems@51–54#, we ex-
plicitly consider an inhomogeneous medium that is co
posed of two bulk dielectrics with a common planar inte
face.

The paper is organized as follows. In Sec. II the qua
zation scheme is developed. The Green function expans
of both the electromagnetic field vectors and the vector
scalar potentials in Coulomb gauge are given, and the
damental commutation relations of QED are studied. In S
III the theory is applied to a bulk dielectric, and it is show
that the equal-time basic commutation relations of QED
preserved. In particular, earlier results for the transverse e
tromagnetic field are recovered. Quantization of the elec
magnetic field in an inhomogeneous medium that consist
two bulk dielectrics with a common interface is studied
detail in Sec. IV. Finally, a summary and conclusions a
given in Sec. V. Lengthy mathematical derivations are o
lined in the Appendix.

II. QUANTIZATION SCHEME

A. Classical Maxwell equations

Let us start by writing the phenomenological Maxwe
equations in the frequency domain as

¹•B~r ,v!50, ~1!

¹–D~r ,v!50, ~2!

¹3E~r ,v!5 ivB~r ,v!, ~3!

¹3H~r ,v!52 ivD~r ,v!, ~4!

where we have assumed that no ‘‘visible’’ charges and c
rents are embedded in the background medium. The M
well equations must be supplemented with constitutive re
tions, which for linear dielectric media are usually given

D~r ,v!5e0e~r ,v!E~r ,v!, ~5!

B~r ,v!5m0H~r ,v!. ~6!

Here, the~relative! permittivity, which is a complex function
of frequency,

e~r ,v!5eR~r ,v!1 i e I~r ,v!, ~7!

is also allowed to be varying with space in order to mo
inhomogeneous media. For causality reasons, the real
imaginary parts of the permittivity, which are responsible
dispersion and absorption, respectively, are uniquely rela
to each other through Kramers-Kronig relations, i.e., disp
a
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sion and absorption are intimately linked. It can be sho
that e(r ,V) as a function of the complex frequencyV is
analytic and has no zeros in the upper complex half-pla
and e(r ,V)→1 if uVu→` @44,45#. The fields in the time
domain are obtained by Fourier transforming the fields in
frequency domain, e.g.,

E~r ,t !5E
0

`

dve2 ivtE~r ,v!1c.c., ~8!

andB(r ,t), D(r ,t), andH(r ,t) accordingly.
The Maxwell equations~1!–~4! together with the consti-

tutive relations~5! and~6! cannot be transferred to quantu
theory by simply regarding the electromagnetic field vect
as operator-valued quantities, otherwise the operators w
be damped to zero. This is not surprising, because equa
of the form given here violate, in general, the dissipatio
fluctuation theorem, which states that damping is alwa
connected with additional noise. In other words, even
classical equations are equations for the field averages
not equations for the ‘‘naked’’ fields, and therefore they ca
not be used to study the statistics of fluctuating fields, s
as thermal fields. Hence, transferring the above given eq
tions to quantum theory can only yield equations for t
~now quantum-mechanical! expectation values of the field
~which of course can be damped to zero!. The noise that is
unavoidably associated with absorption can be described
introducing a corresponding source term in the Maxw
equations@42,55#, which can be thought of as arising from
noise polarization in the constitutive relation between
dielectric displacement vector and the vector of the elec
field strength~see, e.g.,@56#!,

D~r ,v!5e0e~r ,v!E~r ,v!1P~r ,v!. ~9!

Before specifying the noise source, let us first turn to qu
tum theory.

B. Quantum Maxwell equations

The Maxwell equations~1!–~4! together with the consti-
tutive relations~6! and ~9! can be transferred to quantum
theory, regarding the electromagnetic field vectors and
noise polarization field vector as operators:

¹–B̂~r ,v!50, ~10!

¹•@e0e~r ,v!Ê~r ,v!#5 r̂~r ,v!, ~11!

¹3Ê~r ,v!5 ivB̂~r ,v!, ~12!

¹3B̂~r ,v!52 ivm0e0e~r ,v!Ê~r ,v!1m0ĵ ~r ,v!.
~13!

Here, the operator noise charge densityr̂ and the operator
noise current densityĵ are introduced, which are related t

the operator noise polarizationP̂ as

r̂~r ,v!52¹•P̂~r ,v!, ~14!

ĵ ~r ,v!52 ivP̂~r ,v!. ~15!
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It follows from Eqs. ~14! and ~15! that r̂ and ĵ fulfill the
equation of continuity,

¹–ĵ ~r ,v!5 ivr̂~r ,v!. ~16!

The electric-field strength operatorÊ(r ) ~in the Schro¨dinger
picture! is defined in terms of the Fourier transformÊ(r ,v)
as

Ê~r !5E
0

`

dvÊ~r ,v!1H.c., ~17!

and similar relations hold forB̂(r ), D̂(r ), andĤ(r ).
As already mentioned, the source termsr̂ and ĵ are

closely related to the noise associated with the losses in
medium, which themselves are described by the imagin
part of the permittivity. Following@40,41#, we relateĵ to a
bosonic vector fieldf̂ as

ĵ ~r ,v!5
v

m0c2
A \

pe0
e I~r ,v! f̂~r ,v!, ~18!

@ f̂ i~r ,v!, f̂ 
†~r 8,v8!#5d i j d~r2r 8!d~v2v8!, ~19!

@ f̂ i~r ,v!, f̂ j~r 8,v8!#505@ f̂ i
†~r ,v!, f̂ j

†~r 8,v8!#. ~20!

Obviously, in the Heisenberg picture the basic operator fi
evolves asf̂(r ,v,t) 5 f̂(r ,v,t8) exp@2iv(t 2 t8)], which is
governed by the Hamiltonian

Ĥ5E d3rE
0

`

dv\v f̂†~r ,v!• f̂~r ,v!. ~21!

The system of equations~10!–~13! together with Eqs.
~17!–~21! is complete, i.e., further equations are not
quired. In particular, all the electromagnetic-field commu
tion relations are uniquely determined from the equatio
given. It should be pointed out that—in contrast to@40#—the
current densityĵ is not transverse, because the whole el
tromagnetic field is considered. Hence, the vector fieldf̂ in-
troduced here is not transverse as well, and the spatid
function in Eq.~19! is an ordinaryd function instead of a
transverse one.

C. Integral representation of Ê„r, v… and B̂„r, v…

Equations ~12! and ~13! imply that the electric field
Ê(r ,v) obeys the partial differential equation

¹3¹3Ê~r ,v!2
v2

c2
e~r ,v!Ê~r ,v!5 ivm0ĵ ~r ,v!,

~22!

whose solution can be represented as

Ê i~r ,v!5 ivm0E d3sGi j ~r ,s,v! ĵ j~s,v!, ~23!
he
ry

ld

-
-
s

-

where ĵ is given by Eq.~18!, andGi j (r ,s,v) is the dyadic
Green function~Green tensor! of the classical problem. It
satisfies the equation

F ] i
r]m

r 2d imS D r1
v2

c2
e~r ,v!D GGm j~r ,s,v!5d i j d~r2s!,

~24!

together with appropriate boundary conditions. In particu
it must vanish at infinity. The notation] i

r means]/]xi , and
D r5] i

r] i
r ~here and in the following the summation conve

tion is used!. When the electric fieldÊ(r ,v) is known, then
the magnetic fieldB̂(r ,v) can be obtained as, on recallin
Eq. ~12!,

B̂~r ,v!5~ iv!21¹3Ê~r ,v!. ~25!

In this way, the electromagnetic field operators can be
pressed in terms of the bosonic fieldf̂(r,v).

D. Commutation relations

Let us consider the~equal-time! commutation relations
between the fundamental fieldsÊ(r ) andB̂(r ). Recalling the
definitions ofÊ(r ) and B̂(r ) @see Eq.~17!#, using Eqs.~23!
and ~25! together with Eq.~18!, and applying the commuta
tion relations~19! and ~20!, we find that

@Êi~r !,B̂k~r 8!#5
i\

pe0
ekm j]m

r 8E
0

`

dv
v3

c4 E d3se I~s,v!

3Gil ~r ,s,v!Gjl* ~r 8,s,v!2c.c., ~26!

whereekm j is the Levi-Civita tensor. In order to simplify Eq
~26!, we first note that the relation

v2

c2 E d3se I~s,v!Gil ~r ,s,v!Gjl* ~r 8,s,v!

5
1

2i
@Gi j ~r ,r 8,v!2Gi j* ~r ,r 8,v!# ~27!

is valid ~see Appendix A!. Further, from Eq.~24! and the
relatione* (r ,v) 5 e(r ,2v) it follows that

Gi j* ~r ,r 8,v!5Gi j ~r ,r 8,2v!. ~28!

Combining Eqs.~26!–~28!, we derive

@Êi~r !,B̂k~r 8!#5
\

pe0
ekm j]m

r 8E
2`

`

dv
v

c2 Gi j ~r ,r 8,v!.

~29!

Similarly, we find that

@Êi~r !,Êk~r 8!#505@B̂i~r !,B̂k~r 8!#, ~30!

which is in full agreement with QED~see, e.g.,@57#!. Equa-
tion ~29! reveals that the commutator between the elec
and magnetic fields can be expressed in terms of a si
frequency integral of the Green function multiplied by th
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frequency. In order to calculate this integral, knowledge
the Green function is required. Note that a single pole
v50 has to be treated as a principal value.

E. Vector potential and scalar potential

1. Potential equations and integral representations

It is often necessary to use electromagnetic potentials
the frequency domain, the vector and scalar potentialsÂ and
ŵ, respectively, are related to the fields as

B̂~r ,v!5¹3Â~r ,v!, ~31!

Ê~r ,v!5 ivÂ~r ,v!2¹ŵ~r ,v!. ~32!

Substituting in Eqs.~11! and~13! for the fields the potentials
according to Eqs.~31! and ~32! then yields

¹•@e~r ,v!¹ŵ~r ,v!#52
r̂

e0
1 iv¹•@e~r ,v!Â~r ,v!#,

~33!

¹3¹3Â~r ,v!2
v2

c2
e~r ,v!Â~r ,v!

5m0ĵ ~r ,v!1
iv

c2
e~r ,v!¹ŵ~r ,v!. ~34!

In Coulomb gauge,

¹–Â~r ,v!50, ~35!

Eq. ~32! corresponds—in the sense of the Helmho
theorem—to a unique decomposition of the electric fieldÊ
into a transverse partivÂ and a longitudinal part2¹ŵ.
Hence we may write

Â i~r ,v!5~ iv!21E d3sd i j
'~r2s!Ê j~s,v!, ~36!

] i
r ŵ~r ,v!52E d3sd i j

i
~r2s!Ê j~s,v!, ~37!

whered'(r ) and d i(r ), respectively, are the transverse a
longitudinald functions~see, e.g.,@2#!,

d i j
'~r !5d i j d~r !1] i

r] j
r~4pr !21, ~38!

d i j
i
~r !52] i

r] j
r~4pr !21. ~39!

We insert Eq.~23! into Eq. ~36! and obtain the following
integral representation of the vector potential:

Â i~r ,v!5m0E d3sGim
' ~r ,s,v! ĵ m~s,v!, ~40!

where

Gim
' ~r ,s,v!5E d3s8d i j

'~r2s8!Gjm~s8,s,v! ~41!
f
t

In

is the~from the left! one-sided transverse Green tensor. N
we substitute in Eq.~37! for the longitudinald function the
expression~39! and find that

ŵ~r ,v!5] j
rE d3s

Ê j~s,v!

4pur2su
. ~42!

The integral representation of the scalar potential can the
found, substituting in Eq.~42! for the electric field the inte-
gral representation~23!.

2. Commutation relations

It is well known that Â(r ) and e0Ȧ̂(r ) are canonically
conjugated field variables. In order to calculate the comm
tation relation between them and the scalar potentialŵ(r ),

we first note thatÂ(r ), Ȧ̂(r ), andŵ(r ) are given by integrals
of the type~17!, but with Â(r ,v), 2 ivÂ(r ,v), andŵ(r ,v),
respectively, in place ofÊ(r ,v). Using Eq.~40! and follow-
ing the lines outlined for calculating the commutation re
tions ~29! and ~30!, we obtain

@Âi~r !,Ȧ̂ j~r 8!#5
\

pe0
E

2`

`

dv
v

c2
Gi j

''~r ,r 8,v! ~43!

and

@Âi~r !,Âj~r 8!#505@ Ȧ̂i~r !,Ȧ̂ j~r 8!#, ~44!

where

Gi j
''~r ,r 8,v!5E d3sE d3s8d im

' ~r2s!

3Gmn~s,s8,v!dn j
' ~s82r 8! ~45!

is the two-sided transverse Green tensor. Similarly, the c
mutation relation between the vector potential and the sc
potential can be given by

@ŵ~r !,Âj~r 8!#5
\

pe0
]m

r E d3sE
2`

`

dv
v

c2

Gm j
'~s,r 8,v!

4pur2su
,

~46!

where

Gm j
'~s,r 8,v!5E d3s8Gmn~s,s8,v!dn j

' ~s82r 8! ~47!

is the~from the right! one-sided transverse Green tensor, a
finally

@ŵ~r !,ŵ~r 8!#505@ŵ~r !,Ȧ̂i~r 8!#. ~48!

In order to further calculate the commutators~43! and ~46!,
the Green function multiplied by the frequency must be
tegrated over frequency, which is quite similar to the co
mutation relation~29!.
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III. HOMOGENEOUS DIELECTRICS

Let us first consider the electromagnetic field in an a
sorbing bulk material such that the permittivity can be
sumed to be independent of space:e(r ,v)5e(v)5eR(v)
1i e I(v) for all r . In this case, the solution of Eq.~24! that
satisfies the boundary conditions at infinity is@54#

Gi j ~r ,r 8,v!5@] i
r] j

r1d i j q
2~v!#q22~v!g~ ur2r 8u,v!,

~49!

where the notationq2(v) 5 (v2/c2)e(v) is used, and

g~ ur2r 8u,v!5
eiq~v!ur2r8u

4pur2r 8u
5E d3k

~2p!3

eik•~r2r8!

k22q2~v!
.

~50!

Substituting in Eq.~23! for the Green function the function
given in Eq.~49! and integrating over frequency yields, to
gether with Eq.~18!, the Green function expansion of th
operator of the electric field strength of the electromagn
field in a dispersive and absorbing bulk dielectric. The Gre
function expansions of the magnetic field and the potent
can be obtained accordingly.

A. Commutation relations

We insert the Green function~49! into Eq. ~29! and find
that

@Êi~r !,B̂k~r 8!#5
\

pe0
ekmi]m

r 8E
2`

`

dv
v

c2
g~ ur2r 8u,v!

~51!

@note thatekm j]m
r 8] j

r 8 ~ !50, because of the antisymmetry o
the Levi-Civita tensor#. We now substitute in Eq.~51! for
g(ur2r 8u,v) the Fourier expansion according to Eq.~50!,
which enables us to calculate thev integral by means of
contour integral techniques. Recalling the properties ofe(V)
as a function of the complex frequencyV, we obtain after
some straightforward calculation~cf. @40,41#!

@Êi~r !,B̂k~r 8!#52
i\

e0
e ikm]m

r d~r2r 8!. ~52!

From Eqs.~52! and~30! we see that the quantization schem
yields exactly the equal-time electromagnetic-field comm
tation relations that are well established in QED. Quite sim
larly, it can be proved that the commutation relations

@Âi~r !,Ȧ̂ j~r 8!#5
i\

e0
d i j

'~r2r 8! ~53!

and

@ŵ~r !,Âj~r 8!#50 ~54!

are also preserved.
-
-

ic
n
ls

-
i-

B. Relation to earlier work

To make contact with earlier work, we first note tha
according to the Helmholtz theorem, the noise currentĵ can
be decomposed in a unique way into a transverse and a
gitudinal part,

ĵ ~r ,v!5 ĵ '~r ,v!1 ĵ i~r ,v!, ~55!

whereĵ'(i) can be related tof̂'(i) according to Eq.~18! with
f̂'(i)(r ,v) in place of f̂(r ,v), where

f̂ i
'~ i !~r ,v!5E d3sd i j

'~ i !~r2s! f̂ j~s,v!. ~56!

The commutation relations~19! and ~20! obviously imply
that

@ f̂ i
'~ i !~r ,v!,„ f̂ j

'~ i !~r 8,v8!…†#5d i j
'~ i !~r2r 8!d~v2v8!,

~57!

@ f̂ i
'~ i !~r ,v!, f̂ j

'~ i !~r 8,v8!#5@ f̂ i
'~r ,v!,„ f̂ j

i
~r 8,v8!…†#50.

~58!

Obviously, the motion of the transverse and longitudinal d
grees of freedom is governed by their own Hamiltonians,
can be readily seen from the Hamiltonian~21!, which can be
rewritten asĤ 5 Ĥ' 1 Ĥ i, whereĤ'(i) is given according
to Eq. ~21! but with f̂'(i)(r ,v) in place of f̂(r ,v).

From Eqs.~40!, ~41!, and ~49! it can be seen that, afte
partial integration, the derivatives in Eq.~49! do not contrib-
ute to the vector potential, because of the vanishing div
gence of the transversed function. Therefore, we may write

Â i~r ,v!5m0E d3r 8g~ ur2r 8u,v! ĵ i
'~r 8,v!, ~59!

which is nothing but the representation of the transverse v
tor potential given in@40# ~if we identify m0ĵ' with ĵ n in
@40#!. Similarly, from Eqs.~23! and~42! and the Green func-
tion ~49! @together with Eq.~50!# it can be derived that

ŵ~r ,v!5
1

4pe0e~v!
E d3s

r̂~s,v!

ur2su
, ~60!

where r̂(r ,v)5( iv)21¹• ĵ i(r ,v) @cf. Eq. ~16!#. Note that
from the commutation relations~58! and Eqs.~59! and~60! it
is immediately seen that vector and scalar potentials
commuting quantities, i.e., the commutation relation~54! is
fulfilled.

IV. DIELECTRIC INTERFACE

A. The Green function

The determination of the dyadic Green function for thre
dimensional configurations of dielectric bodies is a very
volved problem in general, and only for rather simple co
figurations has the Green function been calculated explic
Such a configuration, which can be thought of as being
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basic element of multilayer dielectric structures, is compo
of two infinite half-spaces (V1 andV2) with a common pla-
nar interface such that

e~r ,v!5H e1~v! if rPV1 , i.e., z,0,

e2~v! if rPV2 , i.e., z.0.
~61!

Following @40,48,54#, we write the solution of Eq.~24! in the
form

Gi j ~r ,r 8,v!

5HGi j
a~r ,r 8,v!1Ri j

a~r ,r 8,v! if r ,r 8PVa ,

Ti j
aa8~r ,r 8,v! if rPVa , r 8PVa8 ~aÞa8!

~62!

(a,a851,2!, whereGi j
a (r ,r 8,v) is the Green function~49!

@together with Eq.~50!# for the bulk material withea(v),

Gi j
a~r ,r 8,v!5@] i

r] j
r1d i j qa

2~v!#qa
22~v!ga~ ur2r 8u,v!,

~63!

with

ga~ ur2r 8u,v!5
eiqa~v!ur2r8u

4pur2r 8u
~64!

@qa
2(v)5~v2/c2)ea(v)#. The functions Ri j

a (r ,r 8,v) and

Ti j
aa8(r ,r 8,v) describe the effects of reflection and transm

sion at the interface and obey the homogeneous equatio

$] i
r]m

r 2d im@D r1qa
2~v!#%Rm j

a ~r ,r 8,v!50 ~65!

(r ,r 8PVa) and

$] i
r]m

r 2d im@D r1qa
2~v!#%Tm j

aa8~r ,r 8,v!50 ~66!

(rPVa , r 8PVa8, aÞa8) together with the boundary cond
tions such that they vanish at infinity and the tangential co
ponents of theÊ and theĤ field are continuous at the surfac
of discontinuity. In order to determine the function

Ri j
a (r ,r 8,v) and Ti j

aa8(r ,r 8,v), it is convenient to take ad
vantage of the translational invariance of the system in
(x,y) plane, which enables us to expand the Green func

~andGi j
a , Ri j

a , andTi j
aa8) as follows:

Gi j ~r ,r 8,v!5E d2ki

~2p!2
Gi j ~ki ,v;z,z8!eiki•~r i2r i8!,

~67!

where ki5(kx ,ky,0) and r i5(x,y,0) are two-dimensiona
vectors in the (x,y) plane. Using the general formulas fo
multilayer structures given in@54# ~see also@51#!, after some
manipulations we obtain, for the reflection functionsRi j

a

[Ri j
a (ki ,v;z,z8),

Rxx
a 5

i

2ba
eiba~ uzu1uz8u!F r aa8

p

qa
2 S 2ba

2
kx

2

ki
2D 1r aa8

s ky
2

ki
2G ,

~68!
d

-
s

-

e
n

Rxy
a 5

i

2ba
eiba~ uzu1uz8u!F r aa8

p

qa
2 S 2ba

2 kxky

ki
2 D 2r aa8

s kxky

ki
2 G ,

~69!

Rxz
a 5

i

2ba
eiba~ uzu1uz8u!

r aa8
p

qa
2 @2sgn~z8!bakx#, ~70!

Ryx
a 5Rxy

a , ~71!

Ryy
a 5Rxx

a ~kx↔ky!, Ryz
a 5Rxz

a ~kx↔ky!, ~72!

Rzx
a 52Rxz

a , Rzy
a 52Ryz

a , ~73!

Rzz
a 5

i

2ba
eiba~ uzu1uz8u!

r aa8
p

qa
2

ki
2 , ~74!

and accordingly for the transmission functionsTi j
aa8

[Ti j
aa8(ki ,v;z,z8),

Txx
aa85

i

2ba
eibauzu1 iba8uz8u

3S taa8
p

qaqa8

baba8

kx
2

ki
2 1taa8

s ky
2

ki
2D , ~75!

Txy
aa85

i

2ba
eibauzu1 iba8uz8u

3S taa8
p

qaqa8

baba8

kxky

ki
2 2taa8

s kxky

ki
2 D , ~76!

Txz
aa85

i

2ba
eibauzu1 iba8uz8u

taa8
p

qaqa8

sgn~z8!bakx , ~77!

Tyx
aa85Txy

aa8, ~78!

Tyy
aa85Txx

aa8~kx↔ky!, Tyz
aa85Txz

aa8~kx↔ky!, ~79!

Tzx
aa85

i

2ba
eibauzu1 iba8uz8u

taa8
p

qaqa8

sgn~z8!ba8kx , ~80!

Tzy
aa85Tzx

aa8~kx↔ky!, ~81!

Tzz
aa85

i

2ba
eibauzu1 iba8uz8u

taa8
p

qaqa8

ki
2 , ~82!

wherea851(2) for a52(1), and

qa[qa~v!,

ba[ba~v!5Aqa
2~v!2ki

2, Reba>0, Im ba>0,
~83!



ld

lly

si

i

la-

en

f

57 3937THREE-DIMENSIONAL QUANTIZATION OF THE . . .
with r aa8
q [r aa8

q (v) and taa8
q [taa8

q (v), q5p,s, being the
generalized reflection and transmission coefficients for thep-
and s-polarized components of the electromagnetic fie
which are defined by

r aa8
q

5
ba2gaa8

q ba8

ba1gaa8
q ba8

52r a8a
q , ~84!

gaa8
p

5
ea

ea8

, gaa8
s

51, ~85!

taa8
q

5Agaa8
q

~11r aa8
q

!5
ba

ba8

ta8a
q ~86!

~for details, see@54#!.
It should be pointed out that—in contrast to the usua

considered external current—the noise currentĵ as given in
Eq. ~18! jumps at the interface, i.e., atz 5 0, which obvi-
ously implies the existence of a surface noise charge den
and hence the normal component ofeÊ is not continuous at
z50. For more details and a derivation of the fieldsÊ andB̂
by direct solution of the Maxwell equations, the reader
referred to Appendix B.

B. Commutation relations

As shown in Appendix C, the functionsRi j
a (r ,r 8,v) and

Ti j
aa8(r ,r 8,v) @Eqs.~65!–~82!# obey the relations

E
2`

`

dv
v

c2
Ri j

a~r ,r 8,v!5] i
r] j

r 8R̃a~r ,r 8!, ~87!

E
2`

`

dv
v

c2
Ti j

aa8~r ,r 8,v!5] i
r] j

r 8T̃aa8~r ,r 8!, ~88!

where

R̃a~r ,r 8!5E d2ki

~2p!2
eiki•~r i2r i8!

3E
2`

`

dv
v

c2

i

2ba
eiba~ uzu1uz8u!

r aa8
p

qa
2

, ~89!

T̃aa8~r ,r 8!5E d2ki

~2p!2
eiki•~r i2r i8!

3E
2`

`

dv
v

c2

i

2ba
eibauzu1 iba8uz8uS 2

taa8
p

qaqa8
D .

~90!

Further, it can be shown that

E
2`

`

dv
v

c2
Gi j

a~r ,r 8,v!5 ipd i j d~r2r 8!2] i
r] j

r 8G̃a~r ,r 8!,

~91!
,

ty,

s

where we have used the Weyl expansion ofga(ur2r 8u,v)
@54# to obtain

G̃a~r ,r 8!5E d2ki

~2p!2
eiki•~r i2r i8!E

2`

`

dv
v

c2

ieibauz2z8u

2baqa
2 .

~92!

When we substitute in Eq.~29! for Gi j (r,r 8,v) the actual
Green function~62!, take advantage of the relations~87!,

~88!, and ~91!, and recall thatekm j]m
r 8] j

r 8~ !50, then we can
readily prove that the fundamental QED commutation re
tion

@Êi~r !,B̂k~r 8!#52
i\

e0
e ikm]m

r d~r2r 8! ~93!

is preserved.
In order to prove that the commutation relations betwe

the potentials are correct, we first write Eqs.~43! and ~46!
@together with Eqs.~45! and ~47!# as

@Âi~r !,Ȧ̂ j~r 8!#5I i j
~1!~r ,r 8!, ~94!

@ŵ~r !,Âj~r 8!#5] i
r I i j

~2!~r ,r 8!, ~95!

where

I i j
~k!~r ,r 8!5

\

pe0
E d3sE d3s8x im

~k!~r2s!

3E
2`

`

dv
v

c2
Gmn~s,s8,v!dn j

' ~s82r 8!,

~96!

with

x im
~1!~r2s!5d im

' ~r2s! ~97!

and

x im
~2!~r2s!5

d im

4pur2su
. ~98!

We use the Green function~62! and again take advantage o
Eqs.~87!, ~88!, and~91! to derive

I i j
~k!~r ,r 8!5

\

pe0
(
a51

2 E
Va

d3sx im
~k!~r2s!H E

Va

d3s8$ ipdmn

3d~s2s8!1]m
s ]n

s8@2G̃a~s,s8!

1R̃a~s,s8!#%dn j
' ~s82r 8!

1E
Va8

d3s8@]m
s ]n

s8T̃aa8~s,s8!#dn j
' ~s82r 8!J

5
i\

e0
(
a51

2 E
Va

d3sx im
~k!~r2s!dm j

' ~s2r 8!1 Ĩ i j
~k!~r ,r 8!

5
i\

e0
E d3sx im

~k!~r2s!dm j
' ~s2r 8! ~99!
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@a852~1! for a51~2!#. The last line follows from the line
before last, because of

Ĩ i j
~k!~r ,r 8!5

\

pe0
(
a

E
Va

d3sx im
~k!~r2s!H E

Va

d3s8$]m
s ]n

s8

3@2G̃a~s,s8!1R̃a~s,s8!#%dn j
' ~s82r 8!

1E
Va8

d3s8@]m
s ]n

s8T̃aa8~s,s8!#dn j
' ~s82r 8!J 50

~100!

~Appendix D!. Recalling the definitions~97! and~98! of x im
(1)

andx im
(2) , respectively, from Eq.~99! it is easily seen that

I i j
~1!~r ,r 8!5

i\

e0
E d3sd im

' ~r2s!dm j
' ~s2r 8!5

i\

e0
d i j

'~r2r 8!

~101!

and

] i
r I i j

~2!~r ,r 8!5
i\

e0
E d3s]m

r
dm j

' ~s2r 8!

4pur2su
50, ~102!

i.e.,

@Âi~r !,Ȧ̂ j~r 8!#5
i\

e0
d i j

'~r2r 8! ~103!

and

@ŵ~r !,Âj~r 8!#50. ~104!

Hence the theory yields the correct equal-time commuta
relations for both the fields and the potentials.

V. CONCLUSIONS

We have developed a quantization scheme for the elec
magnetic field in a spatially varying three-dimensional line
dielectric which gives rise to both dispersion and absorpti
Based on the classical phenomenological Maxwell equatio
the dielectric is described in terms of a complex frequen
and space-dependent permittivity, which satisfies
Kramers-Kronig relations, and fluctuating current and cha
densities are introduced in order to be consistent with
dissipation-fluctuation theorem. The noise current and cha
densities can be thought of as arising from an additio
noise polarization in the constitutive equation between
dielectric displacement vector and the vector of the elec
field strength. The resulting inhomogeneous Maxwell eq
tions are then transferred to quantum theory, and the n
polarization is specified such that the fundamental equal-t
commutation relations of QED are preserved.

From the inhomogeneous Maxwell equations toget
with the boundary conditions at infinity, it follows that th
electromagnetic field operators can be related, through
dyadic Green function of the classical problem, to a boso
field that represents the elementary~energy! excitations of
the overall system. This integral representation can be
garded as a natural extension of the familiar mode expan
in free space or in cavitylike systems with perfectly refle
n

o-
r
.
s,
-
e
e
e

ge
l
e
ic
-

se
e

r

he
ic

e-
on
-

ing walls. Vector and scalar potentials are introduced in
usual way, and their integral representations are deriv
which can be used in order to couple the electromagn
field to additional atomic sources embedded in the mediu
The fundamental equal-time commutation relations are s
ied, and it is found that some of them can be calcula
without kowledge of the explicit form of the Green functio
in order to prove the consistence of the quantization sche
with QED. Others require this knowledge, because sin
frequency integrals of the Green function remain to be c
culated.

The determination of the Green function is—similar to t
determination of the mode functions in a mode-expans
approach—a purely classical problem. Its solution is ve
difficult in general, and only for simple dielectric-body con
figurations has the Green function been calculated so far.
a homogeneous dielectric, the Green function is well know
We have used it and explicitly shown that the quantizat
scheme outlined here yields exactly the fundamental eq
time commutation relations of QED. We have further sho
that earlier results derived in@40,46# for the transverse par
of the electromagnetic field are contained in our theory.

An example of an inhomogeneous medium for which t
Green function is known is a configuration of two infinite
extended dielectric bodies with a common planar interfa
We have also used this Green function and explicitly prov
that the quantization scheme is consistent with QED. Aga
recent results given in@40,41# for paraxial light propagation
are recognized. It is worth noting that the contributions to
Green function that result from the reflections and transm
sions at the interface do not contribute to the equal-ti
commutation relations. Since this is expected to be true a
for more complicated configurations, such as multilay
structures, the equal-time commutation relations are
pected to be preserved also for these configurations.

The quantization scheme developed in this paper can
regarded as the basis for studying the interaction betw
radiation and atomic systems in the presence of thr
dimensional configurations of dielectric bodies with disp
sion and absorption. In this case, additional atomic sour
must be introduced into the theory, and the coupled eq
tions of motion for the atomic variables and th
electromagnetic-field variables in the Green function exp
sion ~similar to the photonic variables in a mode expansio!
must be tried to be solved.
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APPENDIX A: PROOF OF EQ. „27…

From Eq.~24!, the equation forGni(s,r ,v) reads as

F ] l
s]n

s2d lnS Ds1
v2

c2
e~s,v!D GGni~s,r ,v!5d l i d~s2r !.

~A1!
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We multiply Eq. ~A1! from the right byGl j* (s,r 8,v) and
integrate overs. We derive, on integrating by parts and ta
ing into account that the Green function vanishes at infin

v2

c2 E d3se~s,v!Gli ~s,r ,v!Gl j* ~s,r 8,v!

5E d3s@~] l
s]n

s2d lnDs!Gni~s,r ,v!#Gl j* ~s,r 8,v!

2Gi j* ~r ,r 8,v!

52E d3s@]n
sGni~s,r ,v!#@] l

sGl j* ~s,r 8,v!#

1E d3s@]k
sGli ~s,r ,v!#@]k

sGl j* ~s,r 8,v!#2Gi j* ~r ,r 8,v!.

~A2!

Now we take the complex conjugate of Eq.~A2!, make the
interchangesr↔r 8 andi↔ j , and subtract the resulting equ
tion from Eq.~A2!. In this way we arrive at

v2

c2 E d3se I~s,v!Gli ~s,r ,v!Gl j* ~s,r 8,v!

5
1

2i
@Gji ~r 8,r ,v!2Gi j* ~r ,r 8,v!#. ~A3!

Recalling the symmetry property@52#

Gji ~r 8,r ,v!5Gi j ~r ,r 8,v! ~A4!

and combining Eqs.~A3! and ~A4! then yields Eq.~27!.

APPENDIX B: DIRECT SOLUTION OF THE MAXWELL
EQUATIONS

In order to directly solve the Maxwell equations~10!–
~13! together with the permittivity in Eq.~61!, i.e., without
using the Green function, we expandÊ(r ,v) as

Ê~r ,v!5E d2ki

~2p!2
Ê~ki ,v;z!eiki•r i ~B1!

@cf. Eq. ~67! and the comment made there#. Obviously, simi-
lar expressions hold forB̂ and ĵ . Choosing a reference sys
tem in whichki is parallel to thex axis, the Maxwell equa-
tions ~12! and ~13! then yield
,

2]zÊ y5 ivB̂ x , ~B2!

]zÊ x2 ik iÊ z5 ivB̂ y , ~B3!

ik iÊ y5 ivB̂ z , ~B4!

2]zB̂ y52
iv

c2
eÊ x1m0 ĵ x , ~B5!

]zB̂ x2 ik iB̂ z52
iv

c2
eÊ y1m0 ĵ y , ~B6!

ik iB̂ y52
iv

c2
eÊ z1m0 ĵ z , ~B7!

where, for notational convenience, we have omitted the
gumentski , v, andz of the fieldsÊ(ki ,v;z), B̂(ki ,v;z),
and ĵ (ki ,v;z), and we have used the same notation for
rotated reference system as for the original one. Accordin
the Maxwell equations~12! and ~13!, the tangential compo-
nents ofÊ and Ĥ must be continuous at the surface of d
continuity @58#.

From Eqs.~B2!, ~B4!, and~B6! together with the bound-
ary conditions we find thatÊ y obeys the equation

]z
2Ê y1S v2

c2
e2ki

2D Ê y52 ivm0 ĵ y , ~B8!

andÊ y and]zÊ y are continuous at the planez 5 0. B̂ x and

B̂ z can then be obtained fromÊ y , using Eqs.~B2! and~B4!.
Similarly, from Eqs.~B3!, ~B5!, and ~B7! together with the
boundary conditions it follows thatB̂ y satisfies

]z
2B̂ y1S v2

c2
e2ki

2D B̂ y5 ik im0 ĵ z2m0]zĵ x , ~B9!

andB̂ y ande21(]zB̂ y 1 m0 ĵ x) are continuous at the planez
50. Knowing B̂ y , we can findÊ x and Ê z from Eqs.~B5!
and ~B7!.

Thus, Eqs.~B2!–~B7! together with the boundary cond
tions at infinity and the conditions of continuity of the ta
gential components ofÊ and Ĥ at the interface provide us
with unique solutions forÊ and B̂. Solving Eqs.~B8! and
~B9! under the conditions mentioned~and going back to the
original reference system! yields the fieldsÊ and B̂ in full
agreement with Eqs.~23! and ~25! and the Green function
from Sec. IV A. It should be emphasized that, as can be s
from Eq. ~B7!, the normal component ofeÊ is not continu-
ous at the planez50, becauseB̂ y is continuous and
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ĵ z makes a jump atz50 @see Eq.~18! together with Eq.
~61!#.

In the derivation of the Green function in@51# it is stated
that the continuity of the normal component ofeÊ at the
planez 5 0 is chosen as a boundary condition. Howev
one can verify that it is the continuity ofeGzi , i 5 x,y,z,
that actually matters, and this can be deduced from the c
tinuity of the tangential components ofÊ and Ĥ. From the
continuity of eGzi it does not follow thateÊ z is continuous,
though the reverse is true. For example, when~as in our
case! eGzz contains a term proportional tod(z 2 z8), which
is continuous at the planez50, theneÊ z jumps there, be-
cause it contains a term proportional toĵ z , which makes a

jump atz50 @see Eq.~18! together with Eq.~61!#.

APPENDIX C: PROOF OF EQS. „87… AND „88…

In order to prove Eqs.~87! and ~88! for Ri j
a (r ,r 8,v) and

Ti j
aa8(r ,r 8,v), it is sufficient to prove them for the Fourie

componentsRi j
a (ki ,v;z,z8) and Ti j

aa8(ki ,v;z,z8). From
Eqs. ~68!–~74! and Eqs.~75!–~82!, respectively, the func-

tions Ri j
a (ki ,v;z,z8) and Ti j

aa8(ki ,v;z,z8) are seen to con
sist, in general, of two parts. One part is associated with
p-polarized and the other part is associated with
s-polarized electromagnetic field. Using contour integ
,

n-

e
e
l

techniques~cf. @40,41#!, it can be proved that the latter doe
not contribute to the integrals on the left-hand sides in E
~87! and~88!, so that we are left with the contributions from
the p-polarized field only.

Let us consider, e.g.,Rxx
a (ki ,v;z,z8), Eq. ~68!. From

E
2`

`

dv
v

c2

i

2ba
eiba~ uzu1uz8u!

r aa8
p

qa
2 ~2ba

2 !
kx

2

ki
2

5E
2`

`

dv
v

c2

i

2ba
eiba~ uzu1uz8u!

r aa8
p

qa
2 ~2qa

21ki
2!

kx
2

ki
2

5E
2`

`

dv
v

c2

i

2ba
eiba~ uzu1uz8u!

r aa8
p

qa
2

kx
2, ~C1!

Eq. ~87! can readily be proved correct forRxx
a (r ,r 8,v). In

exactly the same way, one can show that Eq.~87! also holds
for the remaining functionsRi j

a (r ,r 8,v). In order to show
that Eq.~88! is valid, it is helpful to perform the integration
over v in Eq. ~90! explicitly. Using the relation

eibauzu5E
2`

` dk

2p
eikz

2iba

ba
22k2

, ~C2!

we have
E
2`

`

dv
v

c2

i

2ba
eibauzu1 iba8uz8uS 2

taa8
p

qaqa8
D 5E

2`

` dk

2p
eikzE

2`

` dk8

2p
eik8z8E

2`

`

dv
v

c2

i

2ba

2iba

ba
22k2

2iba8

ba8
2

2k82S 2
taa8
p

qaqa8
D .

~C3!

Since the equationba
22k2 5 0 has no solutions in the upper complex frequency half-plane@35,41#, the integrand in thev

integral in Eq.~C3! has no poles there. Treating the single pole atv 5 0 as a principal value, we obtain

E
2`

`

dv
v

c2

i

2ba
eibauzu1 iba8uz8uS 2

taa8
p

qaqa8
D 5E

2`

` dk

2p

eikz

ki
21k2E2`

` dk8

2p

eik8z8

ki
21k82

2ipkiS 2
taa8
p

~0!

Aea~0!ea8~0!
D . ~C4!

Let us now turn to the left-hand side in Eq.~88! and consider, e.g.,Txx
aa8(ki ,v;z,z8), Eq. ~75!. We derive

E
2`

`

dv
v

c2

i

2ba
eibauzu1 iba8uz8u

taa8
p

qaqa8

baba8

ki
2

5E
2`

` dk

2p
eikzE

2`

` dk8

2p
eik8z8E

2`

`

dv
v

c2

i

2ba

2iba

ba
22k2

2iba8

ba8
2

2k82

taa8
p

qaqa8

baba8

ki
2

5E
2`

` dk

2p

eikz

ki
21k2E2`

` dk8

2p

eik8z8

ki
21k82

2ipkiS 2
taa8
p

~0!

Aea~0!ea8~0!
D , ~C5!
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which exactly agrees with Eq.~C4!, i.e., Eq.~88! is proved

correct forTxx
aa8(r ,r 8,v). Equation~C5! for the other func-

tions Ti j
aa8(r ,r 8,v) can be given in the same way.

APPENDIX D: PROOF OF EQ. „100…

We perform in Eq.~100! a partial integration overs8 and

obtain, on recalling that]n
s8 dn j

' (s82r 8)50,

Ĩ i j
~k!~r ,r 8!52

\

pe0
(
a

E
Va

d3sx im
~k!~r2s!E dsx8dsy8

3]m
s @2G̃a~s,s8!1R̃a~s,s8!

2 T̃aa8~s,s8!#dn j
' ~s82r 8!U

s
z850

. ~D1!

Using Eqs.~89!, ~90!, and~92!, we derive

@2G̃a~s,s8!1R̃a~s,s8!2 T̃aa8~s,s8!#U
s
z850

5E d2ki

~2p!2
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dv
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o
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1
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1
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qaqa8
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dv
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2

1
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1
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12r aa8
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qaqa8
D

5E d2ki

~2p!2
eiki•~si2si8!E

2`

`

dv
v

c2

i

2ba

3eibauszu
12r aa8

p

qa
2 S 211

ba

ba8
D 50. ~D2!

To obtain the second equation from the first one, we h
used Eq.~86! for taa8

p . The third equation gives zero becau
of the integration overv. Combining Eqs.~D2! and Eq.~D1!
yields Eq.~100!.
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