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Spontaneous emission from a dielectric slab

H. P. Urbach and G. L. J. A. Rikken*
Philips Research Laboratories, Professor Holstlaan 4, 5656 AA Eindhoven, The Netherlands

~Received 9 September 1997!

The electromagnetic field in a dielectric slab bounded by two dielectric half spaces with arbitrary refractive
indices is quantized by computing the complete set of orthonormal electromagnetic modes. The zero-point
fluctuations of the electromagnetic field are determined as a function of position. The dependence of the rate of
spontaneous emission of thin dielectric films on the thicknesses of the films and the refractive index of the
substrate is studied and compared with experimental results.@S1050-2947~98!01505-4#

PACS number~s!: 42.50.Ct, 32.80.2t, 03.70.1k
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I. INTRODUCTION

The atomic spontaneous emission rate can be express
terms of the zero-point fluctuations of the electromagne
field at the position of the atom. The local zero-point fie
fluctuations depend on the photon density of states and
the electromagnetic field strengths of the modes. Becaus
electromagnetic fields of the modes depend strongly on
configuration and on the electromagnetic properties of
materials, the spontaneous emission rate can be eithe
creased or decreased, depending on the electric and mag
properties of the atom’s environment.

The possibility of modifying the spontaneous emissi
rate by changing the environment was first pointed out
Purcell @1# in 1946. Since then experimental verificatio
under various conditions have been published. When
atoms are placed inside a cavity the spontaneous emis
rate has been demonstrated to differ from the value in
space@2–4#. This has also been verified experimentally f
certain condensed phase systems inside a cavity@5–8#. Spon-
taneous emission near a dielectric interface has been stu
experimentally@9–11# and theoretically@12,13# and good
agreement between calculations and measurements wa
tained. Snoekset al. @14# measured the radiative transitio
rate at 1.54mm of erbium ions implanted in a thick glas
layer covered by a range of transparent liquids. Rigor
computations showed that the effect of the liquid on
emission rate of Er31 is fully described by the zero-poin
field fluctuations as a function of the distance to the int
face. In @15# Yablonovitch et al. studied the spontaneou
emission due to the recombination of electron-hole pairs
the more complicated configuration of a GaAs slab boun
by two dielectrics of lower refractive indices.

In @16# the emission rate was measured of a Eu31 com-
plex inside thin dielectric films of various thicknesses, whi
were spin coated onto substrates of different refractive in
ces. The region above the slab was in air. In order to be
to observe the change in the spontaneous emission ra
decay process dominated by radiative decay is preferred,
the luminescence quantum efficiency should be high. F
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thermore, the excitation should be localized so that
change in the environment only affects the luminesce
through the change in the photon modes. The required lo
ization can be realized by using organic molecules or ra
earth ions as luminescent species. In@16# the Eu31 ion was
chosen as the luminescent species because of the long
time of the emission under certain conditions@17#. In toluene
a lifetime of 0.730 ms and a quantum yield of more th
95% was observed upon excitation at 351 nm and emis
at 611 nm. The transition corresponding to this emission
electric dipole allowed.

In this paper we will apply quantum electrodynamics
calculate the zero-point fluctuations of the electromagn
field and the spontaneous emission rate from a nonabsor
dielectric film bounded by two nonabsorbing dielectric h
spaces of arbitrary refractive indices. The model will be a
plied to the electron-hole recombination in GaAs slabs st
ied in @15# and to experiments in@16# for the Eu31 complex.
Because in those experiments the films are thin and the
strates thick, the configuration is that of a dielectric sl
bounded by two halfspaces filled with a dielectric and w
air, respectively. The quantization of the electromagne
field requires that the complete set of spatial electromagn
modes that exist in the configuration is determined. Th
modes must be orthonormalized with respect to the sc
product corresponding to the electromagnetic energy den
For the dielectric film the set of modes is well known@20#. It
consists of radiation modes pertaining to plane waves
are incident from either dielectric half space for both o
thogonal polarizations. In addition, guided modes of eith
polarization may exist. These modes are evanescent in
dielectric half spaces. The claim of Yablonovitchet al. @15#
that the guided modes do not affect the spontaneous emis
rate of the electron-hole recombination due to reabsorp
does not apply to the experiment of the Eu31 complex be-
cause the absorption of the emitted luminescence is ne
gible. In fact it is found that when guided modes exist th
contribute considerably to the spontaneous emission of
Eu31 complex. We will list the radiation and guided mode
in Secs. III and IV, respectively. The electromagnetic fie
will be quantized in Sec. V. In Sec. VI formulas for th
spontaneous emission rate and the zero-point field fluc
tions will be derived. In Sec. VII the spatial dependence
the field fluctuations will be examined and compared w
results previously published by Khosravi and Loudon@18#
3913 © 1998 The American Physical Society
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3914 57H. P. URBACH AND G. L. J. A. RIKKEN
for a symmetric configuration. Our results for this spec
case agree with those in that paper provided that there ar
guided modes. However, when guided modes exist, our
sults are different due to the fact that the normalization a
the density of the guided modes were not correctly compu
in @18#.

In Sec. VIII we will compare computed and measur
spontaneous emission rates for several films and for sev
refractive indices of the substrate. It should be mention
that local-field effects on a molecular scale may be very
portant in determining the spontaneous emission rate@19#.
But since we are only interested in the emission rate of
film relative to the bulk value, the spatial electromagne
modes do not have to be corrected for local field effects

Some of the substrates for which the decay rate of
Eu31 complex was measured have non-negligible absorp
at the emission wavelength of 611 nm. The influence of
absorption in the substrate on the emission rate is most
found for the thinnest films, causing large differences
tween theoretical and measured rates. The model used in
paper does not apply to absorbing dielectrics. Absorption
only be incorporated by introducing the medium explicitly
a microscopic model in which a reservoir modeled by a c
tinuum of harmonic oscillators is added to the Hamiltonia
The term of the Hamiltonian that couples the electrom
netic field and the reservoir represents the damping of
polarization. Field quantization in a homogeneous dielec
based on a microscopical model of Hopfield@21# is consid-
ered in@22,23#. The spontaneous emission in an infinite a
sorbing dielectric medium was shown to be modified only
the real part of the refractive index. Recently, Yeung a
Gustafson@24# computed the lifetime of an excited ato
near an absorbing dielectric surface using the microsco
model. The computation of the spontaneous emission fo
atom in a dielectric slab will be even more complex than
computation in@24# and we will therefore not attempt t
model absorption in this paper. It would, however, be int
esting to check whether the microscopic Hamiltonian mo
correctly predicts the measured lifetimes for the dielec
film with absorbing substrates.

II. NOTATIONS

Consider an electromagnetic plane wave in a medium
is translation invariant in thex and y directions of a Carte-
sian coordinate system (x,y,z). Let the medium have a con
stant real refractive indexn. The time dependence of tim
harmonic fields will be given by the factor exp(2ivt), where
v.0 is the frequency. This factor will usually be omitte
from the formulas. Letk5(kx ,ky ,kz) be the wave vector o
the plane wave so that

kx
21ky

21kz
25k2n2, ~2.1!

where k5v(e0m0)1/2 is the wave number in vacuum. Th
componentskx and ky are assumed real butkz5(k2n22kx

2

2ky
2)1/2 is purely imaginary whenkx

21ky
2.k2n2. We choose

the branch of the complex square root such that the cu
along the negative real axis and such that whena is positive
a1/2 is positive and (2a)1/251 ia1/2. Hencekz is positive
imaginary whenkx

21ky
2.k2n2 and the wave is then evane
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cent in thez direction. The plane wave can be written in
unique way as a linear combination of two orthogonally p
larized plane waves, namely, a TE- orS-polarized wave,
whose electric field vector is parallel to the (x,y) plane, and
a TM- or P-polarized plane wave for which the magnet
field vector is parallel to this plane. It will be convenient
introduce the following two unit vectors corresponding to t
electric field vector of the two polarizations:

ı̂~k,S!5
1

~kx
21ky

2!1/2S ky

2kx

0
D , ~2.2!

ı̂~k,P!5
1

~kx
21ky

21ukzu2!1/2~kx
21ky

2!1/2S kxkz

kykz

2~kx
21ky

2!
D .

~2.3!

We have

ı̂~k,S!• ı̂~k,S!* 51, ı̂~k,P!• ı̂~k,P!* 51, ~2.4!

ı̂~k,S!• ı̂~k,P!50, ı̂~k,S!• ı̂~k,P!* 50, ~2.5!

where the asterisk denotes complex conjugation. Then
S-polarized plane wave is given by

E~r !5A exp~ ik•r ! ı̂~k,S!, ~2.6!

H~r !5A~e0 /m0!1/2
~ ukzu21kx

21ky
2!1/2

k
exp~ ik•r ! ı̂~k,P!,

~2.7!

whereA is the amplitude of the electric field strength. Sim
larly, for TM- or P-polarized waves we have

E~r !5A exp~ ik•r ! ı̂~k,P!, ~2.8!

H~r !52A~e0 /m0!1/2
kn2

~ ukzu21kx
21ky

2!1/2exp~ ik•r ! ı̂~k,S!.

~2.9!

Figure 1 shows the configuration that we will study in th
paper. A dielectric film of thicknessd and of real refractive
index n1 is bounded by two dielectric half spaces of re
refractive indicesn2 and n3 . The electric permittivities of
the dielectrics aree1 , e2 , ande3 ; all materials are nonmag
netic. The Cartesian coordinate system (x,y,z) is chosen

FIG. 1. Dielectric slab of a thicknessd and Cartesian coordinat
system (x,y,z).
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with its origin in the middle plane of the film and with thez
axis perpendicular to the interfaces. For given realkx andky
we will use the notation

kjz[~k2nj
22kx

22ky
2!1/2 for j 51,2,3, ~2.10!

where the branch of the square root is again as descr
above. Furthermore,k j

1 andk j
2 are the wave vectors give

by

k j
15~kx ,ky ,kjz!, k j

25~kx ,ky ,2kjz!. ~2.11!

Because of the convention that the time dependence of
fields is assumed to be given by exp(2ivt), it follows that
whenkjz is real,k j

1 andk j
2 are wave vectors of plane wave

that propagate in the positive and the negativez directions,
respectively. Whenkjz is imaginary, these plane waves d
crease exponentially in the positive and negativez directions,
respectively.

Finally, we recall that for a plane wave impinging on th
interface between two dielectrics with refractive indicesn1
and n2 incident from dielectric 1 as shown in Fig. 2, th

FIG. 2. Illustration of the definition of the reflection and tran
mission coefficientsr 12 and t12.
b

ed

he

reflection and transmission coefficients are given by

r 125
k1z2k2z

k1z1k2z
,

t12511r 125
2k1z

k1z1k2z
for S polarization, ~2.12!

and

r 125
k1z /n1

22k2z /n2
2

k1z /n1
21k2z /n2

2 ,

t12511r 125
2k1z /n1

2

k1z /n1
21k2z /n2

2 for P polarization.

~2.13!

III. RADIATION MODES

We will first describe the radiation modes that can exist
the configuration of Fig. 1. We distinguish between mod
that are incident from medium 2 and modes that are incid
from medium 3 and betweenS andP polarizations.

A. Modes incident from medium 2

For every frequencyv and everykx ,ky satisfying

kx
21ky

2,k2n2
2 , ~3.1!

wherek5v(e0m0)1/2, there areS- and P-polarized electro-
magnetic fields in the structure consisting of plane waves
standing waves of whichkx andky are the components of th
wave vectors in thex andy directions. The electric field of
the S-polarized mode is given by
E~r !5H AT exp~ ik3
1
•r ! ı̂~k3

1 ,S! for z>d/2, ~3.2a!

A@U exp~ ik1
1
•r ! ı̂~k1

1 ,S!1V exp~ ik1
2
•r ! ı̂~k1

2 ,S!# for 2d/2<z<d/2, ~3.2b!

A@exp~ ik2
1
•r ! ı̂~k2

1 ,S!1R exp~ ik2
2
•r ! ı̂~k2

2 ,S!# for z<2d/2, ~3.2c!
-

g

is
where

U5
t21exp@ i ~k1z2k2z!d/2#

12r 12r 13exp@2ik1zd#
, ~3.3!

V5
t21r 13exp@ i ~3k1z2k2z!d/2!]

12r 12r 13exp@2ik1zd#
, ~3.4!

T5
t13t21exp@ i ~2k1z2k2z2k3z!d/2#

12r 12r 13exp@2ik1zd#
, ~3.5!

R5
r 211r 13exp~2ik1zd!

12r 12r 13exp@2ik1zd#
exp~2 ik2zd!, ~3.6!

with the reflection and transmission coefficients defined
Eq. ~2.12!. Note that whenn1,n2 or n3,n2 , the field can
y

depend exponentially onz in medium 1 or medium 3, respec
tively. When the factorA is chosen such that

A5
1

~2p!3/2 S k

k2z
D 1/2

, ~3.7!

it follows that for everyk̃ , k̃ x , and k̃ y satisfying Eq.~3.1!,
with Ẽ being the electric field of the correspondin
S-polarized mode, we have

E E E e

e0
E•Ẽ* dr5d~kx2 k̃ x!d~ky2 k̃ y!d~k2 k̃ !,

~3.8!

where e denotes the piecewise constant function, which
equal toe j in medium j and whered is Dirac’s delta func-
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tion. All radiation modes will be parametrized by the trip
kx ,ky ,k. Using Maxwell’s equations and a partial integr
tion, it is easy to verify that Eq.~3.8! implies

E E E m0

e0
H•H̃* dr5d~kx2 k̃ x!d~ky2 k̃ y!d~k2 k̃ !,

~3.9!

so that the modes corresponding tok,kx ,ky and to k̃ , k̃ x , k̃ y
are orthonormal with respect to the scalar product co
sponding to the electromagnetic energy density:
-

1

2 E E E F e

e0
E•Ẽ* 1

m0

e0
H•H̃* Gdr

5d~kx2 k̃ x!d~ky2 k̃ y!d~k2 k̃ !. ~3.10!

The statement that the orthonormality relation for the elec
field ~3.8! implies the orthonormality condition~3.10! for the
electromagnetic field in fact applies to all modes in the s
geometry and we will subsequently disregard the magn
field and give the relevant expressions for the electric fi
only.

The electric field of theP-polarized mode correspondin
to kx , ky , andk that satisfy Eq.~3.1! is given by
ts

tanding
d

E~r !55
A

n2~kx
21ky

21uk3zu2!1/2

n3
2k

T exp~ ik3
1
•r ! ı̂~k3

1 ,P! for z>d/2, ~3.11a!

A
n2~kx

21ky
21uk1zu2!1/2

n1
2k

@U exp~ ik1
1
•r ! ı̂~k1

1 ,P!1V exp~ ik1
2
•r ! ı̂~k1

2 ,P!# for 2d/2<z<d/2, ~3.11b!

A@exp~ ik2
1
•r ! ı̂~k2

1 ,P!1R exp~ ik2
2
•r ! ı̂~k2

2 ,P!# for z<2d/2, ~3.11c!

whereU, V, T, andR are again given by Eqs.~3.3!, ~3.4!, ~3.5!, and~3.6!, but now the reflection and transmission coefficien
are those forP-polarized plane waves, i.e., they are given by~2.13!. The choice~3.7! for A again leads to orthonormality
relation ~3.8! for the electric fields of twoP-polarized modes. Orthonormality relation~3.10! for the total electromagnetic
fields is then also satisfied. Furthermore,S-polarized andP-polarized modes are always orthogonal.

B. Modes incident from medium 3

For all values ofk, kx , andky satisfying

kx
21ky

2,k2n3
2 , ~3.12!

there areS- andP-polarized electromagnetic fields that are incident from medium 3 and consist of plane waves and s
waves of whichkx andky are the components of the wave vectors in thex andy directions. The electric fields are obtaine
by interchanging media 2 and 3 and the superscripts1 and2 in the expressions~3.2a!, ~3.2b!, ~3.2c! and ~3.11a!, ~3.11b!,
~3.11c!. Hence, forS polarization the electric field is given by

E~r !5H A@exp~ ik3
2
•r ! ı̂~k3

2 ,S!1R exp~ ik3
1
•r ! ı̂~k3

1 ,S!# for z>d/2, ~3.13a!

A@U exp~ ik1
2
•r ! ı̂~k1

2 ,S!1V exp~ ik1
1
•r ! ı̂~k1

1 ,S!# for 2d/2<z<d/2, ~3.13b!

AT exp~ ik2
2
•r ! ı̂~k2

2 ,S! for z<2d/2, ~3.13c!

where

U5
t31exp@ i ~k1z2k3z!d/2#

12r 13r 12exp@2ik1zd#
, ~3.14!

V5
t31r 12exp@ i ~3k1z2k3z!d/2!]

12r 13r 12exp@2ik1zd#
, ~3.15!

T5
t12t31exp@ i ~2k1z2k3z2k2z!d/2#

12r 13r 12exp@2ik1zd#
, ~3.16!

R5
r 311r 12exp~2ik1zd!

12r 13r 12exp@2ik1zd#
exp~2 ik3zd!, ~3.17!

with the reflection and transmission coefficients given by Eq.~2.12!. When

A5
1

~2p!3/2 S k

k3z
D 1/2

, ~3.18!
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the electric fields are orthonormal in the sense of Eq.~3.8!.
By analogy, forP-polarized modes that are incident from medium 3 the electric field is

E~r !55
A@exp~ ik3

2
•r ! ı̂~k3

2 ,P!1R exp~ ik3
1
•r ! ı̂~k3

1 ,P!# for z>d/2, ~3.19a!

A
n3~kx

21ky
21uk1zu2!1/2

n1
2k

@U exp~ ik1
2
•r ! ı̂~k1

2 ,P!1V exp~ ik1
1
•r ! ı̂~k1

1 ,P!# for 2d/2<z<d/2, ~3.19b!

A
n3~kx

21ky
21uk2zu2!1/2

n2
2k

T exp~ ik2
2
•r ! ı̂~k2

2 ,P! for z<2d/2, ~3.19c!
-
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where U, V, T, and R are again defined by Eqs.~3.14!,
~3.15!, ~3.16!, and ~3.17! but with the reflection and trans
mission coefficients now being given by Eq.~2.13!. WhenA
satisfies Eq.~3.18! the electric fields again satisfy orthono
mality relation ~3.8!. Furthermore, S-polarized and
P-polarized modes are orthogonal.

It is not difficult to see that two radiation modes, on
being incident from medium 2 and the other from medium
are orthogonal in the sense of Eq.~3.8!, i.e., whenE and Ẽ
are the corresponding electric fields, then

E E E e

e0
E•Ẽ* dr50. ~3.20!

This is also true whenk̃ x5kx , k̃ y5ky , and k̃5k and the
polarizations are the same. As remarked above, Eq.~3.20!
implies that not only the electric fields but also the magne
fields are orthogonal with respect to the scalar product~3.9!.

IV. GUIDED MODES

Guided modes may exist when

max~n2 ,n3!,n1 . ~4.1!

This condition is always necessary for the existence
guided modes but it is sufficient only whenn25n3 @20#.
Guided modes are evanescent in both half spaces. H
both k2z and k3z must be purely imaginary and therefo
(kx

21ky
2)1/2.k max(n2,n3). It is easy to see that whe

(kx
21ky

2)1/2>kn1 modes cannot exist. Hence for guide
modes the following inequalities are satisfied:

k max~n2 ,n3!,~kx
21ky

2!1/2,kn1 . ~4.2!

The length of the projection of the wave vector on the (x,y)
plane,b[(kx

21ky
2)1/2, is called the propagation constant

the guided mode. For a given value of the wave numberk in
vacuum, or equivalently for a given frequencyv, there is at
most a finite number of propagation constants in the inte
defined by Eq.~4.2!. The set ofb’s is different for the two
polarizations. We will considerS and P polarization sepa-
rately.
,

c

f

ce

al

A. S-polarized guided modes

The equation to be satisfied by the propagation constab
of S-polarized guided modes is@20#

r 12r 13exp~2ik1zd!51, ~4.3!

or, using Eq.~2.12!,

tan~k1zd!5
k1z~ uk2zu1uk3zu!
k1z

2 2uk2zuuk3zu
. ~4.4!

Whenn1.n2>n3 the numberMS of propagation constant
of S-polarized guided modes is given by

MS5maxX0,11Fkd

p
~n1

22n2
2!1/2

2
1

p
arctanH S n2

22n3
2

n1
22n2

2D 1/2J GC, ~4.5!

where@j# denotes the largest integer that is smaller than
equal toj. It follows from Eq. ~4.5! that whenn25n3 we
haveMS>1 so that in that case there is at least one pro
gation constant corresponding toS-polarized guided modes
When n1.n3.n2 , the number of propagation constants
S-polarized guided modes is again given by Eq.~4.5! but
with n2 andn3 interchanged.

The propagation constants are ordered so that

k max~n2 ,n3!,bMS
,¯,b1,kn1 . ~4.6!

When for certain values of the wave numberk, the thickness
of the film and the refractive indices the lowest propagat
constantbMS

converges to the lower boundk max(n2,n3),
then in this limit the lowest guided mode is said to be at
cutoff and the numberMS of S-polarized guided modes i
decreased by 1.

The electric field of anS-polarized guided mode is give
by
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E~r !5H AT3exp~ ik3
1
•r ! ı̂~k3

1 ,S! for z>d/2, ~4.7a!

A@exp~ ik1
1
•r ! ı̂~k1

1 ,S!1V exp~ ik1
2
•r ! ı̂~k1

2 ,S!# for 2d/2<z<d/2, ~4.7b!

AT2exp~ ik2
2
•r ! ı̂~k2

2 ,S! for z<2d/2, ~4.7c!
rs
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where

T35t13exp@ i ~k1z2k3z!d/2#, ~4.8!

V5r 13exp~ ik1zd!, ~4.9!

T25
t12

r 12
exp@2 i ~k1z1k2z!d/2#. ~4.10!

The reflection and transmission coefficients are of cou
those forS-polarized fields.

When the half spaces consist of the same media we h
n35n2 and hence Eq.~4.3! becomesr 12

2 exp(2ik1zd)51. The
electric fields of the guided modes are then symmetric
antisymmetric functions ofz depending on whether th
propagation constant satisfiesr 12exp(ik1zd)511 or
r 12exp(ik1zd)521, respectively.

When

A5
1

2p&
Fn1

2d1
n1

2

k1z

k1z
2 1uk2zk3zu

k1z
2 2uk2zk3zu

cos~k1zd!sin~k1zd!

1
n2

2

uk2zu
k1z

2

k1z
2 1uk2zu2 1

n3
2

uk3zu
k1z

2

k1z
2 1uk3zu2G21/2

~4.11!

is chosen, the electric fields become normalized in the se
that for twoS-polarized guided modes corresponding tokx ,
ky , n and k̃ x , k̃ y , ñ with electric fieldsE and Ẽ, respec-
tively, we have

E E E e

e0
E•Ẽ* dr5d~kx2 k̃ x!d~ky2 k̃ y!dn ñ ,

~4.12!

wheredn ñ51 if n5 ñ and50 otherwise.
Let the thicknessd of the film and the refractive indice

n1 , n2 , andn3 all be fixed. We regard the wave numberk in
vacuum as a variable. Equation~4.4! has for every value ofk
finitely many solutions for the propagation constant and
will regard these solutions as functions ofk: bn

S(k), n
51,...,MS . Note thatMS depends onk. The superscriptS is
now added tob to emphasize the polarization dependence
the propagation constants. It follows from Eq.~4.2! that

k max~n2 ,n3!,bn
S~k!,kn1 . ~4.13!

Whenbn
S(k) reaches the lower bound, guided moden is cut

off. Furthermore,bn
S(k) is an increasing function ofk. Let

kn
S(b) be the inverse ofbn

S(k). Four of these functions ar
shown in Fig. 3 for certain values ofn1 , n2 , andn3 . In the
three-dimensional parameter space (kx ,ky ,k), the total set of
S-polarized guided modes consists of disjunct surfaces
e

ve

r

se

e
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b-

tained by rotating the curves shown in Fig. 3 around thek
axis. These surfaces are conveniently parametrized bykx and
ky :

k5kn
S~Akx

21ky
2!, ~4.14!

whereAkx
21ky

2.bn
S,min with b5bn

S,min satisfying

b5kn
S~b!max~n2 ,n3!. ~4.15!

To bn
S,min correspondskn

S,min defined by

kn
S,min5kn

S~bn
S,min!, ~4.16!

The S-polarized nth guided mode exists only whenb
.bn

S,min , or equivalently whenk.kn
S,min .

B. P-polarized guided modes

The equation for the propagation constantb of
P-polarized guided modes is again given by Eq.~4.3!, but
now the reflection coefficients are those for theP-polarized
case. Substitution of Eq.~2.13! into ~4.3! yields

tan~k1zd!5
~k1z /n1

2!~ uk2zu/n2
2 1 uk3zu/n3

2!

k1z
2 /n1

4 2 uk2zuuk3zu/n2
2n3

2 . ~4.17!

Whenn1.n2>n3 , the numberM P of propagation constants
of P-polarized guided modes is given by

FIG. 3. The curvesk5kn
S(b) andk5kn

P(b) for n51,2,3,4, cor-
responding to theS-polarized and theP-polarized guided modes o
a slab with refractive indicesn152.0, n251.2, andn351.0.
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M P5maxX0,11Fkd

p
~n1

22n2
2!1/22

1

p
arctanH n1

2

n3
2 S n2

22n3
2

n1
22n2

2D 1/2J GC, ~4.18!

where the square brackets have the same meaning as in Eq.~4.5!. The numberM P is smaller than or equal to the numberMS
for S polarization. It is seen that whenn25n3 we haveM P>1, and since alsoMS>1 in this case, it follows that the symmetri
slab waveguide has at least two propagation constants, one corresponding to anS-polarized and the other to aP-polarized
guided mode. Whenn1.n3.n2 , the number of propagation constants ofP-polarized guided modes is again given by E
~4.18! but with n2 andn3 interchanged. The propagation constants of theP-polarized mode are ordered as in Eq.~4.6!.

The electric field of aP-polarized guided mode is

E~r !55
A

n1~kx
21ky

21uk3zu2!1/2

n3
2k

T3exp~ ik3
1
•r ! ı̂~k3

1 ,P! for z>d/2, ~4.19a!

A@exp~ ik1
1
•r ! ı̂~k1

1 ,P!1V exp~ ik1
2
•r ! ı̂~k1

2 ,P!# for 2d/2<z<d/2, ~4.19b!

A
n1~kx

21ky
21uk2zu2!1/2

n2
2k

T2exp~ ik2
2
•r ! ı̂~k2

2 ,P! for z<2d/2, ~4.19c!

whereT3 , V, andT2 are given by Eqs.~4.8!, ~4.9!, and~4.10!, with the Fresnel coefficients being given by Eq.~2.13!. When
n25n3 the electric fields of the guided modes are either symmetric or antisymmetric functions ofz depending on whethe
r 12exp(ik1zd)511 or r 12exp(ik1zd)521, respectively.

When

A5
1

2p&
Fn1

2d1
n1

2

k1z

k1z
2 /n1

41uk2zk3zu/~n2
2n3

2!

k1z
2 /n1

42uk2zk3zu/~n2
2n3

2!
cos~k1zd!sin~k1zd!1

k1z
2 /n1

2

uk2zu~k1z
2 /n1

41uk2zu2/n2
4!

1
k1z

2 /n1
2

uk3zu~k1z
2 /n1

41uk3zu2/n3
4!

G21/2

~4.20!
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is chosen, orthonormality condition~4.12! is satisfied. It can
be shown that the electric fields~and hence also the magnet
fields! corresponding to two guided modes of different o
thogonal polarizations, and the electric fields correspond
to a guided mode and a radiation mode of either polariza
are orthogonal.

As in theS-polarized case, the propagation constants
regarded as functions of the wave number in vacuumk and
denoted bybn

P(k). Let kn
P(b) be the inverse ofbn

P(k). Four
of these functions are shown in Fig. 3 for a particular sl
Then, as in theS-polarized case, the total set ofP-polarized
guided modes in three-dimensional (kx ,ky ,k) parameter
space consists of surfaces given by

k5kn
P~Akx

21ky
2!, ~4.21!

whereAkx
21ky

2.bn
P,min with b5bn

P,min satisfying

b5kn
P~b!max~n2 ,n3!, ~4.22!

We define

kn
P,min5kn

P~bn
P,min!. ~4.23!

Then thenth P-polarized guided mode exists provided th
b.bn

P,min , or equivalently thatk.kn
P,min .

V. FIELD QUANTIZATION

The radiation modes are labeled by the trip
k5(kx ,ky ,k), where k5v/c is the wave number in
vacuum, by the indexl, which specifies the polarization~l
g
n

re

.

t

5S or l5P! and by the indexm, which specifies the me
dium from which the radiation mode is incident~i.e., m52
or m53!. The electric fields of the radiation modes are th
denoted byEklm .

The guided modes are labeled byk̄5(kx ,ky), l, andn,
where n is the index of the propagation constant of t
guided mode. The electric field of a guided mode is deno
by Ek̄ln .

The orthogonality relations~3.8!, ~4.12! for the modes can
be summarized as follows:

E E E e

e0
Ek1l1m1

•Ek2l2m2
* dr5d~k12k2!dl1l2

dm1m2
,

~5.1a!

E E E e

e0
Ek̄1l1n1

•Ek̄2l2n2
* dr5d~k̄12k̄2!dl1l2

dn1n2
,

~5.1b!

E E E e

e0
Ek̄1l1n1

•Ek2l2m2
* dr50. ~5.1c!

The set of electromagnetic fields of the radiation and
guided modes is a complete orthonormal set of eigenfu
tions of Maxwell’s equations in the space of all pairs~E,H!
of transverse square integrable vector fields, equipped w
the scalar product defined by the left-hand side of Eq.~3.10!.
By definition transverse fields satisfy

“•~eE!50, “•H50. ~5.2!
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A mathematical proof of the completeness has been give
Weder@25#.

Let âklm and âklm
† be the destruction and creation oper

tors corresponding to the radiation modes and letâk̄ln and
âk̄ln

† be the corresponding operators for the guided mod
These operators satisfy the commutation relations

@ âk1l1m1
,âk2l2m2

† #5d~k12k2!dl1l2
dm1m2

, ~5.3a!

@ âk̄1l1n1
,âk̄2l2n2

†
#5d~k̄12k̄2!dl1l2

dn1n2
, ~5.3b!

@ âk1l1m1
,âk2l2m2

#5@ âk1l1m1

† ,âk2l2m2

† #50, ~5.3c!
ld
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f
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@ âk̄1l1n1
,âk̄2l2n2

#5@ âk̄1l1n1

† ,âk̄2l2n2

†
#50, ~5.3d!

@ âk̄1l1n1
,âk2l2m2

#5@ âk̄1l1n1
,âk2l2m2

† #5@ âk̄1l1n1

† ,âk2l2m2

† #

50. ~5.3e!

The transverse electric field operator is

Ê~r ,t !5Ê2~r ,t !1Ê1~r ,t !, ~5.4!

where
onian
Ê1~r ,t !5 i (
l5S,P

(
m52

3 E E E
~kx

2
1ky

2
!1/2,knm

S \v

2e0
D 1/2

Eklm~r !exp~2 ivt !uv5ckâklmdkxdkydk

1 i (
l5S,P

(
n51

` E E
b.bn

l,minS \v

2e0
D 1/2

Ek̄ln~r !exp~2 ivt !uv5ck
n
l~b!âk̄lndkxdky , ~5.5!

andÊ2(r ,t) is the adjoint ofÊ1(r ,t). In the second integral to the right of Eq.~5.5! we used the notationb5(kx
21ky

2)1/2; the
integration with respect tokx , ky extends over the exterior of the circleb5bn

l,min with bn
l,min being defined by Eqs.~4.15! and

~4.22!. On this circle thel-polarizednth guided mode is cut off.
When Eqs.~5.1! and~5.3! are used it follows that the contribution of the transverse electric field operator to the Hamilt

for the total electromagnetic field is given by

1

2 E E E eÊ~r ,t !•Ê~r ,t !* dr5
1

2 (
l5S,P

(
m52

3 E E E
~kx

2
1ky

2
!1/2,knm

\vuv5ckF âklm
† âklm1

1

2Gdkxdkydk

1
1

2 (
l5S,P

(
n51

` E E
b.bn

l,min
\vuv5ck

n
l~b!F âk̄ln

†
âk̄ln1

1

2Gdkxdky . ~5.6!
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The contribution to the Hamiltonian of the magnetic fie
operator is identical to that of the electric field operat
Hence the total Hamiltonian of the electromagnetic field
given by the well-known superposition of the number ope
tors of all electromagnetic modes.

VI. SPONTANEOUS EMISSION RATE AND ZERO-POINT
FIELD FLUCTUATIONS

Suppose that an atom makes a spontaneous dipole tr
tion from a stateu2& to a stateu1& thereby emitting a photon o
energy\v0 . The spontaneous emission can occur in a
mode of the electromagnetic field of frequencyv0 , or
equivalently of wave numberk05v0 /c in vacuum. The
transition rate into a particular electromagnetic mode w
parametersk,l,m, say, and with wave numberk in vacuum,
is given by@26#

2p

c\2 z^ f uĤEDu i & z2d~k02k!, ~6.1!
.
s
-

si-

y

h

whereu i & and u f & are the initial and final states of the com

bined atom-radiation system andĤED is the electric-dipole
interaction part of the complete Hamiltonian of the ato
radiation system. In the initial state of the electromagne
field no photons are present. In the final state there is
photon in the mode with parametersk,l,m. Because the tran
sition rate is much smaller than the transition frequency,
Lorentzian line is extremely peaked. Hence, in a good
proximation only modes of energy identical to the transiti
energy contribute to the transition.

According to Fermi’s ‘‘golden rule,’’ the total spontane
ous emission rate is obtained by integrating Eq.~6.1! over all
the final states. Suppose that the dipole moment of the a
is parallel to one of the axes of the Cartesian coordin

system and letj be x, y, or z. Let Êj be thej th component
of the transverse electric field operator. Then the total sp
taneous emission rate of an atom at positionr whose dipole
moment is parallel to thej axis is ~@18#!
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1

t
5

2pe2

\2c
uD12u2F j~z!, ~6.2!

wheree is the electron charge,D12 is the dipole matrix element of the atomic transition, and

Fj~z!5 (
l5S,P

(
m52

3 E E E
~kx

2
1ky

2
!1/2,knm

\v

2e0
uEklm

j ~r !u2d~k02k!dkxdkydk

1 (
l5S,P

(
n51

` E E
b.bn

l,min

\v

2e0
uEk̄ln

j
~r !u2d„k02kn

l~b!…dkxdky , ~6.3!

where in the integrand of the first term to the rightv5ck whereas in the integrand of the second termv5ckn
l(b). The

functionF j clearly depends only on the coordinatez and is independent ofx andy. Note that without the delta function in th
integrands, Eq.~6.3! is the j th component of the zero-point electromagnetic field fluctuations^0uÊj (r )2u0&. HenceF j (z) is the
contribution~per wave number! of all modes of wave numberk0 to the j th component of the zero-point field fluctuations. W
will refer to F j (z) as thej th component of the zero-point field fluctuations in the understanding that only the contributio
the modes of wave numberk0 are meant.

When polar coordinates are introduced in the (kx ,ky) plane:

kx5b cosw, ky5b sin w, ~6.4!

Eq. ~6.3! becomes

F j~z!5 (
l5S,P

(
m52

3 E
0

2pE
0

` E
0

knm \v

2e0
uEklm

j ~r !u2uk5~b cosw,b sin w,k!d~k02k!bdbdkdw

1 (
l5S,P

(
n51

` E
0

2pE
bn

l,min

` \v

2e0
uEk̄ln

j
~r !u2u k̄5~b cosw,b sin w!d„k02kn

l~b!…bdbdw ~6.5!

5 (
l5S,P

(
m52

3 E
0

2pE
0

k0nm \v0

2e0
uEklm

j ~r !u2uk5~b cosw,b sin w,k0!bdbdw

1 (
l5S,P

(
n>1

kn
l,min

,k0

E
0

2p \v0

2e0
uEk̄ln

j
~r !u2u k̄5„b

n
l~k0!cosw,b

n
l~k0!sin w…bn

l~k0!
dbn

l

dk
~k0!dw . ~6.6!
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Note that the constraintkn
l min,k0 makes the last sum in Eq

~6.6! over n finite. It should furthermore be noted that whe
for somen andl it happens thatk05kn

l(bn
l,min), thed func-

tion d„k02kn
l(b)… is concentrated at the boundary of th

integration interval in the inner integral of the second term
the right of Eq. ~6.5!. Physically this means that thel-
polarizednth guided mode is at a cut off. It can be show
that the evaluation of this inner integral is nevertheless
ambiguous because in the limitk0↓kn

l(bn
l,min) the amplitudes

~4.11!, ~4.20! of the guided modes vanish and hence
function

uEk̄ln
j

~r !u2u k̄5~b cosw,b sin w! , ~6.7!

which occurs in the integrand of the inner integral, vanish
also. In particular, whenk0 is increased continuously from
value smaller thankn

l(bn
l,min) to a value larger than this num

ber, a guided mode is born along the way and an additio
term appears in the final sum over guided modes to the r
of Eq. ~6.6!. But since the amplitude of the electric field of
guided mode vanishes at the birth of the mode, the total s
o

t

e

s

al
ht

m

over the guided modes changes continuously withk0 . The
integral over the radiation modes to the right of Eq.~6.6!
evidently also depends continuously onk0 and we hence
conclude that the zero-point field fluctuations depend c
tinuously onk0 and in particular that theF j do not jump at
the birth of a guided mode. In a similar way it follows th
the zero-point field fluctuations also depend continuously
the other physical parameters that characterize the sys
such as the refractive indices and the thickness of the fi
The derivative of Eq.~6.7! with respect to these paramete
does not vanish, however, at the birth of a guided mode
therefore the derivative of the field fluctuations with resp
to these parameters will in general be discontinuous at
birth of a guided mode.

The integral overw for the three componentsj 5x,y,z in
Eq. ~6.6! can be computed explicitly. Because the expr
sions that are obtained are rather complex, we will om
them. The results for thex andy components are identical a
they should be.

For the mean of the three components,

F~z!5 1
3 @F x~z!1F y~z!1F z~z!#, ~6.8!
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the result of the integral overw yields a rather concise for
mula. The quantityF(z) is the zero-point field fluctuation o
a randomly oriented atom at depthz and is therefore of spe
cial interest. It is easy to infer from the formulas for th
electric fields of the modes in Sec. III and Sec. IV that

k5(b cosw,b sinw,k0) and k̄5@bn
l(k0)cosw,bn

l(k0)sinw#

the squared amplitudes
d
pa
qs

ge

e
us

on
r

uEklm~r !u25(
j

uEklm
j ~r !u2

and

uEk̄ln~r !u25(
j

uEk̄ln
j

~r !u2

are independent ofw. Hence we may takew50 in these
sums. It then follows from Eq.~6.6! that
F~z!5
2p

3 (
l5S,P

(
m52

3 E
0

k0nm \v0

2e0
uEklm~r !u2uk5„b,0,k0)bdb

1
2p

3 (
l5S,P

(
n>1

kn
l,min

,k0

\v0

2e0
uEk̄ln~r !u2u k̄5„b

n
l~k0!,0…bn

l~k0!
dbn

l

dk
~k0!. ~6.9!

The remaining integrals with respect tob have to be computed numerically.
Consider now the zero-point field fluctuations in a homogeneous dielectric with a refractive indexn1 . By substitutingn2

5n35n1 into the expressions for the radiation modes listed in Sec. III, we find

Ek,l,m~r !5H A exp~ ik1
1
•r ! ı̂~k1

1,l! for m52, l5S,P, k5~kx ,ky ,k!, ~6.10a!

A exp~ ik1
2
•r ! ı̂~k1

2,l! for m53, l5S,P, k5~kx ,ky ,k!, ~6.10b!
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where (kx
21ky

2)1/2,kn1 and where

A5
1

~2p!3/2 S k

k1z
D 1/2

~6.11!

to ensure that the modes are orthonormal. Hence the ra
tion modes reduce to plane waves. In a homogeneous s
guided modes obviously do not exist. By substituting E
~6.10a!, ~6.10b!, and ~6.11! into Eq. ~6.6! we find for the
components of the zero-point field fluctuations in a homo
neous dielectric of refractive indexn1 :

F x5F y5F z5n1Ffree, ~6.12!

whereFfree denotes the vacuum field fluctuations~in free
space!:

Ffree5
\v0

3

6p2e0c2 . ~6.13!

For an atom at depthz inside the slab having a dipol
moment parallel to thej th coordinate axis the spontaneo
emission rate relative to the value in vacuum is

F j~z!/Ffree, ~6.14!

while for a randomly oriented atom the relative transiti
rate is

F~z!/Ffree, ~6.15!
ia-
ce
.

-

with F(z) being defined by Eq.~6.8!. In the following the
symbolsF j andF will always refer to spontaneous emissio
rates relative to the free-space value as defined by Eqs.~6.14!
and ~6.15!, respectively.

Finally, the mean relative spontaneous emission rate r
tive to free space of the total film is obtained by computi
the mean of Eq.~6.15! over the thickness of the film.

VII. POSITION DEPENDENCE OF THE ZERO-POINT
FIELD FLUCTUATIONS

In this section we will briefly consider thez dependence
of the zero-point field fluctuations~relative to the value in
free space!. We will compare our results with those pub
lished previously in@18# and will therefore restrict the ex
amples to symmetric slab waveguides.

The refractive index of the two half spaces is taken eq
to 1. In Figs. 4 and 5 thex and z components of the zero
point field fluctuations are shown as functions of 2z/d for
three choices of the refractive index of the slab, namely,n1

54.0, n152.0, andn151.5. The thickness of the slab isd
50.1l0 , wherel0 is the emission wavelength. For all thre
choices ofn1 there is one guided S-polarized and one guid
P-polarized mode. As follows from Eq.~6.6!, the zero-point
field fluctuations consist of two separate contribution
namely, that of the radiation modes and that of the guid
modes. These contributions are also shown in Figs. 4 an
It is seen thatF x(z) andF z(z) approach the bulk value in
free space at large distances from the slab.

A second example is shown in Figs. 6 and 7. This c
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differs from the previous one only in the thickness of t
slab, which is now equal to the emission wavelength:d
5l0 . For n151.5 there are now threeS- and three
P-polarized guided modes, i.e.,MS5M P53. For n152.0
MS5M P54 and forn154.0 MS5M P58. In all cases the
contribution of the radiation modes to the zero-point fie
fluctuations inside the slab is considerably smaller than
contribution of the guided modes. Furthermore, near
middle of the slab,F x(z) andF z(z) are almost equal to the
bulk value.

FIG. 4. X component of the zero-point field fluctuationsF(z)
~relative to the value in free space! as a function of 2z/d and the
contribution of the radiation and the guided modes toF x(z) for
three refractive indices of the slab. The refractive index of the h
spacesuzu.d/2 is 1 and the thickness of the slab is 0.1 times
emission wavelength.
e
e

Comparison of these figures with the corresponding o
in @18# shows that the zero-point field fluctuations pertaini
to the radiation modes agree with our results, but that
contributions of the guided modes differ. Thez component
of the field fluctuations is discontinuous at the surfaces of
slab due to the discontinuity of thez components of the
electric fields of the modes~eEz is continuous!. However,
the jump that we find is much smaller than in@18#. The
differences are caused by the fact that the density of
guided modes as computed in Eq.~4.13! of @18# is not cor-

lf
FIG. 5. Z component of the zero-point field fluctuationsF(z) as

a function of 2z/d and the contribution of the radiation and th
guided modes toF z(z) for three refractive indices of the slab. Th
refractive index of the half spacesuzu.d/2 is 1 and the thickness o
the slab is 0.1 times the emission wavelength.
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rect because the factordbn
l/dk to the right of Eq.~6.9! is

missing. Furthermore, Eqs.~2.12! and ~2.15! of @18# that
correspond to theP-polarized guided symmetric and ant
symmetric modes are erroneous.

In the examples just mentioned, the refractive index in
film is larger than in the half spaces. In Fig. 8 the reve
case is shown. The refractive index in the half spaces is

FIG. 6. X component of the zero-point field fluctuationsF(z) as
a function of 2z/d and the contribution of the radiation and th
guided modes toF x(z) for three refractive indices of the slab. Th
refractive index of the half spacesuzu.d/2 is 1 and the thickness o
the slab is equal to the emission wavelength.
e
e
.0

whereas in the slab it is 1.8, 1.5, and 1.0, respectively. T
thickness of the slab isd50.1l0 . In this case there are o
course no guided modes, so only the radiation modes c
tribute. Because the refractive index in the slab is lower th
in the half spaces, thez component of the electric fields o
the modes is larger on the side of the slab of the interf
than on the side of the half space. Therefore, the same h
for F z(z). On the other hand,F x(z) is continuous and
smoothly varying. Figure 9 is analogous to Fig. 8 but w
d5l0 . The jumps ofF z(z) at the interfaces are as expect
andF x(z) is smooth. At this thickness the value of the zer
point field fluctuations in the middle of the slab is again ve
close to the bulk value.

VIII. COMPARISON WITH EXPERIMENTAL RESULTS

We will first apply the model to a configuration of a
experiment discussed by Yablonovitchet al. @15#. It con-
cerns the spontaneous emission of light from electron-h
recombination in thin GaAs slabs. The GaAs film is tran
ferred onto several substrates with air or vacuum above
film and the emission rate is measured as a function of
refractive indexn of the substrate. The refractive index o
GaAs at the emission wavelength is 3.6.

The emission rate of the film is computed by taking t
mean over the film thickness of the zero-point field fluctu
tions F(z) ~relative to vacuum!. At the left of Fig. 10 the
computed meanF of the film is shown as a function ofn for
two films of thicknesses 0.25l and 3l when all modes are
taken into account in the calculation and when only the
diation modes contribute. It was stated in@15# that guided
modes do not contribute to the measured spontaneous e
sion rate due to reabsorption in the film. It is seen in t
figure that when all modes are taken into account the em
sion rate is a slowly increasing function ofn. For the thicker
film the meanF is almost constant and equal to the bu
value 3.6. Hence in this case the influence of the half spa
is negligible. When the guided modes are disregarded,
computations yield more steeply increasing functions. T
wiggles in the curves correspond to the disappearance
guided modes. Atn51 there are two guided modes of eith
polarization for the thinner film and twenty of either pola
ization for the thicker film. Whenn is larger than the refrac
tive index 3.6 of GaAs there are no guided modes and he
the curves with and without guided modes then coincide

Yablonovitchet al. postulated that for films thinner tha
half the emission wavelength the emission rate will be p
portional ton whereas for films whose thickness is seve
wavelengths the emission rate will be proportional ton2

11. To verify this the functionsF/n and F/(n211) are
shown at the right of Fig. 10 for the thin and the thicker film
respectively~hereF is again the mean emission rate of th
film!. It is seen that for the thinner film the calculations d
not confirm the hypothesis but that for the thicker fil
F/(n211) is indeed approximately constant when t
guided modes are disregarded in the calculations.

Next we will consider the change of the spontaneo
emission of Eu31 ions in a thin film when the surrounding o
the ions is changed. In@16# the spontaneous emission wa
measured of a complex of an Eu31 ion with three hexafluo-
roacetylacetonate ligands and two tri-octylphosphine ox
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FIG. 7. Z component of the zero-point field fluctuationsF(z) as a function of 2z/d and the contribution of the radiation and the guid
modes toF z(z) for three refractive indices of the slab. The refractive index of the half spacesuzu.d/2 is 1 and the thickness of the slab
equal to the emission wavelength.
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half
molecules as synergistic agends~Eu31-hfa-topo! @17#. The
ligand can be optically excited around 300 nm, after wh
the energy is transferred to the Eu31 ion in the 5D0 level,
followed by radiative decay to the7Fi levels, i 50,...,6 at a
wavelength of 611 nm. The5D0 lifetime of the Eu31 hfa-
topo complex is almost completely determined by elec
dipole transitions.

Thin films of 0.01M Eu31 hfa-topo in polystyrene~PS! of
various thicknesses were spin-coated onto several subst
with surfaces polished to an optical quality. The thickne
variations in a given film were less than 5%. The refract
index of the PS films at the wavelength of emission of 6
nm was 1.585 and absorption was negligible at this wa
length.

The mean emission rate of a PS film relative to the b
value is found by calculating the mean over the film thic
ness of the functionF(z)/n1 , wheren1 is the refractive in-
dex of the film at the emission wavelength andF(z) is the
transition rate of a randomly oriented atom at a depthz rela-
tive to free space. By multiplying this mean rate by the em
sion rate 1/tbulk51.531 msec21 measured in bulk PS, we ob
tain the film’s emission rate in msec21.

The purpose of the first experiment for the Eu31 com-
plexes that we will discuss was to verify the computed em
sion rate in a thin film adjacent to an interface between t
h

c

tes
s
e
1
-

k
-

-

-
o

media with different refractive indices. Because the emiss
rate in such a film depends on the zero-point field fluct
tions close to the interface, this experiment indirectly verifi
the computed field fluctuations close to an interface. A 7
nm-thick PS film containing the Eu31 hfa-topo complex was
intermediate between a thick glass substrate and a Z
layer. The refractive indices of the PS film and of the gla
substrate are both 1.585 at the fluorescence wavelengt
l05611 nm. The ZnSe layer has refractive index 2.6
Above the ZnSe layer there was either air~asymmetric con-
figuration! or a 1-mm-thick glass layer~symmetric configu-
ration, see Fig. 11!. Because the glass and the PS film ha
the same refractive index the configuration consists optic
of three different media. In Fig. 12 measured and compu
emission rates are shown as a function of the thickness o
ZnSe layer. Computed emission rates obtained by neglec
the guided modes are also shown. The most left meas
data in Fig. 12 correspond to the case where the ZnSe l
is absent~thickness is zero!. The emission rate in the sym
metric configuration is then approximately equal to the b
value of 1.531 msec21. For both configurations the emissio
rate of the PS film is an oscillating function of the thickne
of the ZnSe layer. At large thicknesses it becomes equa
1.988 msec21, which is the emission rate of a 70-nm-thic
fluorescence film adjacent to the interface between two
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FIG. 8. X andz components of the zero-point field fluctuation
F(z) as functions of 2z/d for a slab for three refractive indices o
the slab that are lower than the refractive indexn252 of the half
spacesuzu.d/2. The thickness of the slab is equal to 0.1 times
emission wavelength.
FIG. 9. Same as Fig. 8 but now for a slab thickness equal to
emission wavelength.
knesses

ssumed to
FIG. 10. Mean zero-point field fluctuations of GaAs films bounded by air and by a substrate of varying refractive index. The thic
of the film are 0.25l and 3l, with l the emission wavelength. The refractive index of GaAs is 3.6. In the left figure the meanF is shown
as a function of the refractive index of the substrate when only radiation modes are taken into account and when all modes are a
contribute. In the right figure,F/n is shown as a function ofn for the film of thicknessl/4 andF/(n211) is shown for the film of thickness
3l.
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57 3927SPONTANEOUS EMISSION FROM A DIELECTRIC SLAB
spaces filled with glass and ZnSe, respectively, with the
film on the side of the glass. It is seen that measured
computed rates agree reasonably well for the smallest t
layer thicknesses. The calculations in@18# show a much
stronger dependence of the spontaneous emission rate o
thickness of the ZnSe layer due to the incorrect computa
of the contribution of the guided modes mentioned abov

It is seen in Fig. 12 that when only the contribution of t
radiation modes is taken into account, computed emiss
rates differ considerably from the rates that include the c

FIG. 11. Asymmetric~left! and symmetric~right! configurations
of the experiments of Fig. 12. A 70-nm-thick PS film doped
0.01M Eu31 hfa-topo is intermediate between a thick glass s
strate with the same refractive index 1.585 as the PS film an
ZnSe layer with refractive index 2.61. In the asymmetrical confi
ration there is air above the ZnSe layer whereas in the symmet
configuration the ZnSe layer is covered by a thick glass layer.

FIG. 12. Measured and computed emission rates of 0.01M Eu31

hfa-topo complex in a 70-nm-thick PS film for the symmetric a
asymmetric configurations shown in Fig. 11. The emission rat
shown as a function of the thickness of the ZnSe layer. The e
sion wavelength is 611 nm. The refractive index of the film and
substrate are both 1.585 and the refractive index of the ZnSe l
is 2.61. The emission rate in bulk is 1.531 msec21. The continuous
and dotted curves are the calculated emission rates for the a
metric and the symmetric configuration, respectively. In additi
the dashed and dashed-dotted curves are the rates that are ob
when the contribution of the guided modes to the zero-point fi
fluctuations are neglected.
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tribution of the guided modes and from measured emiss
rates. Hence, the contribution of the guided modes to
zero-point field fluctuations and hence also to the sponta
ous emission rates is significant. At all thicknesses of
ZnSe layer in the symmetric configuration and at thicknes
larger than 35 nm in the asymmetric case there are gu
modes. For a thickness of 550 nm we haveMS5M P54 in
both configurations. Because of the significant contribut
of the guided modes, the experiment of Fig. 12 verifies in
rectly the calculated contribution of the guided modes to
zero-point field fluctuations.

At larger thicknesses of the ZnSe layer, differences
tween measured and computed emission rates are big
This is probably due to the absorption of radiation in th
layer. Our model cannot account for absorption. Accord
to Table I the imaginary part of the refractive index of th
ZnSe layer at the fluorescence wavelength is not negligi
It is well known both theoretically@27# and experimentally
@9,28#, that a radiating atom in the neighborhood of a m
dium with a complex refractive index suffers significant
from non-radiative decay. Hence the spontaneous emis
rate in the film is decreased and this effect is likely to
more profound at larger thicknesses of the ZnSe layer.

Next we consider the mean spontaneous emission rat
Eu31 hfa-topo doped PS films as a function of film thicknes
Figure 13 shows measured and computed rates for films
fused quartz substrates having a refractive index of 1.46
611 nm and negligible absorption. Good agreement betw
computed and measured emission rates is observed at t
nesses>30 nm. At thicknesses larger than 1mm (nPSd/l0
52.58), the measured and computed rates are almost e
to the bulk value of 1.531 msec21.

The marked points on the continuous curve in Fig.
refer to thicknesses at which the number of guided mo
changes. There are no guided modes for thicknesses sm
than 0.15mm. Hence the main increase in the emission r
in Fig. 14 occurs at thicknesses at which there are only
diation modes in the structure. The number of guided mo
increases withd from MS51, M P50 at d50.215mm to
MS5M P520 at d510 mm. In Fig. 14 the zero-point field
fluctuations~with respect to the free space value! are shown
as a function ofz at film thicknessd520 nm, d5150 nm,
and d5500 nm. There are no guided modes for the low
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TABLE I. Real and imaginary partsn and k of the refractive
indices of the substrates at 611 nm. LF5 and SF59 are manufac
by Schott Glaswerke.

Substrate n k

LiF 1.385 0
Fused quartz 1.465 0
Soda lime glass 1.51 0
LF5 glass 1.585 0
MgO 1.735 0
SF59 glass 1.945 0
SrTiO3 2.44 0
ZnSe 2.61 431026

As2Se3 3.2 0.11
GaP 3.34 ,131025

Si 3.92 0.024
Ge 5.64 1.04



e
l
S
In

u
x
1

e
b
h

th
e

c
e

e

a

h

ed
er
rre-

rate
of
the

n
tr
s
v

e

00

3928 57H. P. URBACH AND G. L. J. A. RIKKEN
two thicknesses, while ford5500 nm we haveMS5M P
51. It is seen that the jump of the refractive index at th
surface of the PS film causes a jump of the zero-point fie
fluctuations from a relatively low value on the side of the P
film to a relatively large value on the side of the vacuum.
the case of thicker films the influence of the jump is sma
and the emission rate of the film approaches the bulk val

Next we will consider the influence of the refractive inde
of the substrate on the emission rate of the film. Figure
shows measured and computed rates of three Eu31 hfa-topo
doped PS films with thicknessesd5660 nm, d5170 nm,
and d545 nm, for several substrates listed in Table I. Th
curves in Fig. 15 were obtained by computations. At su
strate refractive indices larger than the refractive index of t
film (nPS51.585), the zero-point field fluctuations in the
film and near the substrate are relatively large. Therefore,
emission rate of the film is larger than the bulk value, esp
cially with thinner films. On the other hand, when the refra
tive index of the substrate is smaller than the refractive ind
of the film, the reverse occurs. Due to the jump in thez
component of the electric fields of the modes,F(z) is rela-
tively small near the substrate in the film and this causes
smaller emission rate. Again the effects are the strong
with the thinnest films and therefore the curves in Fig. 1
cross.

In Fig. 16,F(z) is shown for a 170-nm-thick film and for
three substrate indices:n251.385, n251.585, and n2
53.92, corresponding to LiF, LF5 glass, and Si, respective
~see Table I!. These figures clearly illustrate the influence o
the jump at the interface between the film and the substr
on the zero-point field fluctuations.

In the case of a thickness of 660 nm (nPSd/l051.71), the
influence of the substrate on the lifetime is small and t

FIG. 13. Measured and computed emission rates of 0.01M Eu31

hfa-topo complex in PS films on fused quartz substrates as a fu
tion of the film thickness. The measurements are indicated by
angles. The asterisks on the curve correspond to thicknesse
which the number of guided modes changes. The emission wa
length is 611 nm, the refractive indices of the film and the substra
are 1.585 and 1.465, respectively. The emission rate in bulk
1.531 msec21.
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emission rate differs little from the bulk value. The measur
and computed rates of all three films agree well for the low
substrate indices. However, the lowest substrate index co
sponding to LiF is an exception. It was postulated in@16#
that the measured rather steep decrease in the emission
at the lowest refractive index is caused by the contribution
the guided modes, which are only present in the case of
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FIG. 14. The zero-point field fluctuationsF(z) as functions of
z/d for the Eu31 hfa-topo complex in PS films with a refractiv
index of 1.585 at 611 nm on a fused quartz substrate (z,2d/2)
having a refractive index of 1.465. The thickness of the film isd
520 nm in the upper figure, 150 nm in the middle figure, and 5
nm in the lower figure.
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57 3929SPONTANEOUS EMISSION FROM A DIELECTRIC SLAB
lowest refractive indices~see Table II!. But the computations
predict a monotonically smoothly increasing meanF for in-
creasing refractive indices.

The measurements and computations show poor ag
ment for larger substrate indices, especially for the 45-n
thick film. This is due to the fact that these substrates abs
radiation at a wavelength of 611 nm. The high absorption
some of the substrates with relatively high refractive ind
can reduce the mean spontaneous emission rate of the fi
spite of the fact that the high refractive index tends to
crease the photon density of states in the film. To verify t
quantitatively a more sophisticated model is needed in wh
the absorption is incorporated on a microscopic level as s
gested by Hopfield@21#. In particular, an extension of Ye
ung’s analysis@24# to the case of a slab geometry would
needed.

IX. CONCLUSION

We have calculated the spontaneous emission rate
emitters located in a nonabsorbing dielectric structure c
sisting of a slab, bounded on both sides by infinite h
spaces of arbitrary, real refractive indices. We have co
pared our results with earlier calculations, correcting so
mistakes, and with experimental results, finding fair agr
ment.

FIG. 15. Measured and computed emission rates of the E31

hfa-topo complex in PS films as functions of the refractive index
the substrate for three different film thicknesses: 660 nm, 170
and 45 nm. The emission wavelength is 611 nm.

TABLE II. The pairs (MS ,M P) of the number of guided
S-polarized andP-polarized modes for the different substrates me
tioned in Table I and for three film thicknesses. The substrates
are not explicitly mentioned have refractive indices larger than
dex of the film, which means that no guided modes exist.

Substrate,nsubsrate d545 nm d5170 nm d5660 nm

LiF, n51.385 ~0,0! ~1,1! ~2,2!
Fused quartz,n51.465 ~0,0! ~1,0! ~1,1!
Soda lime glass,n51.510 ~0,0! ~0,0! ~0,0!
n>1.585 ~0,0! ~0,0! ~0,0!
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APPENDIX A: SOME NUMERICAL CONSIDERATIONS

The integrals over the radiation modes in expression~6.6!
for the componentsF j (z) of the zero-point field fluctuations
have to be computed numerically. We will consider the
tegral for j 5x, l5S, and m52 in some more detail. By
substituting field amplitudes~3.2a!, ~3.2b!, ~3.2c!, and ~3.7!
into Eq. ~6.6!, one finds after computing the integral overw:

f
,

FIG. 16. The zero-point field fluctuationsF(z) as functions of
z/d for the Eu31 hfa-topo complex in a PS film with a thickness o
170 nm and with a refractive index of 1.585 on three differe
substrates. The refractive indices of the substrates are from to
bottom 1.385, 1.585~matched substrate!, and 3.92.

-
at
-



n
m
th

f
t

e
e

ad

i-
rical
ion

very
fter
as
his
te-
g a

n

-

3930 57H. P. URBACH AND G. L. J. A. RIKKEN
1

8p2

\v0

2e0
E

0

k0n2
uT exp~ ik3zz!u2

k0

k2z
bdb for z>d/2,

~A1!

1

8p2

\v0

2e0
E

0

k0n2
uU exp~ ik1zz!1V exp~2 ik1zz!u2

k0

k2z
bdb

for 2d/2<z<d/2, ~A2!

1

8p2

\v0

2e0
E

0

k0n2
uexp~ ik2zz!1R exp~2 ik2zz!u2

k0

k2z
bdb

for z<2d/2, ~A3!

with U, V, T, andR being given by Eqs.~3.3!, ~3.4!, ~3.5!,
and ~3.6!. To compute these and similar integrals fast a
accurately, singularities in the integrands should be eli
nated by changing the integration variable. Not only have
integrands above a square root singularity atb5k0n2 due to
the occurrence ofk2z in the numerator, but the derivative o
the integrand with respect tob moreover has singularities a
b5k0n1 and atb5k0n3 due to the presence ofk1z andk3z
in U, V, R, andT and in the exponentials. The integrals ov
(0,k0n2) are therefore written as a sum of integrals ov
intervals having exactly one ofk0n1 , k0n2 , or k0n3 as an
endpoint. In each of these intervals the integrand is m
nd

ta

d

.

ob

c

d
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e

r
r

e

smooth by a transformation of integration variable that elim
nates the square root causing the singularity. The nume
integration is then carried out using the Romberg integrat
method. For smooth~i.e., infinitely differentiable! inte-
grands, this method converges very fast because at e
new iteration the order of convergence increases by 1. A
specifying a desired accuracy, the method will perform
many iterations as is required to achieve this accuracy. T
is important because with certain configurations, the in
grands can be highly oscillatory and therefore choosin
fixed grid beforehand is risky.

It should be noted that the factor

12r 12r 13exp~2ik1zd! ~A4!

occurs in the numerator ofU, V, R, and T. In the
S-polarized case this factor vanishes when

~k1z2k3z!~k1z2k2z!

~k1z1k3z!~k1z1k2z!
5exp~22ik1zd!. ~A5!

This happens whenk1z50. It may also happen whenk1z
.0, namely, when anS-polarized guided mode is born. I
fact, Eq.~A5! is identical to Eq.~4.3! that is satisfied by the
propagation constant of anS-polarized guided mode. When
ever Eq.~A4! vanishes, the integrands in Eqs.~A1!, ~A2!,
and ~A3! have to be replaced by their finite limits.
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