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Bound-free heavy-lepton pair production for photon and ion impact on atomic nuclei

Ali Belkacem
Lawrence Berkeley National Laboratory, 1 Cyclotron Road, Berkeley, California 94720
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Institute of Physics and Astronomy, University of Aarhus, DK-8000 Aarhus C, Denmark

~Received 4 December 1997!

Finite nuclear size is found to cause reduction in photoproduction ofm and t pairs with bound negative
lepton. The reduction is less dramatic for muons than claimed previously but very severe for experimental
production of tauonic atoms. For both types of leptons,L-shell production exceedsK-shell production in heavy
targets, and light targets are more favorable for ground-statet-atom production. Implications for heavy-ion
collisions are outlined.@S1050-2947~98!10205-6#

PACS number~s!: 34.90.1q, 32.90.1a, 36.10.2k, 13.40.2f
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I. INTRODUCTION

The large electromagnetic fields encountered in relati
tic heavy-ion collisionse are expected to result in a subs
tial production of pairs of heavy leptons@1–3#. It has been
predicted that in nongrazing collisions with small impact p
rameters, the produced negative lepton has a non-neglig
probability to end up bound to one of the bare ions. T
latter process is potentially a new and unique way to prod
exotic atoms of short lived species such as tauonic ato
For the heaviest leptons, the earliest estimate for the num
of produced bound-free pairs at The Relativisitc Heavy-
Collider at Brookhaven National Laboratory~RHIC! has
been given by Gould@2#, who assumes a RHIC design o
counter-rotating beams of fully stripped uranium at 1
GeV/amu. With a luminosity of 1027 cm22 s21 his estimate
yields a number of onet pair per second, which, undoub
edly, is an upper limit, since effects of the finite nuclear s
have been ignored. Such effects will reduce the produc
cross sections and will be extremely important for the he
t, as we shall elaborate in this paper.

Traditionally exotic atoms are produced through slowi
down of negative particles (m2, p2, or K2) in matter where
they are first captured into high orbits of the atomic tar
and then cascade down into deeper states by emitting A
electrons or x rays@4#. However, the time it takes to produc
transport, slow down, capture, and cascade the negative
ticles into deeply bound atomic states is typically of the
der of nanoseconds. As a consequence, this method is
suited for the production of atoms with very short lived sp
cies such ast ’s, D-mesons,B-mesons or, even, pions an
kaons in deeply bound states. An alternative and potenti
more efficient method for creating these exotic atoms is
using high-energy photons, which may convert in a targe
high atomic numberZ to a heavy particle-antiparticle pa
with the negative partner created directly in an atomic s
of a heavy nucleus. In the present paper we report on a s
of such production of tauonic and muonic atoms for pho
impact on a fixed target. Implications for bound-free hea
lepton pair production in heavy-ion collisions are discuss
in the last part of the paper. Throughout, we restrict the st
571050-2947/98/57~5!/3646~6!/$15.00
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to cases where the capturing nucleus remains intact du
the lepton production.

Electron-positron pair production upon photon impact
atomic nuclei is well studied; for the case of production
pairs of unbound particles, we may refer the reader to
classic textbook by Heitler@5#, and for the case of so-calle
bound-free pair production on bare nuclei where the elect
ends up being bound to the nucleus, we may refer to@6# as
well as to papers cited there. The situation for photoprod
tion of pairs of heavy leptons with the negative partic
bound to the nucleus is quite different. Here little has be
published. As compared to the electron-positron case, c
sections for point nuclei are reduced by the square of
ratio of the mass of the heavy lepton to that of the electr
In addition, finite nuclear size causes further depleti
When using the Compton wavelength for the created lept
as the unit of measure, the nuclear size is much smaller
unity for electrons~that is, the nucleus appears essentia
pointlike!, of the order of unity form ’s, and several tens o
units for t ’s. Below, we shall study the effect of the nucle
size on the cross section for production of a bound-free l
ton pair as well as its dependence on the atomic numbe
the target, the final state of the produced exotic atom,
also the dependence of the cross section on photon energ
particular, we shall demonstrate that reduction due to fin
nuclear size is basically fatal for bound-freet production, at
least as long as we require the nucleus to remain intact.
production ofm ’s, on the other hand, we find less reductio
than has been claimed previously by others, cf.@7#.

In the calculations presented below, we represent
positive lepton by a plane wave. This is an obvious appro
mation in case oft production where the depth of the nucle
potential is only a few percent of thet mass. We also expec
the approximation to be reasonable form production, at least
not too close to threshold. In any case, form andt produc-
tion, corrections due to nonperturbative effects are mu
smaller than those due to finite nuclear size.

II. GENERAL EXPRESSIONS

The cross section for bound-free pair production for ph
ton impact may be written as
3646 © 1998 The American Physical Society
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ds

dV
5

ap1E1

2pk0

1

2 (
l,i ,b

uM u2. ~1!

Here a is the fine-structure constant,p1 and E1 are the
momentum and energy of the positively charged lepton,
k0 is the momentum of the incoming photon~momenta and
energies are given in natural units, that is, in units ofmc and
mc2, wherem is the lepton mass!. The sums are over spi
directions of the positive lepton (( i), over magnetic quan
tum number for the bound lepton ((b), and average ove

direction of photon polarization (1
2 (l). The matrix element

is given as

M5E d3rcb
†~r !aleik0•rc i~r !, ~2!

wherecb denotes the Dirac spinor for the bound, negativ
charged lepton andc i is the initial Dirac spinor belonging to
the negative-energy continuum. The quantityal is the pro-
jection of the Diraca matrices on the direction of photo
polarization. Throughout, the unit of length is the Compt
wavelength|C[\/mc and the unit of cross section is|C

2 .
See, e.g.,@5# or @6# for details.

With free particle solutions substituted forc i in Eq. ~2!,
the expression~1! for the cross section reduces to

ds

dV
5pa

p1~E111!

k0
H ukuFg2~q!1S p1

E111D 2

f 2~q!G
22k

p1

E111

cosu~k02p1cosu!

q
g~q! f ~q!J . ~3!

The momentum transferq is given in terms of the minimum
valueqmin5k02p15k02AE1

2 21 and the emission angleu
of the positive lepton relative to the direction of the incom
ing photon as

q25qmin
2 12p1k0~12cosu!5qmin

2 14p1k0sin2u/2, ~4!

and dV5sinududf refers to the emission of the positiv
lepton. The energy of the latter is of course fixed by t
energies of the incoming photon and the bound, negativ
charged lepton asE15k02E2 , where the energyE2 of the
bound lepton is slightly less than unity. The quantityk re-
lates to the total angular momentum quantum numberj of
the populated bound state ask57( j 1 1

2 ), where the upper
sign applies for states where the orbital angular momen
quantum numberl of the large component equalsj 2 1

2 while
the lower applies forl 5 j 1 1

2. The quantitiesg(q) and f (q)
are given in terms of the radial part of the large and sm
component,g(r ) and f (r ), of cb(r ) as

g~q!5~2/p!1/2E
0

`

dr r 2g~r ! j l~qr !,

f ~q!5~2/p!1/2E
0

`

dr r 2f ~r ! j l̄ ~qr !, ~5!

where j l denotes a spherical Bessel function of orderl and
l̄ [ l 615 j 6 1

2 ~again, upper and lower sign correspond
upper and lower sign in the relationl 5 j 7 1

2 ).
As a reference, we shall use the so-called Sauter c
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s054pa~aZ!5/k0 , ~6!

which applies for pair creation withK-shell capture for
pointlike, low-Z nuclei at high energies (aZ!1, k0@1), cf.
@6#. The expression~6! may be verified directly from Eq.~3!
by application of the analytical expressions given in@8# for
the ground-state momentum waves. Note that in the per
bative, high-energy Coulomb case, theg2 term in the differ-
ential cross section~3! gives a contribution to the total cros
section of 8s0/3, the f 2 term similarly brings a total ofs0,
while the last term in curly brackets in Eq.~3! contributes
28s0/3 when integrated over angles.

III. RESULTS

A. µ production

Consider firstm production. In order to compute cros
sections we solve the Dirac equation numerically to obt
cb(r ) for boundm states in the field of an extended nucle
whose charge is distributed homogeneously within a rad
of 1.18 fm3A1/3, whereA is the mass number@9#. The mo-
mentum wavesg(q) and f (q) to be applied in Eq.~3! are
obtained subsequently by numerical transformation acco
ing to Eq.~5!. As an example, Fig. 1 shows the momentu
space densityq2(g21 f 2) for a negativem bound in theK or
the L shell of a bare heavy ion. For all states the dens
peaks at rather low momenta and then, beyond roughly
units, falls off rapidly by several orders of magnitude ov
one momentum unit. This rapid fall-off is an effect of th
finite nuclear size. It may be noted that for them, the level of
the momentum content is essentially the same if the Fe
distribution of the nuclear charge is chosen. It may also
noted that the momentum-space densities obtained in a
relativistic calculation are close to those displayed in Fig.
At momenta below 0.5, the nonrelativistic densities wou

FIG. 1. Normalized momentum-space densityq2@g2(q)
1 f 2(q)# as a function of momentumq for a negativem bound in
the K or the L shell of an otherwise bare uranium ion. The fu
drawn curve is for the 1s1/2 state, the dotted for 2s1/2, the dashed
for 2p1/2, while the chained curve displays the density for the 2p3/2

state. The uranium nucleus is assumed to be a homogeneo
charged sphere with a radius of 7.31 fm, which yields a poten
depth of 27.17 MeV, and the binding energies of the four states
12.12 MeV, 4.30 MeV, 5.92 MeV, and 5.69 MeV, respective
Momenta are given in units ofmc.



ed
th

re
at

ss
th
n
e

er

th
th

ly
ak
, t
, a

o-
en
f
-
th

h
er

ite

al
be
tial

s
duc-

on

s

the

to
n
ling

wer
tic
eon
the
r is
or

rgy
tive
.
ove
ev
h

ay
r is

s
w

ll
ve

ine
the

tic.
ic
ro
ium
. 3.

d to
ss

ton

s
ou

88

3648 57ALI BELKACEM AND ALLAN H. SO”RENSEN
hardly be distinguishable from the relativistic ones if plott
on the figure. In the region between 1 and 2 units, where
small component becomes comparable to the large, the
tivistic result is higher than the nonrelativistic only by
most a factor of 2–3.

With the rapid fall-off of the momentum density, the cro
section is essentially set by the momentum content of
populated bound state near the minimum momentum tra
fer, which varies only moderately with photon energy: it d
creases monotonously from 11E2 at threshold toE2 at
infinity, that is, qmin varies roughly between 2 and 1~in
natural units!. From the last expression in Eq.~4! we then
find that only angles where 4p1k0sin2u/2&K2qmin

2 contrib-
ute to the total cross section, the quantityK attaining a value
in the vicinity of 1/2. This reduces to

u&K/k0 ~7!

beyond one or two units above threshold; hence charact
tic emission angles show the usual 1/k0 scaling.

Figure 2 shows total cross sections corresponding to
cases selected in Fig. 1. The structure is quite similar to
found for pointlike nuclei, cf.@6#, with a peak a few units
above threshold followed by a fall-off essentially inverse
proportional to the impact energy. Well above the pe
which appears somewhat later than for the pointlike case
cross section may be estimated within a factor of 2 or so

s;K22p2ag2~qmin!/k0 ~8!

~in natural units!. See also@10#.
For pointlike nuclei the perturbative result for pair pr

duction withK-shell capture by high energy photons is giv
by the Sauter cross section~6!. However, for the range o
energies displayed in Fig. 2,s/s0 does not reach full satu
ration. If instead cross sections are plotted in units of
general perturbation result for the ground state as listed
~52! in @6#, saturation is essentially reached already at a p
ton energy of 10mc2. For the ground state we hence inf
that the asymptotic value of the cross section is 0.0090s0.

FIG. 2. Cross section for photon inducedm pair production with
the negativem bound in theK or theL shell of a bare uranium ion
as a function of the photon impact energy. Curves are labeled a
Fig. 1 and the nucleus is again assumed to be a homogene
charged sphere. The photon energy is given in units of them rest
energy mc2 and the cross section is given in units of 3.4
310226 cm2, the square of them Compton wavelength.
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This reduction of two orders of magnitude is due to the fin
nuclear size. Nonperturbative effects examined in@6# for
pointlike nuclei~electron production! were found to cause a
reduction by only a factor of 5 for uranium. In the actu
situation the nonperturbative correction is expected to
even smaller as the finite depth of the interaction poten
~due to finite nuclear size! is accounted for.

Figure 2 further illustrates that in high-Z targets,m pair
production withL-shell capture, when adding contribution
from all substates, becomes at least as probable as pro
tion with K-shell capture. This is in contrast to the electr
case, where the capture to the 2s state is close to 1/23 for all
Z while the totalL-shell cross section is roughly 0.20 time
the K-shell cross section for highZ @6#. Inclusion of even
higher states is expected to contribute significantly to
total cross section for bound-freem pair production.

We have computed the momentum content of boundm
states for a wide range of different target ions in order
investigate the dependence of the total cross section oZ.
For the pointlike case, perturbation theory predicts a sca
of the cross section withZ5 for the ground state, cf.s0 given
above. With the extended nucleus, we find a much slo
scaling for heavy elements. The ratio of the nonrelativis
momentum densities at one unit for the ground states of n
and boron equals the ratio of the nuclear charges to
power 4.6, for xenon and neon the corresponding powe
3.2, and for uranium and xenon the power is only 1.2. F
comparison, we mention that the ratio of the high-ene
cross sections for uranium and xenon for the nonperturba
electron case corresponds to a power as large as 4.2, cf@6#.

It is of interest to compare the findings discussed ab
with those published previously by Mikhailov and Fomich
@7#. Table I in@7# lists cross sections for pair production wit
capture to theK shell for photon impact at 10mc2 on vari-
ous targets. For uranium, the listing is 1.2 nbarn, which m
be compared to our result of 206 nbarn, that is, our numbe
two orders of magnitude higher. See Ref.@11#. Also the scal-
ing with Z is different from ours; the ratio of cross section
listed in @7# for Z560 and 92 corresponds to a power as lo
as 0.23. On the other hand, for highZ, the relative contribu-
tions from the various states, cf. Table II in@7#, seem to be
about the same; according to@7# theK and theL shell bring
about equal cross sections atZ580 @12#.

B. t production

Let us now turn tot production. For this case we sha
stick to a nonrelativisitic calculation since we currently ha
higher precision here and since there is no need to determ
cross sections better than within a factor of 2 or so. With
depth of the potential attaining at maximum 2% of thet
mass, the bound-state problem is basically nonrelativis
Fourier transformation of the wave function for the tauon
ground state obtained by numerical solution of the Sch¨-
dinger equation for a homogeneously charged uran
nucleus yields a momentum density as displayed in Fig
As is immediately apparent, the density is reduced by;15
orders of magnitude at one momentum unit as compare
the value at maximum. This implies a reduction of the cro
section~as measured in units of the square of the Comp

in
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57 3649BOUND-FREE HEAVY-LEPTON PAIR PRODUCTION FOR . . .
wavelength, that is, in units of 1.233310228 cm2) of similar
magnitude. As an example, by substitution of the nonrela
istic momentum wave for the large spinor component a
neglect of terms beyond the first in the curly brackets of E
~3! we get a maximum cross section for tauonic pair prod
tion on a xenon nucleus with population of the 1s ground
state of 4.3310244 cm2 or 4.331028 pbarn, a result tha
cannot change by more than a factor of 2 in a relativis
calculation. This finding is of course fatal as far as measu
ments are concerned. Note, however, that incoherent pro
tion may well ease the situation, cf. Sec. V.

The lowest states are confined inside the nucleus wh
the potential for a homogeneous charge distribution is h
monic. It is interesting to note that although the harmo
oscillator energies~223.087 MeV for the uraniumK shell!
approximate the actual binding energies closely~223.089
MeV for the same state!, the tails of the momentum wave
fall off less dramatically than those of the pure oscillat
This is also demonstrated in Fig. 3, which further shows t
at low momenta~corresponding to typical kinetic energies
the bound state! the numerical result and the analytical o
cillator Gaussian are very close.

The further away from the potential minimum the boun
state energy comes, the less is the suppression of the mo
tum tails relative to the pointlike case. This implies that,
the heavyt, pair production withK-shell capture on a high
Z nucleus is less probable than production withL-shell cap-
ture on the same nucleus, easily by an order of magnitu
and, also less probable than production withK-shell capture
on a light nucleus, again easily by an order of magnitu
However, total bound-free pair production cross sections
thet still seem to be well below 10241 cm2 for any nucleus.
We may end the discussion of the photoproduction oft pairs
by noting that for a case like that displayed in Fig. 3, app
cation of the Fermi distribution causes a reduction of
momentum density in the relevant region by roughly an
der of magnitude relative to the level obtained for the hom
geneous charge distribution.

FIG. 3. Nonrelativistic momentum-space density for a nega
t bound in the 1s state of an otherwise bare uranium ion. T
uranium nucleus is assumed to be a homogeneously charged s
with a radius of 7.31 fm. The chained curve is the analytical m
mentum density for the ground state in a harmonic oscillator po
tial, which at all distances varies as does the actual nuclear pote
inside the nucleus. Momenta are given in units ofmc.
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IV. HEAVY-ION COLLISIONS

The photo-cross-sections obtained above may be app
in a Weizsa¨cker-Williams construction to estimate the cro
section for bound-free heavy-lepton pair production
heavy-ion collisions. The relativistic projectile ion of atom
numberZp is assumed to move on a rectilinear path a
constant velocityv throughout the collision, and the electro
magnetic field that it generates is ascribed to an equiva
bunch of photons, which then interacts with the targ
nucleus through the previously determined photo-cro
sections, cf.@13,14#. This leads to a cross section for io
impact of

s ion5E dvs~v!v21dI/dv, ~9!

wheres(v) is the cross section for photon impact. The ph
ton power spectrum is given as@14#

dI

dv
5

2aZp
2

pv2 FxK0~x!K1~x!2
v2x2

2
@K1

2~x!2K0
2~x!#G ,

x5
vbmin

gv
, ~10!

where K0 and K1 denote modified Bessel functions of th
second kind and the quantityg is the usual Lorentz facto
g51/A12v2; c[1. The total spectrum~10! has been ob-
tained by integrating the spectrum pertaining to a given
pact parameterb over impact parameters beyond the min
mum valuebmin . To keep the colliding nuclei intact, th
latter quantity cannot be smaller than the sum of the nuc
radii R11R2. This sum exceeds the Compton wavelength
both them and thet as well as the spatial extent of th
deeply bound lepton states for thet, and for heavy nuclei
also for them. Hence the entire cross section for heavy i
impact is in general well estimated by the virtual phot
method with the choicebmin5R11R2.

Since K0 and K1 fall off exponentially for arguments
larger than 1, and since the photon energy has to be in ex
of roughly 2 mass units, Eq.~10! implies an effective thresh
old for bound-free pair production in heavy-ion collisions a
roughly, g th5(A1

1/31A2
1/3)mr /164, wheremr denotes the ra-

tio of the lepton to the electron mass. Typicallya th amounts
to something like 15 form ’s and 250 fort, see also@3#.
From Eq.~10! we further infer that well above the effectiv
threshold the cross section for heavy-ion impact exceeds
~maximum! cross section for photon impact by a factor
order (2/p)aZp

2 ln(g/gth), whose number easily is beyon
100.

Figure 4 shows our cross sections for bound-freem pair
production in uranium-uranium collisions. The photo-cros
sections applied are those of Fig. 2. The only published
sults we are aware of for this process are those presente
@15# and @16#. As to the former, the results listed there a
computed at an energy that is essentially below thresh
that is,g,g th . Here the intensity~10! is exponentially sup-
pressed and thereby quite sensitive to the exact choic

e
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3650 57ALI BELKACEM AND ALLAN H. SO”RENSEN
bmin . This makes the construction inaccurate and we refr
from a detailed comparison. As to the latter, we refer
reader to our comment listed with Ref.@16#.

V. CONCLUDING REMARKS

In summary, we used a perturbative approach to calcu
the cross section of bound-free heavy lepton pair produc
for photon impact. Within this approximation we found th
the reduction of the cross section due to nuclear size eff
for a uranium target is about two orders of magnitude
muons and fifteen orders of magnitude for tauons. We a
argued that the use of a nonperturbative approach will
change the above reductions in a substantial way. Our ca
lated bound-free cross section form ’s is two orders of mag-
nitude larger than those reported by Mikhailov and F
michev@7#. We have not been able to track down the reas
for this difference. Our numerical cross sections and ana
cal expressions have been checked in various ways an
particular, in the limit of the high-energy perturbative Co
lomb case, our expressions reproduce the Sauter cross
tion.

The calculated bound-freet pair production is extremely
small, putting it out of reach of any experimental measu
ment. Alternative production mechanisms for bound-fr
heavy lepton pairs may hence be considered. One possib
is photoproduction of free pairs in a solid target with sub
quent moderation and/or capture of the negative lepton p
sibly terminated by a cascade to the ground state. In gen
the moderation is slow compared to the natural lifetime
the case of thet. An exception is the case where the negat
t is created with very low kinetic energy, typically of orde

FIG. 4. Cross section for heavy-ion inducedm pair production
with the negativem bound in theK or theL shell of a bare uranium
ion as a function of the Lorentz-g of the projectile. The cross sec
tion is proportional to the square of the charge of the projectile
and is shown here for impact of a bare uranium ion. It is given
units of 3.488310226 cm2, the square of them Compton wave-
length. Curves are labeled as in Fig. 1.
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1023 mc2, cf. @4# and@17#. For a photon of energy 10mc2,
where the total tauonic pair production cross section fo
pointlike uranium nucleus would amount to 8310231 cm2,
this occurs in less than 1024 of all tauonic pair production
events. Furthermore, finite nuclear size enters also in the
ation of free pairs, this time through the square of the nucl
form factor evaluated at the momentum taken by the nucle
For production of the negativet with low kinetic energy, this
reduction factor amounts for a uranium nucleus to;1027. In
total, the cross section for production of at2 with suffi-
ciently low energy that it may be captured before it decay
lower than 10241 cm2. This number is similar to the limit
quoted at the end of Sec. III B.

The very low cross sections for bound-freet pair produc-
tion found in Sec. III B~cross sections are low on the sca
of the square of the Compton wavelength for thet) reflect
the difficulty of the bound-state wave function to accomm
date a momentum of order unity,q;mc. If this excess mo-
mentum instead is transferred to a third partner, the supp
sion of the cross section may come out less severe than,
the 15 orders of magnitude discussed in connection with F
3 — even though the process will be of higher order. Alte
native production mechanisms hence could involve an a
tional scattering event~rescattering, for example! or produc-
tion on individual nuclear constituents. In incohere
production the excess momentum is taken by a sin
nucleon that leaves the nucleus, and the negativet is bound
in a state around the new nucleus. These processes a
further consideration. Note that the probability for an en
getict1 created inside a heavy nucleus to transfer a mom
tum of order unity~or larger! to a single proton on its way
out through the nucleus is of order 1026 if the proton is
assumed pointlike. This is much larger than the suppres
factor 10215 mentioned above, but the transfer is main
transverse and not longitudinal as required, cf. Eq.~4!. Note
also that in incoherent production on a proton the thresh
is nearly 6 mc2 and nuclear structure still plays a role~ra-
dius of proton exceeds Compton wavelength by more tha
factor of 10!, while in incoherent production on a ligh
pointlike quark, the threshold is above 200mc2.

A final remark regards the possibility of having at mov-
ing deeply inside an atomic nucleus without nuclear reacti
According to @18#, the lifetime against nuclear capture
orders of magnitude longer than the natural lifetime of thet.
Hence the latter, which amounts to 2.9310213 s, remains a
measure of the lifetime of thet when deeply immersed into
nuclear matter. See also@19#.

ACKNOWLEDGMENTS

This work was supported by the Danish Natural Scien
Research Council, and by the Director, Office of Energy R
search, Office of Basic Energy Sciences, Chemical Scien
Division, of the U.S. Department of Energy~DOE! under
Contract No. DE-AC-03-76SF00098.

n

C-
@1# M. Fatyga, M. J. Rhoades-Brown, and M. J. Tannenbau
Brookhaven National Laboratory Report No. BNL 52247, U
414, 1990~unpublished!.

@2# H. Gould, Lawrence Berkeley Laboratory Technical Inform
, tion, Lawrence Berkeley Laboratory Report No. 18593, U
28, 1984~unpublished!.

@3# C. A. Berturlani and G. Baur, Phys. Rep.163, 299 ~1988!.
@4# Y. N. Kim, Mesic Atoms and Nuclear Structure~North-



co
,

C-
-

n
y

-

di
ck

er
o

st
e
o
-
it

w-
ma-
ar,
be
this
o-

ions
ev

om

-ion
. J.

ar
tu-
es
r at

57 3651BOUND-FREE HEAVY-LEPTON PAIR PRODUCTION FOR . . .
Holland Publishing Company, Amsterdam, 1971!; C. S. Wu
and L. Wilets, Annu. Rev. Nucl. Sci.19, 527 ~1969!.

@5# W. Heitler, The Quantum Theory of Radiation~Dover, New
York, 1984!.

@6# C. K. Agger and A. H. So”rensen, Phys. Rev. A55, 402~1997!.
@7# A. I. Mikhailov and V. I. Fomichev, Yad. Fiz.45, 445 ~1987!

@Sov. J. Nucl. Phys.45, 281 ~1987!#.
@8# A. H. So”rensen and A. Belkacem, Phys. Rev. A49, 81 ~1994!.
@9# We have used the same numerical method and computer

to obtain cb(r ) as in K. Momberger and A. Belkacem
Lawrence Berkeley Laboratory Report No. LBL-38116, U
401, 1996~unpublished!, which report therefore may be con
sulted for details.

@10# For later reference note that the expression on the right-ha
side of Eq.~8! holds exactly for the Sauter cross section. B
application of the analytical result for the Coulomb 1s wave in
the limit of high energies and lowZ, that is, by writing
g2(1)532(aZ)5/p in place ofg2, the constant is seen to as
sume the valueK51/4 in this limit.

@11# We have not been able to track down the reason for this
ference. Our numerical cross sections have been che
against the simple estimate~8!, which in itself, as explained
above, conforms to the Sauter cross section in the high-en
perturbative Coulomb case. Furthermore the relativistic m
mentum density which enters Eq.~8! has been checked again
the corresponding nonrelativistic density, which was obtain
independently from the relativistic result in any respect. F
the case ofZ520, Mikhailov and Fomichev checked their nu
merical results for electron impact at an energy of 10 un
against results based on their analytical formula~11!, which
de

d-

f-
ed

gy
-

d
r

s

they claim to be valid for photon impact on low-Z targets. This
formula contains the square of the nuclear form factor. Ho
ever, at the same time it is based on an analytical approxi
tion for the bound-state wave function. Both cannot appe
and in particular the square of the form factor should only
present if both initial and final states are plane waves, as
factor derives from the Fourier transform of the scattering p
tential.

@12# There are some differences between the relative contribut
from the various states. For instance, Mikhailov and Fomich
find a much smaller difference between the contributions fr
the two 2p states than we do.

@13# E. J. Williams, Mat. Fys. Medd. K. Dan. Vidensk. Selsk.XIII
~4!, 1 ~1935!.

@14# J. D. Jackson,Classical Electrodynamics~Wiley, New York,
1975!.

@15# K. Mombergeret al., J. Phys. B20, L281 ~1987!.
@16# J. C. Wellset al., Phys. Rev. A45, 6296 ~1992!. It may be

noted that the cross sections for muon production in heavy
collisions given here are too high by orders of magnitude, cf
C. Wellset al., Phys. Rev. A53, 1498~1996!.

@17# E. Fermi and E. Teller, Phys. Rev.72, 399 ~1947!.
@18# H. C. Chiang and E. Oset, Phys. Lett. B259, 239 ~1991!.
@19# For them the situation is somewhat different. Here the nucle

capture rate from the 1s muonic ground state exceeds the na
ral decay rate forZ above, roughly, 10 and reaches valu
one-and-a-half orders of magnitude higher than the latte
high Z; see H. C. Chianget al., Nucl. Phys. A 510, 591
~1990!.


