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Motional wave-packet splitting and ion-trap interferometry
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~Received 1 May 1997!

For a single ion trapped in a harmonic potential under localization conditions beyond the Lamb-Dicke
region, a motional wave packet can be coherently split by irradiating the trapped ion with appropriate coun-
terpropagating traveling-wave laser pulses tuned to the second-sideband Raman resonance. Quantum interfer-
ence between the split wave packets gives rise to interference fringes in the spatial probability distribution
when the wave packets spatially overlap at a certain time during a periodic oscillation. An ion-trap interfer-
ometer is proposed on the basis of the wave-packet splitter in combination with quantum tomographic deter-
mination of the spatial interference fringes.@S1050-2947~97!07712-3#

PACS number~s!: 32.80.Pj, 03.65.Bz, 42.50.Md, 42.50.Vk
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In recent years, matter-wave interference with neutral
oms@1# has been demonstrated with material slits in Youn
double-slit geometry@2#, microfabricated gratings in a three
grating geometry@3#, and mechanical effects of light field
on atomic beams@4#. In the latter context, coherent splitte
of atomic beams, which are essential components of ato
interferometers, were realized by stimulated Raman tra
tions @5#, adiabatic momentum transfer@6#, and atomic wave
diffraction using temporal slits@7#. Atomic interferences
were also observed by nonadiabatic mixing of dressed st
in a micromaser cavity@8#.

In this paper, we propose to construct an interferome
with a single laser-cooled ion trapped in a harmonic pot
tial. In principle, an ion-trap interferometer can be built
first splitting a single motional wave packet coherently, th
propagating the split wave packets in different ‘‘paths,’’ a
finally spatially ‘‘recombining’’ the wave packets. It is inter
esting to note that any motional wave packets oscillate b
and forth periodically in the harmonic trap. Two initiall
separated~but localized! motional wave packets will overlap
at a certain time during an oscillatory period. If a quantu
motional state, for example, the motional ground st
~Gaussian-shaped wave packet! is coherently split into two
symmetric vibrational wave packets localized at distingui
able positions, each of the split packets undergoes the s
motion ~but with a phase difference ofp). The two resulting
packets pass through and thus interfere with each other a
center point of the harmonic trap. Quantum interferences
duce interference fringes in the spatial probability distrib
tion, which are determined by the phase difference betw
the de Broglie waves associated with the two split wa
packets. One can immediately see that the key step i
realize a coherent splitter of a motional wave packet.

Recently a mesoscopic superposition of spatially se
rated motional wave-packet states has been prepared w
single trapped9Be1 ion @9#. Appropriate sequential pulse
of off-resonant laser beams were used to drive two-pho
stimulated Raman transitions between the two internal
perfine states of interest 2S1/2(F52,mF522) and
2S1/2(F51,mF521) ~denoted byu↑& andu↓&, respectively!,
or between different vibrational levels of the internal sta
u↑&. A typical experimental arrangement can be as follow
The trapped ion is initially prepared in the motional grou
571050-2947/98/57~1!/388~4!/$15.00
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state and a superposition of internal states (u↑&1u↓&)/A2. A
pair of s2-polarized laser beams tuned to the first-sideba
two-photon Raman resonance is applied to excite the mo
correlated with theu↑& component to a wave packetux1&.
After a Ramanp-pulse excitation to flip the internal supe
position, another first-sideband Raman excitation displa
the motional state correlated with theu↑& component to a
second wave packetux2&. The internal and external~mo-
tional! states of the ion are then entangled. A final Ram
p/2-pulse excitation combines the two motional wave pa
ets into two different motional superpositions correlated,
spectively, with the two internal ground statesu↑& and u↓&

C5
ux1&2eidux2&

2
u↓&1

ux1&1eidux2&
2i

u↑&, ~1!

whered is associated with the related free time evolution
motion, and phase differences between the Raman be
The features of the motional wave packetsux1& and ux2& are
determined by the motional displacement driven by the tw
photon Raman transitions between vibrational levels. In
Lamb-Dicke~LD! regime~or slightly beyond such a regime!,
both ux1& andux2& approximate coherent wave-packet stat
It is possible to set the two wave packetsux1& andux2& to be
localized at distinguishable positions with appropriate R
man displacements. On the other hand, if the trapped io
far outside the LD regime, the two wave packet statesux1&
and ux2& may have large spatial spreads and partly over
each other in the position basis. As will be pointed out
what follows, the two wave packets usually become spatia
indistinguishable. In such cases, we have to seek other w
to prepare a quantum superposition of spatially separa
packets. It will be demonstrated in this paper that pro
second-sideband Raman excitations may be used to spli
motional ground state into two spatially separated wa
packets.

Consider the interaction of a trapped ion with two o
resonant counterpropagating traveling-wave laser beam
frequenciesvL1 and vL2, respectively. We assume that th
laser beams propagate along one of the principal axes o
trap potential, say, for example, thex axis. The two laser
beams are tuned to thekth-sideband Raman resonan
vL12vL25kn (k51,2, . . . ), where n denotes the associ
388 © 1998 The American Physical Society
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57 389MOTIONAL WAVE-PACKET SPLITTING AND ION-TRAP . . .
ated trap frequency along thex axis. The Raman interactio
can be modeled by an effective Hamiltonian in the vib
tional rotating-wave approximation@10#

Hk,f5\Reif2h2/2f k~a,a†!1H.c., ~2!

where f k(a,a†)5(m50
1` ( ih)2m1k/@m!(m1k)! #a†m

am1k, R
is the effective two-photon Raman coupling constant~real!,
h is the LD parameter, given byh5uDkLu(Dx)gr , with
(Dx)gr being the spatial spread of the vibrational grou
state,f andDkL are the phase and wave-number differen
between the two applied laser beams, respectively,
a5@mn/(2\)# (1/2)@x1 ip/(mn)# is the usual annihilation
operator for the harmonic oscillator (x andp are position and
momentum operators, respectively, andm is the ionic mass!.
Note that we have worked in the weak Raman excitat
region (R!n) and in the interaction frame rotating at th
trap frequencyn.

We assume that the trapped ion is initially prepared in
vibrational ground state via laser-cooling techniques@11,12#.
The Raman excitation drives the trapped ion to a motio
state

uck&f5exp@2 iq~ t !eif2h2/2f k~a,a†!1H.c.#u0&, ~3!

whereq(t)5*0
t R(t)dt is the Raman pulse area.uck&f can

be numerically calculated by solving the Schro¨dinger equa-
tions with the HamiltonianHk,f . For simplicity, we may
assume that the free time evolution of a vibrational levelun&
during the Raman interaction satisfiese2 inta†aun&5un&, i.e.,
nt52mp (m51,2, . . . ). If ntÞ2mp, one may let the ion
evolve freely for an additional timet1 till n(t1t1)/(2p) is
an integer.

The above-mentioned motional wave packetsux1& and
ux2& in Eq. ~1! correspond touc1&f50 anduc1&f5p , respec-
tively. In the LD limit, only the first-order terms ofh in the
above expression play a dominant role, and higher-or
terms can be neglected in the spirit of the standard LD p
turbation approximation. Therefore,uc1&f50 and uc1&f5p

approximate coherent statesuq(t)& and u2q(t)&, respec-
tively, where a coherent stateua& is defined as usua
aua&5aua&. However, the Raman displacement will be no
linearly modified when the LD parameter is relatively larg
In Fig. 1, we compare the spatial probability distributio
of the superposed motional wave packets~uc1&f50
1uc1&f5p)/2 under different localization conditions. Fo
large LD parameters, the two wave packets are spatially
distinguishable as shown in Fig. 1~b!, and thus no longer
suitable to construct an ion-trap interferometer. It is a
clear that such a motional superposition is not a ‘‘Sch¨-
dinger cat’’ state@13#.

Let us examine the nonlinearly modified second-sideb
Raman excitations of the vibrational ground state. Figur
depicts the spatial probability distributions of the motion
wave-packetuc2&f5p/2 . For a small LD parameter, the re
lated effective Hamiltonian approximatesH2,f52
\Rexp(if)h2a2/21H.c. ~up to the second order ofh), and
therefore uc2&f is approximately a ‘‘vacuum-squeeze
state’’, i.e., uc2&f5S(e)u0&, where S(e)5exp@(ea†2

e* a2)/2# is the ‘‘squeeze’’ operator, withe[rexp(iu)5
ih2q(t)exp(2if) @r 5h2q(t) is the squeezing paramete
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andu5p/22f is the squeezing angle#. For example, for a
LD parameterh50.2 and Raman pulse areaq(t)550, we
can get a squeezed wave packet as shown in Fig. 2~a!. In a
recent experiment@14#, a nearly ‘‘vacuum-squeezed’’ stat
has been attained with second-sideband Raman excitat
The vibrational occupational distribution was fitted asp2n
5 sechr (2n)!( tanhr )2n/(2nn!) 2, with b[exp(2r)540610
@i.e.,q(t)54563#. On the other hand, a double-peaked sp
tial distribution can be attained with some larger Ram
pulse areas. Figure 2~b! gives the spatial probability distribu
tion for q(t)580. We note that a ‘‘vacuum-squeezed’’ sta
ucsq&5S(r )u0& can be expressed in the position represen
tion as^qucsq&5c(q,sq)5@1/(psq

2)1/4#exp(2q2/2sq
2) with

sq5exp(2r) and q5(a1a†)/A2. Hence, a double-peake
wave packet differs from a ‘‘vacuum-squeezed

FIG. 1. The spatial probability distributions of the superpos
motional wave packets (uc1&f501uc1&f5p)/2, for q(t)515 and
h50.2 ~a! andh50.5 ~b!, respectively. In~a!, the associated free
time evolution after preparation (t f50) is illustrated at time points
t f50 ~wide solid line!, t f5T/16 ~grey line!, t f5T/8 ~dot-dashed
line!, t f53T/16 ~dotted line!, andt f5T/4 ~solid line!, respectively,
whereT52p/n is the oscillatory period. Figures 2 and 3 will us
the same curve definition for the free time evolution.

FIG. 2. The spatial probability distributions ofuc2&f5p/2 and
the associated free evolutions forh50.2 andq(t)550 ~a! and
q(t)580 ~b!, respectively.
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390 57HEPING ZENG
state ~Gaussian-shaped!. The difference originates in th
nonlinear modification of the associated second-sideb
vibronic coupling constants between vibrational lev
un& and un12&, which are proportional to

uVn,n12u5u^nuexp@ ih~a1a†!#un12&u

5 1
2 h2A~n11!~n12!1O~h4!

.

When n is large andh is not too small ~for example,
h50.2), the nonlinear terms included inO(h4) produce sig-
nificant effects on the Raman excitation. For larger LD p
rameters, the nonlinearly modified second-sideband Ra
excitations with appropriate areasq(t) can even split the
motional ground state into two spatially separated wa
packets. In Fig. 3, we plot the spatial probability distrib
tions of the wave packets for LD parameters and Ram
pulse areash50.3 andq(t)550 ~a!, h50.4 andq(t)525
~b!, and h50.5 andq(t)515 ~c!, respectively. Numerica
calculations show that there exists a particular range ofq(t)
with which the second-sideband Raman excitations are
proximately equivalent to a coherent splitter of the motio
ground~Gaussian-shaped! wave packet. For example, Fig.
indicates that spatial splittings can be attained w
q(t)515–30 andh50.4. Such coherent splitters of mo
tional wave packets~and the associated de Broglie wave!
are analogous to light beam splitters. Physically, the splitt
originates in the quantum interference between vibratio
levels. If the motional state is prepared in a proper super
sition of vibrational Fock states, there may exist destruct
interferences in a wide range around the center point of
trap, leading to a vanishing local spatial probability. The
fore the resulting wave packet consists of two spatially se
rated parts. The free time evolution of the motional sta
changes the relative phase angles of the vibrational Fo
state components, and thus changes the interference fea
When the two parts spatially overlap at the center of the t

FIG. 3. The spatial probability distributions ofuc2&f5p/2 and
the associated free time evolution forh50.3 andq(t)550 ~a!,
h50.4 andq(t)525 ~b!, and h50.5 andq(t)515 ~c!, respec-
tively. For clarity, each of parts~a!, ~b!, and ~c! is split into two
graphs, respectively.
d

-
an

e

n

p-
l

g
al
o-
e
e
-
a-
s
k-
res.
p

during the oscillation, interference fringes can be expecte
the spatial probability distribution.

Consequently, one may build an ion-trap interferomete
the following steps.~i! Cool the trapped ion to the vibrationa
ground state by the sideband@12# or stimulated Raman side
band laser-cooling scheme@11#. In order to be effectively
cooled to the zero point of motion, the ion should be tigh
confined@15#. With the use of resolved-sideband stimulat
Raman cooling, a pure quantum-mechanical ground stat
motion was recently attained with a probability of 98%@11#.
~ii ! Adiabatically reduce the trap frequency so that a re
tively large LD parameter can be obtained. For example,
may double the LD parameter by decreasing the value of
trap frequency to its quarter. Because the trap frequenc
changed adiabatically, the trapped ion will remain in the
brational ground state with unchanged occupation proba
ity @16#. This step may be unnecessary if one already ha
relatively large LD parameter, say, for example,h50.4 or
larger. ~iii ! Apply a second-sideband Raman excitation
excite the vibrational ground state. An appropriate Ram
pulse area should be selected so that one can achieve
herent superposition of spatially separated motional w
packets; i.e., the second-sideband Raman interaction is
lored as a coherent splitter of the motional wave packets.~iv!
Wait for a certain time while the trapped ion evolves free
in the trap till the split wave packets spatially overlap.
quantum-tomographic measurement@17–20# is then applied.
Many proposals have been suggested to reconstruct mot
states of a trapped ion@21–23#. More recently, the density
matrices of various quantum motional states have been
termined by applying different coherent displacements a
measuring number state populations@24#. The spatial inter-
ference fringes can be observed by such a tomographic m
surement@25#.

In summary, we have demonstrated that an appropr
second-sideband Raman excitation of the motional gro
state can be used to prepare a quantum superposition of
spatially separated wave packets. The splitting of
Gaussian-shaped motional wave packet~ground state! is in-

FIG. 4. The spatial probability distributions ofuc2&f5p/2 at
t f50 for h50.4. The Raman pulse area is selected asq(t)510
~dot-dashed line!, 15 ~grey line!, 20 ~wide dotted line!, 25 ~dotted
line!, and 30~solid line!, respectively. For clarity, the graph is spl
into two parts,~a! and ~b!.



er
ea
r-
us

D
am
n

na
on
a
in
in
p

ug
ia

ser
ter-
ote
ere

de-
r-
an

os-
o-
y.
x-
of

ri,

57 391MOTIONAL WAVE-PACKET SPLITTING AND ION-TRAP . . .
trinsically straightforward. We note that an indirect splitt
of the motional ground state wave packet was recently r
ized by ‘‘combining’’ different motional wave packets co
related with different internal state components with the
of Raman pulse sequences@9#. Unfortunately, this scheme
becomes invalid for trapped ions with relatively large L
parameters. We emphasize that the second-sideband R
excitation scheme is particularly suitable for trapped io
beyond the LD regime. It can be employed for any inter
ground state. It is possible to prepare separated moti
wave packets with all the population in only one intern
level. An ion-trap interferometer is then proposed operat
on coherent motional wave-packets splitting and ‘‘recomb
ing.’’ Using a strong excitation and adiabatic passage to s
the vibrational wave packet, Poyatoset al. @26# recently pro-
posed a different ion-trap interferometer. Experiments s
gested in this paper simply make the use of appropr
it-
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second-sideband excitations that require only single la
pulses. The spatial interference fringes in an ion-trap in
ferometer are sensitive to the vibrational coherence. N
that environment-system couplings continuously decoh
vibrational superpositions into statistical mixtures@27#. An
ion-trap interferometer may be useful to study quantum
coherences@28#, in particular to study deliberate decohe
ences induced by coupling the motional superpositions to
‘‘engineered’’ reservoir@29#.
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