PHYSICAL REVIEW A VOLUME 57, NUMBER 5 MAY 1998
Hydrogen molecule in a strong parallel magnetic field
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We investigate the hydrogen molecule in a strong parallel magnetic field using a fully numerical Hartree-
Fock approach. We find that for magnetic fields below412* T the ground state of His the strongly bound
singlet statelig, for magnetic fields stronger than<@.CP T the ground state of the molecule is the strongly
bound triplet®II,,, and for magnetic fields between 20" T and 3x< 10° T the symmetry of the ground state
is the triplet state®S,,, which is characterized by repulsion at intermediate internuclear distances and by a
weak quadrupole-quadrupole interaction between atoms at large internuclear separation. In this region of
magnetic field strength the hydrogen molecule is bound weakly, if at all; the hydrogen atoms behave like a
weakly nonideal gas of Bose particles and can form a superfluid phase predicted in earliefKoooksv and
Liberman, Phys. Rev. Let?2, 270(1994]. For magnetic fields betweea3x 10° T and 3< 1(° T the triplet
state °TI, is found to be metastable. This state may be responsible for an unknown excitonic line observed
experimentally{ Timofeev and Chernenko, JETP Leftl, 617 (1995]. [S1050-29478)01105-4

PACS numbg(s): 33.15.Bh, 31.15.Ne, 71.35y, 95.30.Ft

[. INTRODUCTION Research inquiries in the area of strong magnetic fields
are concentrated along several major lines of effort. One of

The intriguing world of atomic and molecular phenomenathem is the study of highly excited atomic and molecular
in strong magnetic fields, which was brought to the attentiorstates, the so-called Rydberg states, which can be observed
of investigators after the discovery of such fields on the surexperimentally in magnetic fields of the order of several tesla
faces of neutron stargl] and white dwarfg2], reveals a [3,4]. Another important direction of work focuses on the
large number of unusual and spectacular effects. Serious afiandamental aspects of molecular and atomic structure in
tention to this area is motivated not only by pure theoreticaktrong magnetic fields, primarily on the nuclear dynamics
interest, but also by practical applications in astrophysics anénd nonadiabatic effecf§—8]. Finally, a significant deal of
in the physics of semiconductors, where already laboratorgttention is paid to the calculations of the electronic structure
magnetic fields become *“superstrong” for excitons and shal-of atoms, simple molecules, and condensed matter in mag-
low impurities. netic fields.

The influence of a magnetic field on the electron mo- Among the atoms, the most popular object of investiga-
tion can be characterized by the energy distatie&l/m.c  tion is the hydrogen atom, which has been thoroughly stud-
between the Landau levels of the electron moving in thaied both in the nonrelativistif9] and relativistic approxima-
field. The magnetic field is “strong” on the atomic scale if tions[10—12. Detailed Hartree-Fock calculations have been
this energy is comparable with the atomic unit of energy, i.e.performed for helium and heliumlike iof$3-15, including
1 hartree. The two values become equal in the magnetic fielthe negative ion H [16,17]. For atoms with more than two
Ho=m2e3c/A3=2.350 5 10° G, which is the atomic unit electrons, work has mostly been concentrated on the so-
of magnetic field strength. The intensity of the magnetic fieldcalled adiabatic regime of superstrong magnetic fields, where
in atomic units may be conveniently defined as H/H,, both Hartree-Fock18] and statistical model<.9] were used.
and we shall use this designation throughout the paper. MadRecently, accurate Hartree-Fock calculations of many-
netic fields in the atmospheres of white dwarfs are of theslectron atoms have been performed also for magnetic fields
order of y~102-5x 10! a.u., and fields on the surfaces of intermediate strengtf20].
of neutron stars and pulsars correspond/te10°—10° a.u. The only molecule whose structure in the magnetic field

Magnetic fields of such magnitude dramatically modify is investigated in great detail is the one-electron hydrogen
the electronic structure of atoms and molecules. Electromolecular ion H* . The behavior of this system has been
spins tend to become antiparallel to the magnetic field, causstudied for both the paralld21-23 and nonparallel con-
ing a complete restructuring of electronic shells, and electrofigurations[24—26 with the aid of different approaches, in-
clouds strongly contract in the direction perpendicular to thecluding variational methodq21,24], basis set methods
magnetic field. These effects are accompanied by the growtf22,25,26, and semianalytical approachigs].
of binding energies of atoms and bonding energies between Among the molecules with more than one electron, the
atoms in molecules. Because of the strong deformation ofentral place is occupied by the hydrogen molecujeirst
electronic orbitals, theoretical investigation of the electronicof all, this is the simplest two-electron molecule, and it al-
structure of matter in strong magnetic fields presents seriodsws more detailed and accurate theoretical investigation
difficulties, and the well-developed computational tech-than other molecules. Second, Has a close solid-state ana-
niques of “field-free” quantum chemistry usually require log, the excitonic molecule, which behavior in strong mag-
significant modifications. netic fields can be studied already in laboratory conditions.
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The unit of “strong” magnetic field for the hydrogenlike a.u. Let us compare the energies of the potential minima of
excitons in direct-gap semiconductorsH§'=mZe3c/e?%°%,  all three state'S 4, 33, and 3II,. Since the statés, is
where ¢ is the dielectric constant aneh.; is the reduced characterized by repulsion at small and intermediate internu-
effective mass of the electron and the hole. For such semglear distances and by a weak interactiorRat1 a.u., the
conductors as Ge and |nsisjgff can be less than 1 T, and the minimum of the potential curve of the stat&, almost co-
effects of strong magnetic fields on the excitonic spectrunincides with the energy of two isolated hydrogen atoms in
can be observed in experimefy]. their ground states. The energies of hydrogen atoms in a
However, the hydrogen molecule,Hhas been studied magnetic field are known to a very high precisi@]. The
less thoroughly than § . If we turn to the problem of ground state energy of H is maximal in the absence of a
atomic hydrogen in a magnetic field, we will see that majormagnetic field ¢ 0.5 hartreg and decreases with the growth
computational difficulties always arose in the intermediateof the field. Aty=0.2 a.u. it equals-0.5904 hartree and at
region of magnetic field strengthg~1 a.u. The same ten- y=0.3 a.u. it becomes-0.6292 hartree. Corresponding en-
dency holds for molecular hydrogen as well. Most of theergies of the molecular staf&, atR>1 a.u. are-1.1808
publications dealing with K in strong magnetic fields con- hartree and-1.2584 hartree, respectively.
sidered only the case of superstrong{(10°— 10 a.u) mag- On the other hand, the potential minimum of the singlet
netic fields[28—30. The behavior of K in intermediate ~State 'S is minimal aty=0 and equals-1.1744 hartree.
fields (y~1) attracted less attention and was mostly focusedVith the growth of the magnetic field the potential minimum
only on the triplet stateé’S,,. Referencd31] reports finite  also grows[34,35. The minimum of the triplet statéX,,
basis set calculations of the terA%, in a magnetic field on the contrary, decreases, and alreadyyat0.2 a.u. the
y=1 a.u. for parallel and perpendicular orientations of theenergy of the staté%, atR>1 a.u. is—1.1808 hartree, i.e.,
magnetic field with respect to the molecular axis. The auby 0.0064 hartreéower than the minimal energy of the state
thors of[32] investigated the potential curve 8E, atlarge g at zero magnetic field and certainly lower than the po-
internuclear separation and concluded that in strong magential minimum of'X aty=0.2 a.u. As for the statéll,,,
netic fieldsy> 1 two atoms will form a molecule in the state in this region of magnetic field strength its potential curve

35, due to van der Waals binding. gtill lies above that of the statéZ,, which means that
Because of the more complicated structure of the hydro-11, is an unstable short-lived state.
gen molecule, even in superstrong magnetic fielgsl the Therefore, aty~0.2-0.3 a.u. the ground state of the hy-

picture of its behavior remained unclear even qualitativelydrogen molecule is not the singlet stat® or the triplet
for a prolonged time. The assumption proposedi2g] was state II,, but the triplet state®,,, which is repulsive at
that the triplet state®s, remains the ground state of the R~1 a.u. and has a very weak interaction between atoms at
molecule even for superstrong magnetic fiejds1. In such  large R. This means that with the growth of the magnetic
a situation electron clouds of hydrogen atoms becomédield the hydrogen molecule experiences two transitions of
strongly elongated in the direction of the magnetic field, andhe ground state symmetry. The first transition, which hap-
atoms acquire large quadrupole electric moments and magens at some magnetic field strenggh<<0.2 a.u., is the
interact with each other by way of a quadrupole-quadrupoldransition from the strongly bound singlet staf®, to the
interaction. Since the magnitude of this interaction is rathetriplet state®3,, which is bound very weakly, if at all. The
small, atoms do not form strongly bound molecules: Thesecond transition, occurring at a certaig>0.2 a.u., is the
molecules are bound very weakly, if at all, and hydrogentransition from the statés, to the strongly bound triplet
behaves like a nonideal gas of weakly interacting bosonsstate*I1,,.
The thermodynamic properties of such a gas and possibility If the value ofy, is large enough, then we are facing the
of Bose condensation of excitons in semiconductors in magfollowing situation: Inverystrong fieldsy> vy, the hydrogen
netic fields were investigated [133]. forms tightly bound molecules in the stafdl,, but for
However, later work$29,34] investigated another possi- fields y< vy, the ground state of the hydrogen is the state
bility, which was not explored previously: formation of the 33, with a weak interaction between atoms, which possess
triplet state®I1,, in superstrong fieldy> 1. In the absence of large quadrupole moments. Hydrogen behaves like a non-
a magnetic field, the statfll,, is a short-lived state, because ideal Bose gas, and we arrive at the situation described in
its potential curve lies above that of the statds, and 129 . [28,33.
However, Ref[29] showed that in a strong parallel magnetic  Recently, a very detailed investigation of singlet and trip-
field the potential minimum of the staffl, becomes lower let states of th& manifold of H, in magnetic fields between
than the potential minimum of the statt®,, so that 0 and 100 a.u. has been publis&6]. The authors of36]
%11, becomes the ground statell singlet states lie very performed configuration-interactiq€l) studies of the states
high due to the contribution from electron spinand the 129, D 329, and 3% ,. They have found that the ground
molecule will be strongly bound. This means that the theorystate of B experiences a symmetry transition frolrﬁg to
of the Bose condensation of hydrogenlike gas in a magnetiés,, which happens somewhere betwegs 0.1 and 0.2
field could be based on an incorrect assumption of the syma.u., in exact correspondence with the arguments presented
metry of the ground state34]. above. We have independently reported the same result in
Although the weakly interacting triplet staf&, is not  Ref.[37], which gives an essential summary of the results
the ground state of the hydrogen molecule neither for smalvhich we present in the present paper.
nor for very strong magnetic fields, one can see that it must To find the true picture of the ground state evolution, we
be the ground state of Hin the intermediate regioy~1  perform accurate two-dimension@D) Hartree-Fock calcu-
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lations of the hydrogen molecule in a parallel magnetic fieldthe Hartree-Fock equations and auxiliary formulas in the
We solve the problem within the Born-Oppenheimer ap-spheroidal coordinate system. Section Ill gives the detailed
proximation, which is completely justified for the range of description of the employed numerical method, whose preci-
magnetic fields in question, because for hydrogen effects ofion and convergence are investigated in Sec. IV. Sections
nonadiabatic corrections become pronounced only in magv¥ A and V B present calculated results for the ground state
netic fields stronger than 3G for the states with nonzero of the magnetized hydrogen molecular ion and for low-lying
total momentuni{5]. We do not account for relativistic ef- states of the helium atom. Section V C describes the evolu-
fects due to their negligible influeng¢&0]. Calculations are tion of the hydrogen molecule in the magnetic field. Section
performed using a highly precise fully numerical method,VI presents our explanation of the observed excitonic spec-
developed i 38]. trum of germanium in a strong magnetic field and proposals
Our results demonstrate that the first symmetry transitioffor future experimental work. Finally, Sec. VIl summarizes
5,—3%%, occurs at the magnetic field strength of  the contents of the paper and presents our conclusions.
~0.18 a.u., and the second transitids ,— °II, happens
at y,~14 a.u. For magnetic fieldg<< y, the ground state of Il. HARTREE-FOCK METHOD
the hydrogen molecule is the strongly bound singlet state
129. For magnetic fieldsy;<y<, the ground state of
H, is the triplet state®s, with a very weak interaction be- We use the usual Born-Oppenheimer adiabatic approxi-
tween atoms, and the hydrogen must behave like a nonideatation and separate electronic and nuclear motions. The
Bose gas. For magnetic fieldg>vy, the hydrogen forms Schralinger equation for the electronic wave function
tightly bound molecules in the quantum stéid, . ¥(x1,X2), Where x;=(r;,s;) collectively designates the
These results provide a solid background to the theory ofpace and spin variables of electrigris
Bose condensation and superfluidity of a hydrogenlike gas in
a strong magnetic fielB3] and prove that its assumption of A +h N e W =EW 1
the ground state symmetry is valid. Although the theoretical [h(x1)+h(xp)] Y (1)
picture developed 128,33 does not work for extremely
high magnetic fields, as was assumed initially, but for magwherer ,,=|r;—r,| andh is a one-electron Hamiltonian,
netic fields less than 14 a.u., this fact does not change the
principal concepts of33].
In addition, our calculations demonstrate that fgr<y
<, there are two regions of magnetic field strength where
hydrogen may formmetastablemolecules. The first region Hererj=|r—Rj| is the distance to the nucleyisR;, andz;
lies betweeny, and ~0.4-0.5 a.u. For magnetic fields of are nuclear coordinates and atomic numbArss the vector
such strength, the true ground state of the molecuf&is, potential, H=VxA is the magnetic field, and is the spin
but hydrogen may folrm strongly bound metastable moleculegyerator. Since the present analysis is restricted to the paral-
in the singlet state">y. The second region spans from |g| grientation of the magnetic field, we introduce spheroidal
1.2—-1.4 a.u. toy,. .In such fields, hydrogen may form meta- .,ordinates & 7,¢) with variables £=(r,+r,)/R, 0<¢
stable molecules in the quantum stéﬂu: <o, andn=(r,—r,)/R, —1<7<1, whereR=|R;—R,| is
g0(-)'—(;]Iauraer?#:;t?\:gveliglsarr\];tti(;)r?lgf %lj(?)“etg;gveer;tglu:ezljﬁsav://ﬁi?ﬁhe internuclear separation. The gauge of the vegtor potential
were reported if27] and remained unexplained theoreti- E ;g)kﬁ.g igstﬁe é%’g:gélé) 'thvghrﬁg?eréum(rg)z(i)s[(g ba
cally. The authors of27] investigated the excitonic Spectrum  \y/e choose the atomic system of units, so that the units of
of germanium in a magnetic field gnd Iat=_4 T observed length and energy are the Bohr radiag=72/m.e?=5.3
the appearance of a new spe;ctral I|n_e, wh_lch was Iabgled the 10-9 cm and 1 hartreeE,=m.e*/%#2=27.2 eV, and the
“ X line.” They associated this new line with the creation of
a new bound state, whose energy is by one electron-hol
(e-h) pair lower than the energy of an isolated exciton, but
could not explain the nature of this state. R R 1
For the samples of Ge used in the experimg@g the [h(r)+h(r) ]+ —V=(E—yo,—yo,)¥, (3)
critical field HE" corresponded to 2.9 T. Therefore, the new f12

spectral line appeared at the effective fiejd=1.4 a.u., |\ here y=H/H, is the intensity of the magnetic field in

which approximately corresponds to the lower end of theyiqmic unitso=s,= + 1/2 is thez projection of the electron
second metastable region described above. We suggest that

the observe line is associated with the metastable excitonzpm’ agm is the one-electron Hamiltonian without the spin-

in the state®[1, and predict that other direct-gap semicon- ependent term,

ductors will exhibit similar spectral features at the same

strength of the effective magnetic field. If future experiments h(r)=— EA—i Y i n Eyzrz _ i Zpé+ Zm7

with other types of semiconductors confirm this prediction, it 2 299 87 & RZ g2 2

will lead to a new way to control the optical properties of

semiconductors, which may open interesting technologicalith Z,=R(Z,+Z,) and Z,=R(Z,—Z,).

possibilities. We consider the problem within the Hartree-Fock ap-
The paper is organized as follows. In Sec. Il, we deriveproximation in which the total electronic wave function

A. Basic equations

2
+

. € eh . Z
+—A(r sH—e? =2 @
P+ AM |+ j;urj 2)

unit of magnetic intensity isHq,=mZe3c/#%=2.350 52
&10° Oe. The Schidinger equatior{1) takes the form

e
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W (x41,X5) is approximated by the antisymmetrized product D(Nf +(Z, &+ Z_n)f
. . . Imy| 'a + ) la
of two normalized and orthogonal spin orbitalg(r,s)
=u,4(r)xa(s). The Hartree-Fock equations are R? 1-a?

—7(52—772) Yobt —3 Y —E;|fa

[h(r) +Gpp(r) = Ea]ua(r) = 8sGpa(r)up(r), ©) R2
= — 5S7rh_ma mbl*‘mbl |ma|(§2_ nz)gbafbi
where indicesa and b take values §,b)=(1,2) and (2,1),

E, are eigenvalues, ands=8(s,,s,) is 1 if the electron (12
spins are paralleftriplet term) and O if they are antiparallel

(singlet term. The potentialsG,, are given by where E,=E,— (a+|m,|a+m,)y/2. Explicit formulas for

overlap integralsS,,=(u,|u,) and Hamiltonian integrals
H.p=(u,/h|u,) are given in Appendix A.

G _ U;(f')ub(f')d , " To determine the potentials,,, we follow the method
ab(F) = Ir—r’| r ) outlined in [38] and directly solve the Poisson equation
AG,p=—4mu}u, . Written in terms of the functiong,y,, it
reads

B. Transformation to 2D space

. . A (0) 2, Impmy 2 2
We assume that the dependence of the spatial orhials D\mb—ma\gab_ TR, *N(E =7 ) dadby. (13
on the anglep is given by the factoe'™a?, so that the com- N .
ponent of the electronic orbital angular momentum along thd he values ofy,;, at the positions of nuclei can be found by

molecular axis is\ =m; +m,. We introduce the new func- direct numerical integration and are given by E44). At
tions f,(£, %) according to large distanceR the potentialss,,(R) can be expanded in a

; multipole seriesG,,(R) == ,G{)(R),where
Us(£, 7, @) = MaerMelearmiiot (£ ) .

im GY(R)= ! > 4—7TQ(')Y* (0,9). (14
=e"a?Pa(§,7), (7 TR, V2rpem mtE
_ lmal (—ayr2/a HereR, ®, and® are the polar coordinates &, Y,,, are
) =1 e YL (&, 7). 8 : . : .
Pal&m) =1, &) ® spherical harmonics, ar@ﬁr']) are multipole moments given
by
The multiplier expeayrfm), where @ ranges between 0
and 1, is introduced to partially account for the asymptotic 0 T |
behavior of the wave function in the magnetic field and is Qm = 2 +1<“a|r Yim(6,@)[Up). (15)
discussed in Sec. Il D. The Laplacian of a spatial orbital in
spheroidal coordinates is Equationg/A4) and(A5) give the above multipole expansion

in terms ofg,y,.
Finally, we integrate the Schdinger equation(3) and

imye
u :‘m—arlma\ewvrfﬂl[‘)(av)f obtain the orbital energf in terms of molecular integrals,
tRAE-p) mal
E=yo1+vyotHyt+Hy
—(1+]|my)) ayu+ a?y?r?u /4, 9

1
R + E[Tuzz"‘ T2211= 0s(T1221+ T2119) ], (16)
where the differential operat®(” is defined as

where T 4pcq=(Ua| GeglUp). The level E=0 corresponds to

A 52 2 the configuration where all particles are infinitely separated
fo)(g,n):(gz—l)—zﬂl—7;2)—2 from each other and reside on their lowest Landau levels
29 an with spins antiparallel to the magnetic field. The total energy

of the molecule i€;,=E+2Z,Z,/R.

J J
+[2(1+n)—wf]< a_g_"a_)' (10)
K I1l. NUMERICAL SCHEME

As follows from Eq.(6), the ¢ dependence of the potentials A. Coordinate system

G,y is given by the factoe' (M~ ma)¢ Consequently, we can To solve the Hartree-Fock equati¢i?), we approximate
presentG,, in the form functions f,(£,7) by their node values on a mesh in the
domain 1= é<é.0 —1<7n<1. We do not know the exact
form of the boundary conditions dn at §—o and impose a
simplified conditionf ,(£,2,0=0. Numerical calculations for
the field-free molecule ¥=0) show that this simplification
The Hartree-Fock equatiaf®) becomes does not appreciably affect results provided #al, is large

Ganl(£,m,0)=€Mo-Maerl™ Mg (2 1) (11)
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enough(see Sec. Il . Coulomb and exchange integralg,  The derivatives in EQ.(19) can be expressed ag,=
are also approximated on the same mesh. —tggn, t,=1/¢, the same fos and 7.

The spheroidal coordinate system is not very convenient We introduce a rectangular grid defined by equidistant
for numerical integration of Eqg12) and (13). First, we  points{t;}=h,i and{s;}=hsj—1, where indice$ andj run
should impose boundary conditions at “practical infinity,” from 0 to N, andN,, respectively, and the mesh widths are
that is, at¢>1, and the requirement to have a good spatiah,=T/N, andhs=2/N;. Since all numerical integrations are
resolution near the nuclei leads either to a very large numbefarried out using a five-point approximate formula, the num-
of equally spaced grid points or to a nonuniform grid. Sec-per of intervals in each variable must be a multiple of 4, that
ond, if the magnetic field is strong enough, the electron denis, N,=4n, andN;=4n,, wheren, andn, are integers.
sity is sharply concentrated near the molecular axis, and an
insufficient density of grid points in this region causes the B. Finite-difference formulas
numerical instability uncovered in our preliminary calcula- ) L .
tions. Although this instability may be avoided by using a We expressed first and second derivatives of functigns
nonuniform grid, such a measure would involve more com-2Nd gap OVers andt using the seven-point approximation
plicated formulas for numerical differentiation and integra-formulas given in[38]. If we have an equidistant mesh
tion. with a constant mesh width=x; —x; _; and consider a func-

Fortunately, both difficulties can be avoided by a suitabletion Y(x) whose node values age=y(x;), then the first and
transformation of the coordinate system. Instead of workinggecond derivatives of(x) at mesh points can be approxi-
with nonuniform grids in¢ and 5, we use equidistant grids in Mated as

new independent variablesands, defined in the domains 3

0st<T=In§, .« and —1<s<1. The connection between 60hV' (x.)= + A : n 21

(€. 7} and{t.9} is given by y' (X)) _|:23 1+kaYizkenter, (219
E=exd T-TQ, (1-t/T)], 7=Q,(s), 17 3

180h%y"(x)= 2 BiiwarYiskin ez, (21D
whereu; and us are adjustable parameters ad(x) is an 1=-3
odd monotone function defined ¢r-1,1] and satisfying the
conditions 1 ,(0)=0, Q,(1)=1. This function must be
chosen so that it will concentrate grid points n€arl and
|7|=1. The choice used in this work isQ,(x)
=w,(x)/w,(1), where

wheree;=0(h®) ande,=0(h®) for k=0 andO(h") for
k#0, andA andB are 4X7 integer matrices given in Ap-
pendix B, Eqs(B1) and(B2). The indexk=0 gives centered
expressions, and $tk=3 generates “shifted” formulas,
which are used near the mesh boundary. The upper and
« lower signs in Eqs(21) correspond to right and left shifts,
WM(x)zf (14 u?z%) 3dz respectively; an example is given by H&3).

0 Numerical integration was done using the five-point

) X(5+3u2x2) 3 Newton-Cotes formulé39] applied to the X5 integration

- a grid,
81+ 1507 + 8 rctanuX. (18)
Xj+4 2h
The parametep controls the concentration of pointgt fxi y()dx= 2= (7yi+32%i1+ 1%,
~0 results in an almost equidistant grid, and-2—3 gives
a strongly nonuniform grid. +32yi 3+ 7Yi+q) +O(N). (22
. . 2 (7) .
rulgshe differential operatoby™ changes according to usual Sometimes, it is convenient to perform initial self-consistent
' field (SCH iterations with a small number of grid points and
P P then use the obtained solution as the initial approximation for
5517)('[,5):@2_ 1)t§—+(1— 7%)s% — calculations on a finer grid. To interpolate the functians
at? 7 9s? andg,;, to a refined grid with largeN, andN,, we used the

P seven-point Lagrange interpolation formula
+[(gz—1)t§§+(2+2n—rrf)gt§]ﬁ 3
; foa+ph)= 2 AP0+, (23
+[(1—nz)snn—(2+2n—rrf)nsn]£, | | N
where —3<p=<3 and the interpolation coefficients d1&9]
(p*=1)(p*—4)(p*—9)

p
where the subscripts denote derivatives avand 7. Double Alp)=(—1)3 B+ B=K)(p=K) (24)
integrals transform as

(19

C. Self-consistent field iterations

Emax 1 T 1
d J dyF(&7n)= J dt f d t), . . ) .
Jl ¢ -1 7 (&) 0 -1 SA &), 7(9) 167 Self-consistent field solutions of the Hartree-Fock equa-
(20) tion (12) were obtained by the usual iterative technique. We
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start from a certain initial guess ¢t and f{*) for the or-  we do not impose the requirement pfsymmetry at larg®R
bitals andEi(O’ and Eé(o) for the energy eigenvalues and in order to obtain correct results in the dissociation lmit
repeat the following steps of SCF iterations. For my,#0 we choose a “fixed point” somewhere in the

(1) Calculate the boundary values of the potentifg , vicinity of a nucleus(usually ati=j=3,...,5). Of course,

name|y, their values at the positions of nuclei using @ql) during the normalization of the recalculated functidlﬁgl)
and at practical infinity folN,—2<i<N, with the aid of all node values are changed, including those that were kept

multipole expansiofA5) and (A6). constant during the SOR calculation.

(2) Solve the Poisson equati@f3) using any relaxation A marked feature of the employed computational method
method. We used the successive overrelaxat®®R tech- is the high sensitivity of SCF iterations to the initial choice
nique (see, e.g.[40])). of eigenvalue€?) and functions ). If the starting guess is

(3) Find new functionsf(*Y) by solving the Hartree- far from the true solution, then SCF iterations immediately

g(kg’ and orbitalsffjk). Again, the SOR method is used. ity, but for the state’Il, (A =—1) in strong and superstrong
2 (k+1) magnetic fields it is a severe problem. Luckily, this difficulty
a

. (4) Normahz_e the spin Orb!taw_’ . Note that no spe- may be obviated by systematic construction of the starting
cial orthogonalization is required; #;=0 or my#my, the . ©) « 0 L :
functionsfy”’, “damping” of several initial iterations, and

orbitals are automatically orthogonal, anddf=1 andm X
4 J H a Setting parametes to a nonzero valuésee Sec. Il D.

=m,, then one of the orbitals is even and the other one i ! . . L
odd with respect toy Spatial orbitalsu, must satisfy the cusp condition at the
(5) Calculate new integralei(k”) and T D and new positions c_)f nu_clel, have the correct azsym_ptotlc behavior
energy eigenvalueg* D= HK+ Dy T+ 1) 5 plict1) along the field lines, and decay as expf;/4) in the trans-
y a aa agbb , s abba verse direction. In addition, our approximate boundary con-

; (k+1)_ ¢(k) _

(6) If the c_hanges of ﬁ(\ielr)y or&;t;ﬂfa f2[ and ev_ dition at infinity requires the orbitals to become zeroi at
ery energy eigenvalugEy™ ~'—E,°| are less than certain —\ _ 5 All these demands may be met if we initialize the
predefined values, we consider the solution as converged ang, \tionsf© as

a

stop the SCF iterations; otherwise, we return to gfgp

The above scheme requires several comments. First of all, * _ _
. . . ; & —¢ (I+A0)r 1-«a
it is necessary to specify the boundary conditions which we f<a°>: - — yrf , (26
impose on the function§,(£,7) when solving the Hartree- & - Lt[mg[+r 4

Fock equation(12). Since we do not know the exact U2 e
totic behavior of the functiorfs at infinity, imoly  Wherexa=[y(1—a)(1+|my|)—2E,]" &* is the value of
asymptotic behavior of the functiorfg at infinity, we simply £ati=Ni—2 (f,=0 fori=N,—2). andr = (RI2)(é+ 7) is

putf, to zero atN,—2<<i=<N,. Calculations in the field-free he di ¢ h | Obtained i h
case show that this simplification does not produce any nol € distance from a chosen nucleus. Obtained in such a way,

ticeable effect if¢ax is sufficiently large. A judicious esti- the functionsf, are (if necessary » symmetrized and nor-

mate of the require can be obtained from the followin malize_d. . . . I
reasoning Quiredmax 9 1o improve the stability of SCF iterations on the initial

i 1) @) (3)

Taken with the opposite sign, an eigenvalg of the ~ Stage, the eigenvalues’, Ef?, andE(? are recalculated
Hartree-Fock equatiofb) represents the energy required to ccording to
remove theath electron from the molecule on the assump-  _(k+1)_ (k+1) , T(k+1) o +(k+1) B )
tion that f, for the molecular ion is the same as for the Ea adHaa =+ Taaps — dsTabpa ] +(1-2WBy (’27)
molecule. In the presence of a magnetic field this “ioniza-
tion” energy is y/2—E,. If we now assume that the \here the parametes, controls the “damping” of rapid
asymptotic behavior of the orbitdl, along the field is ap- changes which can occur on starting. Usually we used values
proximately exp(yy—2E,) (see[9], Sec. IV) and thatitis ¢,=0.2,¢,=0.5, ands,=0.8.

safe to setf, to zero where it is less than, say, 10 K Both SOR and SCF iterations approach exact solutions
~10-12, then we immediately obtain that a “sufficiently (here we understand the word “exact” in the finite-
large” &max is difference contejt exponentially but never actually reach

them. Therefore, we must terminate iterations when certain

2K In 10 predefined convergence criteria become true. In the case of

(25 SOR, the stopping criterion may be easily defined as the

average residual per node. However, SCF iterations do not
provide such a convenient measure of convergence. Instead,

=MmaXxy——F————.
Emax )%Rm

For example, if we také& =10 and consider the ground mo- o (k+1) . (K) :
. . we use changes of the orbitals —-u and eigenval-
lecular state®Il, (A=—1) in the fieldy=1 a.u., thert g s, a 9

k+1 k R ;

given by Eq.(25) corresponds to the spatial distancg,y ues |E(a '—E3’| and terminate calculations when these
—(RI2)&,~17 au. quantities fall below preset limits.

Along with the boundary conditions at practical infinity -
we must also set conditions near the nuclei. This is done in D. Stability of the method
the following manner. Iim,=0, then during the SOR recal-  The SOR technique used here for the calculation of po-
culation off " *) we do not change the value 8" atthe  tentials and wave functions is well documented in the litera-
position of one or both of the nuclei, depending on the reture. In the case of the usual three-point approximations of
quired » symmetry of the orbitalif 5;=0 orm,# m,, then first and second derivatives its application usually presents
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TABLE |. Difference E(N;,Ng) —Egxaq (in nhartre¢ for the  ber of nodes, thus significantly slowing down the speed of
ground states of the hydrogen atom, hydrogen molecular ion, andomputation, while the second one solves the problem by
the hydrogen molecule as a function of the grid size. The paramshifting nodes closer to the molecular axis. This measure is
etersR andr,, are given in the tablew,=us=0.1. usually more efficient because in the presence of a magnetic
field the wave function is concentrated along the field lines,

N Ns=24 Ns=32 Ns=40 Ns=48 and by increasingts we adapt the grid to the new physical
H (R=2.0 Q.. ng=20 a.U.,Egxac= —0.5) situation. Typically, we usg.;=1 for y=1 andu,=3—4
24 5162 515.6 515.5 5155  for y=10°"". N .
40 —77 84 -85 -85 The second stability problem caused by a lasges the
56 11 17 18 18 increased sensitivity of SCF iterations to the initial choice of
72 03 03 04 _o04 spatial orbitalsf{”) and eigenvalue&?, which was already
80 05 01 —02 02 discussed in the preceding section. This problem develops if
88 0.6 0.0 —01 o1 the parametew, which defines the partial separation of mag-
96 0.6 0.0 01 —o01 netic asymptote exp(ayrf/4) in Eq.(7), is zero or close to
Hy* (R=2.0 a.U.f a=15 A.U.,Eqpae= — 1.102 634 214 5) zero. However, SCF iterations are (_:ompletely stablllzeq by
24 28874 2886.4 2886.2 08862  Increasinga to 0.1.—0.3,_ although this measure results in a
20 38.0 36.9 6.8 268 larger number of iteration steps. We did not observe any
56 24 13 12 11 a}ppremable effect of the value af on the accuracy of the
72 12 01 o1 _o01 final converged results. _ _
80 11 01 _o1 o1 A side effect resulting from the introduction of a nonzero
_ ' o Y ' a is the instability of SOR iterations at large . To get rid
H224(R_ ;’;2’5 "rmax_ég%t’Ee“f 6_02;3123 629 5;))68 ,  Oof this problem, the functions* are recalculated accord-
40 186:7 185..5 185.'9 186.§ ing to the modified Hartree-Fock equations
e O . R T
88 1.2 -0.7 -0.8 -0.8 R 1-a? ,, oo
104 1.0 -1.2 -1.3 -1.3 - 7(5 -7 )(9bb+ ) Y rJ__Ea> fa
112 0.8 -13 -1.4 —-1.4 )
120 0.7 -13 —-14 —14 _ 55%era*mbHImb\*lma\(gz_ 72 Gpaf

no difficulties in terms of numerical stability. It turned out, ol .9 o 9
however, that for the seven-point approximation formulas t(l-o)ayr] 5(9_5‘(51 _ﬂ%fa : (28)
stability of the successive overrelaxation method strongly de-

pends on the order in which we recalculate node values duiyhere the potentials and eigenvalues are calculated from the
ing SOR iterations. _ o kth step of SCF iterations. Stabilization of theinduced
When we use the usual three-point approximation formusoR divergence is achieved by the introduction of the pa-

las, then even the simplest algorithm, which recalculates valrameters whose typical value lies between 0.5 and 1; usu-
ues at nodesi(j) with i running from 0 toN, andj running  ally, we usedor=1-a.

from 0 to Ng for everyi, works without faults. However, in
our case of seven-point formulas this trivial scheme hap-
pened to be unstable. Fortunately, the problem can be cured
by a simple modification of the order in which the node In order to check the reliability and convergence proper-
values are recalculated: SOR iterations become stable wheies of the present technique, we performed calculations for
the indexi runs first from O ta\/2 and then back frorhl; to  several simplest one- and two-electron systems which were
N./2, and the index, in a similar manner, runs first from 0 to already investigated previously by independent methods. We
N¢/2 and then backwards froMg to Ng/2 for eachi. start with the field-free situation, where we consider two one-
Another potential source of divergence is the quadraticlectron problems, the hydrogen atom H and the hydrogen
term y?r in the one-electron Hamiltoniaf#), which tends  molecular ion H* , and two two-electron problems, the hy-
to create numerical instability if the magnetic intensjtys  drogen molecule K and the helium atom He. Table | shows
large. To overcome this problem, we introduced several prothe difference between the energy valig, ,Ns) obtained
cedures for the improvement of the convergence. by the current method and the best available benchmarks
The first and the most pronounced instability usually ob-E,.for the ground states of H, /i, and H. The energy
served at largey is the instability of SOR iterations which difference is given in nhartre@ nhartree= 10~ ° hartre¢ as
develops in the arepy|~1. This instability is triggered by a function ofN; andN,. The internuclear distand® is 2.0
an insufficient density of grid points; and can be sup- a.u. for H and H* (of course, for the atom the term “inter-
pressed either by increasing the numbigrof grid points or  nuclear” refers only to the coordinate systeand 1.4 a.u.
by increasing the parametgg,, since both measures create afor the hydrogen molecule in singlet state. In each case the
concentration of points on the axis in the troublesome outer radiusr ,,=(R/2)&,.c Was determined according to
region| 7|~ 1. However, the first method increases the num-Eq. (25 with N~8 and is given in Table I. Exact ground

IV. CONVERGENCE AND TESTS
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TABLE Il. Convergence of result&(N;,Ng) — Egy,ct fOr the TABLE IV. Convergence of the calculated energy eignevalues
ground state of the helium atom in the absence of a magnetic field=(N,N) for two different quantum states of,Hn a magnetic field:
The “internuclear” distance iR=1.4 a.u.l =15 al., m=pns 34 in afieldy=1.0 au. R=1.22 a.u and I, (A=-1) ina

=0.1. The difference is given in nhartree. field y=20.0 a.u. R=0.64 a.u. Values of R are close to the
corresponding equilibrium distances, the parametggsand s are
N, Ng=32 Ns=56 Ng=72 Ns=88 Ng=104 given in the table, ande=1-0¢=0.3 andu,=0.1 in both cases.

Calculations for12g are done for two different values of,,,, 15
24 -4985.1 -5383.4 —5467.0 -5523.6 -5565.9 ;420 au.

40 319.6 145.4 139.6 137.4 136.1

56 202.7 36.1 323 31.6 314 N E N E

72 177.2 12.0 8.5 7.9 7.8 1

88  171.0 6.6 3.1 25 2.4 2g, ¥=10 (ma=15 a.u.,us=1.0)

104 169.0 51 16 1.0 0.9 24 —0.847 590 294 7 80 —0.8475947856
112 168.4 4.8 13 0.7 0.6 32 —0.847 593 709 7 88 —0.8475947865
120 168.1 4.6 11 05 0.4 40 —0.847 594 539 0 96 —0.8475947870
48 —0.847594 717 3 104 —-0.847594 787 2
56 —0.847 594 763 7 112 —-0.847594 787 3
state energy values are—0.5 hartree for H, 64 —0.847 594778 3 120 —0.847594 787 4
—1.102 634 214 494 9 hartree for,H (Ref. [41]), and 72 —0.847594 7835
—1.133 629 57 hartree for H(Ref. [38]). The samer =20 a.u.

As we see, convergence of the method is excellent. In alk4 —1.847 586 952 6 80 —1.8475947847
three cases results steadily converge bothimndNg and, 32 —1.847593 1449 88 —1.8475947861
for the one-electron systems, fall within 1% hartree of the 40 —1.847 594 407 8 96 —1.8475947867
exact solution. For the hydrogen molecule, the precision ofig —1.847 594 6800 104 —1.8475947871
our results seems to slightly exceed that of R88], and we 56 —1.847 594 751 3 112 —1.8475947873
can put the Hartree-Fock limit for this system to g4 —1.847594 7735 120 —1.847594 787 4
—1.133 629 571(1) hartree. Notice that, unlike variational7o —1.8475947815
calculations, the fully numerical method gives energies that 3 =— = - -
are not necessarily prer bounds on thegexact valuges. 24 Hu_ 5295 9%)13' 375220'0 e ;8 a.E.:_lZgSlz.z)g 026

Convergence of the ground state of the helium atom ig,g —4.495 291 246 88 —4.495 299 075
shown in Table ll(the exact.value given in Rg[.42] is 56 _4.495 293 164 96 —4.495 299 938
—2.861 679 995 612 2). Again, the fully numerical method 4 _4.495 295 122 104 —4.495 300 658

gives an accuracy better than T0hartree, although this
time the convergence iN; is considerably slower than for
Ha

—4.495 296 732

Convergence of the method in the presence of magnetictom in a magnetic field and the corresponding exact values
field is illustrated by the examples of the hydrogen atom Hie\ken from 9 Ref. [9]. For =1 Op au 9 Eon
and the hydrogen molecule,HTable 111 lists the differences : ' Y= N exact™

: —0.831 168 896 733 hartreeonvergence is excellent, and
between the calculated ground state energies of the hydrog(?\?t= N.= 120 gives fully nuaerical r%sults accurate to within
S

10" 1% hartree. If the field is increased §o=100.0 a.u., con-
vergence of the present method becomes slower: The energy
calculated atN;=80 and Ng=120 differs from the exact
value —3.789 804 236 305 hartree by more thar 1thar-
tree.

Table IV lists energy eigenvalues for the hydrogen mol-
N, Ng=40 N="56 Ne=80 Ng=104 N =120 ecule which were computed at sevelj=Ns=N. The ei-
genvalues were calculated for two different symmetry states

TABLE lll. Difference E(N;,Ng) — E¢yacifor the ground state of
the hydrogen atom in magnetic field. Results for1 a.u. are
calculated aR=2.0 a.u.,r =15 a.u.,us=1.0, ande=0.3; cal-
culations fory=100 a.u. were performed &=0.7 a.u.,r y,;,=7
a.u.,us=3.0, anda=0.1. In both caseg,;=0.1.

y=1 a.u.,AE in nhartree of the molecule, 'S, and 3II,, at two different field
24 —788.88 —87480 —88455 —885.33 —88542 gtrengths,y=1 a.u. andy=20 a.u., respectively. The inter-
40 6736 1855 —-2831 —29.08 —-29.18 pyclear distanceR are close to the equilibrium values. As in
64 95.46 954  -0.21 —0.99 —1.09 the case of a single hydrogen atom, convergence of eigen-
88 96.51 10.59 0.84 0.06 —0.03 values aty=1 a.u. is excellent, while ag=20 a.u. the dif-
104 96.60 10.68 0.93 0.16 0.06 ference between the last two values is still larger than’10
120 96.63 10.71 0.96 0.18 0.09 hartree.

y=100 a.u. AE in uhartree It is useful to perform a more detailed analysis of conver-

24 —29204.6 —29104.5 —29088.8 —29087.1 —29 086.8 gence. Let us return to the field-free helium atGhable 1)
40 —959.6 —859.2 —843.4 —841.7 —8414 and investigate eigenvalues calculated vt 112 and dif-

56 —158.0 -57.5 -41.7 —40.0 —-39.7 ferent Ng. Open circles in Fig. 1 show the difference
72  —-120.3 -19.8 —4.0 -23 -20 E(112N,—8)—E(112N,) plotted as a function of the index
80 —1185 —18.0 -22 ~05 —02 Ns. The logarithmic scale of both axes reveals that the dif-

ference accurately obeys a power law dependence. The same




and differentN,: The differenceE(N;—8,104)— E(N;,104)
plotted in Fig. 1 as solid circles also fits a straight line.

Fitting of the results shown in Fig. 1 gives the following
approximate formulas:

E(112Ng) — E(112N,—8)~ — 3.7x 10°N_ &,

E(N,,104— E(N,— 8,104~ —7Xx 10N, ’.

Although errors in the eigenvalues are not directly related to
the truncation errors of finite-difference formulas, which be-

have likeO(h”) or O(h®), they follow the power law ten-
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FIG. 1. Convergence of the energy eigenvalue for the ground §
state of the helium atom in the absence of a magnetic field. Open &
circles show the differendgn hartreg between pairs of eigenvalues i; 1.0
calculated with the samid,=112 and differentNg as a function of w - .
Ns. Solid circles show the difference between paléN;,Ng < 08¢} i (A=-1),7=20 au ]
=108) andE(N;—8,N,=108) versus\,. Solid lines represent fit- - w(A==1) 7= e 8
tings of results using the power law. 0.6 ! ) |
) 70 80 90 100
result is observed for eigenvalues calculated v+ 104 N

FIG. 2. Convergence of the energy eigenvalues fpirth mag-
netic fieldy. (@) 24, y=1 a.u.rmu=15 a.u.(b) °I1,, y=20 a.u.

n
E.=En+ m(En_En—k)él (32

where

b—-1

<o<1. (33

n
n+k

Let us now check if the uncovered dependence holds in

dency very accurately. As a result, we can reliably extrapoye presence of a magnetic field. We shall use eigenvalues

late the eigenvalues to infinitd; andNg. If we consider a
seriesE,,, which obeys the relationshi,—E,_,=an®,

b>1, and use the trivial inequality

for the hydrogen molecule presented in Table IV. Figure 2
shows that even in this case differences between successive
eigenvalues decrease according to a power law dependence.
However, the exponents are different. Ror 1 a.u., the de-

f“ (x+K)~bdx<kn—b< J” x~bax, (29  Pendence is described by
" " E(N—8N—8)—E(N,N)~3.3x 10'N85 (34
tehrtragr,summation ovanr yields upper and lower bounds on the and for y=20 a.u. the corresponding formula is
E(N—8N—8)—E(N,N)~0.0N 22 (35)

-<k(b—1)(E.—Ey)<

(n+i0 0

nb—l

The coefficientsa andb can be easily computed if we know
three subsequent terngs,_», E,,_«, andE,,

En—k_ En—2k
b:|09n/(n—k)—E “E,
n n—

az(En_En—k)nba (3D

and we obtain a convenient formula

The decrease of the convergence rate with the growthisf
explained by the fact that the mesh usedyat20 a.u. is
significantly more inhomogeneoug.{=1.5) than aty=1

a.u. (us=1.0). Consequently, the mesh width dependd\on
nonlinearly, which is seen in the behavior of eigenvalues
giving an integrated measure of the approximation errors.
The important fact, however, is that Eq82) and (33) are
still valid.

Finally, we must investigate the convergence of results
with the growth ofr 4. If we will increaser ,,, and simul-
taneously keepl constant, the mesh width will grow and the
approximation errors will increase. Therefore, we must cal-



3412 YU. P. KRAVCHENKO AND M. A. LIBERMAN

TABLE V. Accurate ground state eigenvalues for the hydrogen
molecular ion in a magnetic fielgt. The internuclear distande is

TABLE VI. Hartree-Fock binding energigi a.u) of the states
11s, and 2°P_, of the helium atom in a magnetic field (a.u).
selected to be close to the equilibrium configuration. Results ar&or a comparison, we present the corresponding energy values from

valid to =1 in the last quoted digit. Ref. [15].
v R (a.u) E(R)(hartreg ¥ 11s, 23pP_,
1 1.7 —1.562 967 873 0.1 2.959 709 36 2.258 4
10 1.0 —3.173722 18 2.960 @ 2.259 3
100 0.5 —7.127 6305 0.2 3.053 844 87 2.3617
1000 0.2 —16.359 853 3.054 £ 2.361 9
0.5 3.314 450 94 2.61549
3.314 8 2.616 2
culate E..(r mad=lIMy_E(N,r a0 for different .. We 1 3.688 884 85 2.959 665
have performed such calculations for the singlet s’t§t§ in 3.689 ¢ 2.959 ¢
the magnetic fieldy=1.0 a.u. with two different values of 2 4.289 144 42 3.502 028
rmax» 15 and 20 a.u. The results are listed in Table IV. The 4.289 £ 3.502 2
first valuer ,,,=15 a.u. corresponds to the decay exponent 5 5.532 445 1 4.617 21
K=8.93[see Eq.(25)], the second valug,,=20 a.u. toK 5.532 @ 4.617 2
=11.9 (y—2E,=1.88 hartreg As the mesh siz&l grows, 10 6.889 366 2 5.829 49
both eigenvalues converge to within 1§ hartree. 6.889 & 5.829 %
20 8.680391 2 7.427 66
V. RESULTS 8.680 6 7.427 7
50 11.856 093 10.264 46
A. Hydrogen molecular ion H,* 11.856 % 10.264 &
The energy levels of the hydrogen molecular iop"Hn 100 14.995 822
an external magnetic field were extensively investigated for a 14.997 4
wide region of magnetic field strengf24,43,29, from su- 200 18.893 61
perstrong[44,45,2]1 and intermediate field§22,26 to the 18.894 6

low-field regime[23]. However, the accuracy of the results

obtained fory=1 a.u. usually did not exceed 19-1076  °Values from Ref[15].

hartree. Since highly accurate benchmark results are clearly

of interest for testing new computational methods and commagnetic fields and follow the evolution of the potential
puter codes, we used the present method to obtain a seriescnjrveslzg, %3.,, and3ll, as the magnetic field grows. For
precise results for the ground state of*Hat different the triplet states, we consider only the lowest triplet compo-
strengths of the applied magnetic field. These results, whichent, that is, the one with total electronic si8y= — 1.

are listed in Table V, were already used to investigate the Figure 3 shows the behavior of the potential cur\]/E%,
accuracy and convergence of modified Gaussian basis set& , and ®II, of H, as the magnetic field grows from 0 to
for calculations in strong magnetic fiel@46]. The internu- 0.5 a.u. This region of magnetic field strength encompasses
clear distances are chosen to be close to the equilibrium diseveral important effects. First of all, 0.2 a.u. the hy-
tances reported if21,25. drogen molecule undergoes the first transition of its ground
state symmetry from the strongly bound singlet stli% to

the triplet state33,, characterized by an extremely weak
interaction between atoms in the molecule. However, this
transition does not imply that the singlet stéﬁg immedi-

Fock energy levels for the helium atom in a magnetic field. . : :
Such calculations may serve as an additional check of o gtely disappears from the picture. Instead, as the magnetic
ield continues to grow fromy=0.2 a.u. toy=~0.4 a.u., the

computational technique, because we can compare our rsfatelz remains a metastable state of the system. Finall
sults with the accurate Hartree-Fock values reportgd i g y ' y:

Since the helium atom is not the core of the present analysigg tr;)e mrangnetm rf]'e:?"(/e?hg’s?otf aiui’ thfethsmralelt St?te At
we have restricted the calculations to the statéS,l(the g PEcomes a short-lived unstable state of the molecu’e.

ground state in the absence of magnetic fieldd 23P v=0.5 a.u., the hydroge.n molecule does not have any stable
(the ground state of He in strong magnetic fields 1) a’nh or metastable states which are strongly bound, which means
to several values of. Our results, together with the values Fgfér;i?inmo;?grﬂg must consist of two separated and weakly
from [15], are presented in Table VI. As we see, agreemen& 9 )

with previous results is excellent, and the discrepancy isé url\:/lgsurgf %ﬁ; %redsreomznthn?o?gislf?rl] ri;]céugisogntgg g;)';errl]glgl_
typically less than 1 mhartree. yarog g

netic field. Solid curves show the energy in the Hartree-Fock
approximation, and dashed curves correspond to the total
energy with account taken of the electron correlation, from
Let us now turn to the problem of the hydrogen molecule[47]. The correlation energy is significant for the singlet state
in a parallel magnetic field. We start from the region of low 129 but is much smaller for the triplet states, which is ex-

B. Helium atom in a magnetic field

If we setZ, to 2 andZ, to zero, we can compute Hartree-

C. Hydrogen molecule 5
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FIG. 3. Potential curves of the quantum sta’c§:~‘g, 3%, and3II, in a parallel magnetic field between 0.0 and 0.5 a.u. Solid curves
show Hartree-Fock results; dotted curves are exact solutions. Dotted lines show energies of states inRhedimit

plained by the smaller overlap of electronic orbitals in triplet — 1.1298 hartree, i.e., by 0.0038 hartree higher than the field-
states. free value of—1.1336 hartree. The energy of the triplet state

To investigate the behavior of the correlation energy with3s,  at R>1 is —1.0951 hartree, and the sta}cEg is still
the growth of the magnetic field strength, we can comparghe ground state.
our numbers with the results of the elaborate Cl calculations \when the field increases ty=0.2 a.u., the situation

performed in[36]. At y=0.5 and equilibrium internuclear changes dramatically. Figure( demonstrates that the

distanceR=1.33 a.u., our Hartree-Fock energy ¥, is minimum of the HF energy of the singlet stat®, becomes

—1.0479 hartree, Cl energy frofi6] is —1.0891 hartree, pigher than the energy of the triplet sté®, atR>1, while

and the correlation energy is 0.0412 hartre_e;yaﬂ.o aU. the second triplet stateé'll, is still sufficiently high. It

?rggi: dl'C2:I4e?1.gr” th_e gaSrgg;'hFofk eneLgyaso_.8474 har- means that now the ground state of the system is the triplet
gy is . ariree, which gives a corre- oi,e 83, with a very weak interaction between atoms, and

lation energy of 0.0429 hartree. If we compare these resultﬁyoIrogen behaves like a gas of weakly interacting atoms.

with the field-free correlation energy of;Hequal to 0.0408 . .
hartree aR=1.4 a.u., we see that, at least for magnetic fieIdsThe results of36] show th_at this result holds when we in-
lude the electron correlation.

up to 1 a.u., the correlation energy of the hydrogen molecul . . .
b 9y yorog Although the singlet statéEgj has lost its position as the

in the singlet statelzg remains approximately the same. . ! .
Analysis of the correlation energy of the triplet state 9round state, one can immediately see the possibility for the

3y, gives similar results. formation of metastablemolecules in the statéEg. The
Figure 3b) shows the potential curves of the same state$otential minimym of 134 at y=0.2 a.u. is located aR
129, 3%, and 3II, in a magnetic fieldy=0.1 a.u.(for y ~ ~1.38 a.u., while the crossing of the HF curvéEg and

+0 we show only the Hartree-Fock energieEhe potential 2, occurs atR~2.0 a.u.(with account for the electron
well of the state®I1, has become slightly deeper, but it lies correlation, the latter distance becomes even largérere-
high above the curve of the triplet stat& ,. The curve of fore, a molecule formed in the potential minimum of
33, has been shifted lower due to the increase in the bind-12g remains in this state until it is destroyed by some ex-
ing energy of separated hydrogen atoms. The singlet staternal mechanism, like a collision with another molecule.
129 has stayed almost at the same place, because the de-In a magnetic fieldy=0.3 a.u. the picture of the potential
crease in its potential energy due to the deformation of theurves remains essentially the same asyat0.2. This is
wave function is compensated for by the interaction of theshown in Fig. 8d). The ground state of the system is the
electron spins with the magnetic field. As a result, the HFtriplet state®3.,, the singlet statézg is a metastable state,
energy of '3, in its minimum positonR~1.4 a.u. is and the triplet statéll, is an unstable short-lived state.
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FIG. 4. Hartree-Fock potential curves of the quantum stéfegs 33, and3II, in a magnetic field between 0.6 and 2.0 a.u.

However, aty= 0.4 a.u. the situation changes. Figufe)3 of triplet states. Figures(d)—4(f) show the potential curves
demonstrates that at this field strength the position of thef the states®S, and %I, in magnetic fieldsy=1.2, 1.6,
potential minimum of the singlet staﬂég almost coincides and 2.0 a.u. We observe that the behavior of the StHtg is
with the point of intersection of the curvé§g and 33,. opposite to the behavior exhibited by the singlet sfﬂg in
This means that the lifetime of the molecule in the metaFigs. 3d)—3(f). Namely, the potential minimum of
stable state"Eg becomes very short. The staﬂtEg changes 3II, becomes located at a smaller internuclear distance than
from a metastable to a short-lived unstable state. the intersection between curvds, and I1,. This effect is

This change becomes perfectly clear when we look at Figobservable already ay=1.6 a.u. and is clearly seen gt
3(f), which shows the behavior of the potential curves in a=2.0 a.u.
magnetic fieldy=0.5 a.u. The potential minima of both the  As we see, for magnetic fields stronger thern 1.2 a.u.
singlet statelzg and the triplet state’l, lie above the the potential minimum of the statdl, lies below the po-
curve of the ground stat&,. There is no possibility for the tential curve of the stat€3,. This means that the triplet
formation of strongly bound metastable molecules, and alstate®II,,, which is unstable in weaker fields, is now able to
hydrogen molecules are in the ground stde,, which  form metastable molecules. If two hydrogen atoms form a
means that hydrogen presents a gas of weakly interactingtrongly bound molecule in the stat¢l,, with internuclear
atoms. distance close to the equilibrium position, they will remain in

Let us proceed to Fig. 4 and follow the evolution of the this state until the nuclei separate into a distance sufficiently
potential curves of K as the magnetic field grows to 2 a.u. large to allow a transition to the ground stat®,. The
When we look at Figs. @-—4(c), which show the potential lifetime of such molecules will be determined mainly by the
curves 129, 3% ., and ®I1, in magnetic fieldsy=0.6 a.u., frequency and amplitude of their vibrational and rotational
0.8 a.u.,, and 1.0 a.u., we observe that the increasing magscillations. Investigation of this question requires a detailed
netic field boosts the energy of the singlet stéi%, and its  study of the potential energy surfaces of both triplet states
potential curve rises highly above the curves of the tripletand is a very interesting yet computationally difficult task for
states. The potential well of the statél,, slowly deepens, future research in this area. As for now, our results allow us
and the location of its minimum shifts to smallB: As a  to make a preliminary conclusion that the formation of meta-
result, aty=1.0[Fig. 4(c)] the position of the potential mini- stable molecules starts approximately frgn¥ 1.4 a.u.
mum of the curve®s, is very close to the point of intersec-  With the further growth of the magnetic field the depth of
tion between curvesy,, and °II,,. the potential well of the statéIl, continues to increase,

Because the singlet statje-zg now has a considerably which facilitates the formation of the metastable molecules.
higher energy than the triplet states, we can exclude it fronfrigures %a) and §b) show the potential curves of the states
consideration and concentrate more closely on the behaviot®, and ®II, in magnetic fieldsy=5 a.u. andy=10 a.u.
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4.0 —— e N B e T gen molecule in a parallel magnetic field) Energy minima of the
ey states'S, 33, and®[1, (A=—1) as functions of the magnetic
§ 45 ;_ _§ field strengthy. Solid curves show HF results; dotted curves show
E E 3 the correction for the electron correlatiofin) Difference between
S E 3 the potential minima of the stat€$l, and 33,,.
D D0 N___ I T =
31, (A=-1) E Figure Gb) shows the area of the second transition. Be-
S5t o 1o L cause of the absence of reliable data on the correlation en-
(c) 0.0 0.5 R (1::1) 15 20 ergy in such magnetic fields, we are restricted to the Hartree-

Fock (HF) approximation only. Figure (6) plots the
difference between the HF energy of the potential minimum
of the state®[1, and the energy of two hydrogen atoms at
infinite separation. The picture shows that the second transi-

o tion of the ground state symmetry frofX,, to 3II, occurs
Although the true ground state of the molecule is still theg; y,~14 a.u.

weakly interacting statés,, the potential minimum of the Let us summarize our observations.
state °I1, gradually approaches the ground state energy. If (1) For magnetic fields ranging from zero tp~0.18
the field increases tg=30 a.u[Fig. 5(c)], the potential well  a.u., the ground state of the hydrogen molecule is the singlet
of 311, becomes sufficiently deep to make the stronglystatelzg_
bound state’Il,, the ground state of the hydrogen molecule. (2) For magnetic fields ranging from; to y,~14 a.u.,
Therefore, the second transition of the ground state synmthe ground state of the hydrogen molecule is the triplet state
metry of H, happens at some magnetic field strength 33, with a very weak interaction between atoms at large
such that 16 y,<30 a.u. We have already seen that the firstinternuclear distances and with a repulsive potential at small
ground state transition frori 4 to ®%, happens at a certain and intermediate.
1 between 0.1 and 0.2 a.u. To determine the valueg,of (3 For magnetic fields ranging from, and stronger, the
and y,, we should turn to Fig. 6, which shows the depen-ground state of B is the strongly bound triplet statl,.
dence of the potential minima of all three stéfg,, 3%,,  This result is probably valid for fields up tg= 10° au;
and °I1, on the strength of the applied magnetic field in thehowever, a correct description of the hydrogen molecule in
region of weak and intermediate fields frop=0 to 0.5 a.u. magnetic fields stronger than 10° a.u. must take into ac-
The solid lines show results calculated in the Hartree-Focieount the effect of finite nuclear mass. _
approximation; the dotted lines show the same potential In addition to this general picture, there are two regions of
curves corrected by the value of the correlation energy in théagnetic field strength where the hydrogen molecule has
absence of a magnetic field. We have proved that for magstrongly bound metastable states.
netic fields G<y<1 a.u. the correlation energy remains al- (1) If the magnetic field is in the range,<y<vyi
most constant, and so the dotted curves give a very accurate0.4 a.u., the hydrogen molecule has a strongly bound meta-
description of the actual behavior of potential minima with stable singlet staté . The ground state i3, .
electron correlation taken into account. As we see, the first (2) If the magnetic field lies within the boundsy;
transition of the ground state symmetry from to v, hap- ~1.4 a.u<y<ry,, the hydrogen molecule has a strongly
pens aty;~0.18 a.u. bound metastable triplet statél,. The ground state i3, .

FIG. 5. Potential curves of the statd%, and >[I, in a parallel
magnetic fieldl@ y=5 a.u.,(b) y=10 a.u., andc) y=30 a.u.
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The most important conclusion which follows from theselack of information about the behavior of excitonic mol-
results is that betweep, andy, hydrogen in its ground state ecules in magnetic fields of intermediate strengthl.
does not form strongly bound molecules. Instead, two atoms We suggest that the biexcitonic state which is responsible
will form a molecule in the statézu, and the pair interac- for the formation of the observeHd line is the metastable
tion between hydrogen atoms is strongly repulsive at smaliriplet state °IT,. This claim is strongly supported by the
internuclear distances and is very weak at |aRJeThis fact that the Strength of the magnetic field at whichXxhkne
means that hydrogen will form a gas of separated atoms witAPpeared is in excellent agreement with the obtained value of
a weak anisotropic interaction due to the large quadrupolg’ - Further, the evolution of thX line with the growth of

moments of the atoms. the magnetic field precisely corresponds to what one could
expect from the metastable stafd, : The stronger the mag-
VI. EXCITONIC SPECTRUM IN A MAGNETIC FIELD netic field, the deeper the potential well &I, and, there-

fore, the more metastable molecules can be formed, resulting

As was already pointed out in the Introduction, the behavin the increased intensity of the spectral line.
ior of atomic hydrogen and of hydrogen molecules in a |If this picture is valid, then spectral features similar to
strong magnetic field is a subject of special interest becausose observed ifi27] for the case of germanium may be
their close analogs, the hydrogenlike excitons and excitonigbserved for other kinds of semiconductors as well. If other
molecules, can be investigated in experiments with magnetisemiconductors with hydrogenlike excitons will exhibit the
fields available in the laboratory. The experimental effortsappearance of a similaX line at approximately the same
are concentrated in two major directions. First, it is the in-effective strength of the applied magnetic fisle¢- 1.4 a.u., it
vestigation of highly excited states of excitons in semicon-will be a decisive argument in support of our hypothesis.
ductors with large values of the effective critical magneticMoreover, such an effect may open alternative possibilities
field H§". For a semiconductor such as fQuthe critical  for controlling the optical properties of semiconductors by
magnetic field is about 800 T, and laboratory magnetic fieldsising the externally applied magnetic field. Since the mag-
of the order 102H¢" reveal the “chaotic” behavior of the netic field required for such a control may be rather small
excitonic spectrunj48]. The second direction of research is (the critical magnetic field for InSb, for example, Ii-$8ff
focused on the behavior of excitons in semiconductors with=0.2 T), this mechanism may have potential technological
such effective critical magnetic fields that they may beapplications. There is a clear and strong need for further
reached in laboratory conditions. An example of such a maexperimental research in this area.
terial is uniaxially deformed germanium. This semiconductor
is especially interesting because it does not restrict the ex- VII. CONCLUSIONS
perimenters to the study of separated excitons only but al-
lows the investigation of excitonic molecules, or biexcitons We have investigated low-lying levels of the hydrogen
as well[49]. molecule placed in a strong parallel magnetic field. The cal-

Experiments with Ge in magnetic fields up to 14 T, which culations were performed in the Hartree-Fock approximation
were reported recentlj27], revealed interesting features of using a fully numerical method. Effects of finite nuclear
the excitonic spectrum. Referenf27] studied the optical Mass and corrections of higher order were neglected.
spectrum of the uniaxially deformed germanium with the Most of our attention has been concentrated on the behav-
critical magnetic fieldHE=2.9 T. The excitonic spectrum in i0r of the hydrogen molecule in the intermediate region of
the absence of a magnetic field consisted of two lines corréhe® magnetic field strengths. We have followed the evolution
sponding to excitons and to biexcitonic molecules. Applica-0f molecular levels in the magnetic field changing from
tion of the external magnetic field caused the decrease of O to 30 a.u. Itis found that for a magnetic field in the range
intensity of the biexcitonic line and the final disappearanced<y<y1~0.18 a.u. the ground state of the hydrogen mol-
of this line at~1.5 T. This field strength corresponds to the €cule is the strongly bound singlet st for a magnetic
effective magnetic fieldy~0.5 a.u. The further increase of field y1<y<y,~14 a.u. the ground state of,Hs the
the applied magnetic fieldot4 T brought no significant Weakly interacting triplet staté%,, and for magnetic fields
qualitative changes in the spectrum. However, as the fiel§tronger thany, the ground state of the molecule is the
reachd 4 T (y~1.4 a.u), an unknown spectral line emerged strongly bound triplet statéll,. In addition to this general
on the “red” side of the line of free excitons. It was labeled Picture, there exist two regions of magnetic field strength,
as the ‘X line” and associated with the appearance of an-Where the ground state of the molecule is the weakly inter-
other bound state, whose energy is by @b pair lower ~ acting °3,, but hydrogen can form strongly bound meta-
than the energy of an isolated exciton. The intensity ofthe Stable states. The first such regionyig<y<y;~0.4 a.u.,
line grew with the increase of the magnetic field andHat where hydrogen may form metastable molecules in the sin-
=10 T (y~3.5 a.u) constituted 15% of the intensity of the glet statelig. The second metastable region lies within the
excitonic line. boundsy3 ~1.4 a.u< y<wy,. For magnetic fields of such

The authors of27] proposed two possible theoretical ex- strength, hydrogen may form strongly bound metastable
planations of the observed spectrum. The first explanatiomolecules in the statéll,, .
which the authors however doubted, was based on the as- Since the ground state of,Hfor magnetic fields between
sumption that the applied magnetic field increases the stabily; andy, is the weakly interacting triplet stat&,, in this
ity of the electron-hole liquid. The alternative explanationregion of magnetic field strength hydrogen will behave like a
assumed the formation of a new biexcitonic molecular statenonideal Bose gas with a weak anisotropic interaction be-
However, the nature of this state remained unclear due to thisveen atoms. This conclusion provides a solid foundation for
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the theory of Bose condensation and superfluidity of a hyHere upper signs " and “ —" should be taken foR,, and
drogenlike gas in a strong magnetic fidl@83]. Although lower signs correspond t&,.

these effects must exist not for extremely strong magnetic At large ¢ potentialsg,;, can be expressed via multipole
fields but for magnetic fields less than 14 a.u., the principakeries (since G,,=G},, we may always assume that,

concepts of33] are proved to be valid. =my),

Calculated results provide a possible theoretical explana-
tion of the unusual features of the excitonic spectrum of ger- mR? —Imp—m,| 2 (I=mg+my)!
manium in a strong magnetic field, observed[2Y]. The Gan(&,7) =51, bR TFm—mo)l
unknown excitonic ‘X line” observed experimentally may =M™ M a Thr
be ascribed to the formation of metastable biexcitons in the X(&2+ pp—1) (+D2

triplet stateI1,. We propose to perform new experiments

with different kinds of semiconductors in strong magnetic P &n I

fields. If the proposed explanation of the nature of the ob- xXP, ﬁ Oab (Ad)
served excitonic spectrum is confirmed, it may open new K

technological possibilities for controlling the optical proper- where the momentsy) are defined by
ties of semiconductors.
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APPENDIX A: MOLECULAR INTEGRALS It was sufficient to extend the summation oven Eq. (A4)
up tol a="6.
The overlap integrals over spatial orbiteédg,=(u,|up)
are given by APPENDIX B: APPROXIMATION FORMULAS
7R3 [ 1 The first and second derivatives are approximated by
Sap= 5(ma,mb)TL d§ﬁld (&= 1%) bpadhy.- seven-point formulag21). The coefficient matrices andB
(A1) are
The Hamiltonian int 181 5= (Ug| Pl ug) -1 9 —45 0 45 -9 1
e Hamiltonian integral =(Uuy|hlup) are
JraBlan={Hallty 2 -24 -35 80 -30 8 -1
7TR ksl 1 A: _ _ _ _ ’
Hop= 5(ma,mb)7f dfj dpr e aienr? 10 -77 150 —100 50 —15 2
1 -1 —147 360 —450 400 —225 72 —-10
A 1-a? , (B1)
x| Dl o VR (€= 77ty B
Y 2 =27 270 —490 270 -27 2
H(Zpé+ Znm)fy |+ E(a+|ma|a+ My)Sap. (A2)
-13 228 —420 200 15 —-12 2
The formulas for the Coulomb and exchange integgalsat | 187 —147 -255 470 —285 93 —13|
the positions of nuclei depend on the valmesandm,, . The 812 —3132 5265 —5080 2970 —972 13
present work deals with combinatiof,0) and(0,—1), and
the corresponding integrals are (B2)
R - 1 For example, if we take the lower signs+* and “ —" in
gab( l) = WJ' dgf dn(éF 9)K oy, Eqg. (219 and putk=2, we obtain the following approxima-
Rz 1 -1 tion for the first derivative:
R2
— m,=m,=0,
2 [} a b 1
K= . (A3) y,(xi):ﬁ(_2yi—5+15)’i—4_SOYi—3+1OQ/i—2
1

,Ima—my[=1, [A[=1.
(éx7)? —150y; 1+ 77y +10yi+1). (B3)
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