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Truncated dipole series in the electron-hydrogen and positron-hydrogen systems
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Dipole series in H and in the positron-hydrogen system are studied in a coupled-channel calculation, in
which the short-range part of the interaction between the electron or positron and the excited hydrogen core is
modeled by a local potential, adjusted to reproduce low-lying states of the respective series. Consideration of
the fine-structure splitting and radiative corrections enables us to describe the termination of the series towards
the nondegenerate threshold. For #8§ series below th& =2 threshold we give quantitative predictions for
the number of resonances and their enerdi®$050-29478)06101-0

PACS numbdrs): 34.80.Bm, 32.30:r, 34.90+q

Due to thel degeneracy of energy levels in the hydrogenindependent in the small range of energies where threshold
atom, an electron or positron moving in the potential of ansplitting is important[2,11]. We illustrate the method by
excited hydrogen core asymptotically experiences a dipolapplying it to the!S® series below théN=2 threshold.
potentialV/(r) = P/r? for r— . If the asymptotic potential is When the radial coordinatg of the projectile electron or
sufficiently attractiveP<<—1/4, it binds an infinite series positron is much larger than the coordinateof the bound
of Feshbach resonances converging to Ktk hydrogenic target electron we can neglect possible exchange effects and
threshold [1-4]. The energiesE, and widths of levels expand the total wave function in terms of radial wave func-
within an ideal dipole series scale exponentially withtions F,(r;) andR,(r;) and angular functions for the re-
the series quantum number, so the level ratio,R,: maining degrees of freedom. When fine-structure and radia-
=(E,— EMesN/(E,,,—E™®%Y is constant. Due to short- tive corrections are neglected these are the coupled spherical
range deviations from a purer?/potential theR, are not harmonichlLl'\ﬂz(Ql,Qz) and the coupled-channel equations

constant, but converge rapidly to the limiting vall®  for the modified radial wave functiorfs,(r;)=rF ,(r) are
=exp(2m/\—P—1/4) asn—oo. 71 =rPur)
Experimental advancd®,6] have made highly accurate 2
observation of some of these resonances possible, and further ( - F+Vuu(rl)) fulry)+ > V1) (ry)
3 . . rl V’é/.l,
precise data may be expected soon. This has led to increased
theoretical activity in the field[7—9]. One question of = (E—EMresholgs (r ), (1)
interest is how a dipole series terminates on approaching the a g
threshold energy E"®" When the binding energies The channel label stands for 0,l,,l;), and for a given
|E,— E"®s) become comparable to the fine-structure and ratotal orbital angular momentuin and parity (- 1) there are
diative corrections, the thresholds obviously can no longer béhree channels coupling below thé=2 threshold, viz.,
regarded as degenerate; threshold splitting leads to a mof@s,L), (2p,L+1), and (D,L—1). For the 1S® states
rapidly decaying potential that can only support a finite num-{L=0) there are only the;=L andl,=L+1 channels, and
ber of (resonant states. Although this has been known for athe leading asymptotic terms in the potential are
long time[10,11], theoretical investigations are still gener- 1 1
ally based on degenerate thresholds. So far the only quanti- _ .\ ~\Q
tative studies of the effect of threshold splitting are the pre- Viry) riv (r1)+rfv (ra), @
liminary results reported i12] and a study by Lindroth .
et al, who predict just one further state to follow two ob- with
served resonances in tH®° series below thé\=2 thresh- 0 6 0 0
old in H™ [13]. VD:( ), VQ:( ) (3)
In this paper we describe a simple semiempirical ap- 6 2 0 24

proach to reliably predict the properties of higher members The case of nondegenerate thresholds is more appropri-
of a dipole series in the regime where threshold splitting

. 4 : ately described ij coupling. The angular part of the wave
leads to truncation of t_he series. The method_ is to solve .th nction now consists ofj-coupled generalized spherical
coupled-channel equations for electron or positron scatterin . yJ,MJ d the ch | lab ds f
with potentials consisting of the leading long-range term armoniesJy 5,0, @n the channel labek stands for
supplemented by an empirical model in the internal region(Nn,,j2.!2.j1.l1). The coupled-channel equations can still be
with parameters adjusted to reproduce the lowest states @fritten in the form (1), but the threshold energi@fjre‘sh
the series, assumed known. Such a procedure is justified bdepend not only om,=N, but also onl, and j,. Forr;
cause the short-range part of the electron-hydrogen o¥r, the matrix elements of the electron-electiepositron
positron-hydrogen wave function will be essentially energyinteraction are now14]
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where] stands for 2+1 and the radial matrix elements are
M k(1) = J¢RE(r2) R,/ (ro)rs"2dr,. The 'S° states be-
low the N=2 thresholds) are now found in the subspace
corresponding to total angular momentuhs0 and parity
w=+1. There are three(closed coupled channels

Si2, P12, P3p, and the leading asymptotic terms in the po-

tential are
1 1
V(r)=—SWP+ —We, 4
ry ry
with
0 23 26
WP=| 23 2 0
26 0 2
and
0 0 0
we={0 0 122], (5)
0 12y2 12
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FIG. 1. Dipole asymptotics with additional short-range potential

V(r)=—VP*for r<rP™ The dashed levels denote the lowest two

1s® resonances of HbelowN=2.

depthV®® and the widthr®* which can be adjusted to re-
produce the energies of the two lowest-lying states, assumed
known.

For the H system recent calculatiori¥,15,16 essen-
tially agree on the lowest two energies. We choose as refer-
ence the numbers ifL5], where the most significant digits
are given. For a given width® of the box potential we
initially determine its deptiv®® so that only the lowest reso-
nance positionE; matches the value ifl5]. The higher-
lying levels are then obtained by solving the coupled-channel
equations(1) for the three closed channels. This yields the
energiesE,, and hence the ratid®, as functions of °* The
results obtained with the assumption of degenerate thresh-
olds are shown as dashed lines in Fig. 2. The tiderived
from [15] is 23.41, which is somewhat larger than the limit-
ing value 17.43, showing that the short-range part of the
electron-hydrogen interaction has a substantial influence on
the level ratio for the lowest two states of the series. We
reproduce the lowest two energies by choosing*
=13.3@5 and V°®=0.053 874 Ry, on">=14.25%; and
VP*=0.053 813 Ry. The inclusion of the quadrupole term
in Eq. (2) is essential for reproducing the comparatively

In the approximation of degenerate thresholds, asymptoti-

cally diagonal channels can be obtained by diagonalizing the

dipole matrixWP. Its eigenvalues 2:%/37 are just the ei-
genvalues * /37 of the dipole matrix3) in LS coupling
together with the eigenvalue=2,(l,+1) for a furtherP

channel. The asymptotic dipole potential does not depend on

the coupling scheme chosen.

The limiting valuesR of the level ratios corresponding to
all eigenvalues of the dipole matrix less thari/4 are sum-
marized in[3] for orbital angular momenta up fto=6 and
principal quantum numbers up t,=N=4. For the 1S®
dipole series below theN=2 threshold we haveR
=17.428 . ...

The short-range potential is modeled in the representation
in which the dipole potential is diagonal. In the channels

with an eigenvalue of the dipole matrix less thari/4 we
add a box potential of the dept®® and width r°> (see
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Fig. 1) [11]. The potentials in the other channels and the F|G. 2. Level ratiosR, in H™ as functions of ®* Dashed and

coupling potentials are set at the constant valge®®) for

solid lines from top to bottom denote;,R3,R, with degenerate

r<r°* The model thus has two free parameters, namely, thend nondegenerate thresholds, respectively.
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TABLE |. Energies of electron-hydroged™=0" resonances lowest two levels. Threshold splitting has a noticeable effect
from a closed channel calculation including fine-structure splittingon R, and a dramatic effect oR;. However, the dependence
and the Lamb shift. The left and right halves of the table correspongf R, andR; on rboxig very weak, in particular if we restrict
to the two sets of model parameteéaee the text for \_/aluesepr_o- rboX g values between 1333 and 14.3 yielding realistic
ducing the lowest two energies [15]. (The energies are given jyes ofR;. Thus we can conclude that the effect of thresh-
|r6|at|'ve to the unferturbeu :|2 ftate in the L\ydrogen atﬁm' hT he old splitting on the ratioR, and Rs does not depend cru-
evel ratios are, of course, calculated using the corrégahresh- a1 o the model assumptions. The reliability of the model
old at —4.16<X10°° Ry.) . - -

calculation can also be confirmed by comparing the results

obtained in the approximation of degenerate thresholds with
recent extensive numerical calculations using the same ap-
4.7579% 1072 23.41 4.757% 1072 23.41 proximation. Matching to the lowest two levels of a recent
2.0361x 1078 17.51 2.036x10°3 17.39 complex rotation calculatiof®], we obtain for the third level
1.202<10°* 20.36 1.21x10°* 20.32 Es=—1.175<10"* Ry or E;=—1.187X10 * Ry, de-
9.86X10°6 9.91x 108 pending on the choice af° This compares favorably with
the valueE;=—1.158< 10 * Ry calculated if9].

In order to study the effect of coupling to the ope§; 4
large value ofRy; if only the dipole part of the long-range channel, we performed a scattering phase shift calculation
potential is included, the maximum value obtainable Rgr  including this channel. We also used a two-parameter box
in this model is about 20. potential in the asymptotic dipole representation to describe

If we include the fine-structure splitting that lifts thég,  the short-range part of the coupling of this channel to the
threshold 3.3%10°° Ry above the P,, threshold, but as- closed channels. We chose various box rafff" and ad-
sume for the time being that theS2, and 2P,,, thresholds justed the depth in such a way that not only the energies of
are still degenerate, then the asymptotic dipole potential ithe two lowest-lying states but also the width of the lowest
determined by the eigenvalues of th& 2 submatrix o/®  resonance agreed with the value[i5]. For values ofr °P¢"
[Eqg. (5)], varying between 0d; and 15.128; we obtained resonance

positions between-1.185<10"4 Ry and—1.21x10 % Ry
0 23 for E; and between —9.75x10° % Ry and —9.91
Ws, P~ 23 2 (6)  x10°® Ry for E,. We therefore estimate that including the

open channel will affect our prediction of the energy levels
: . E; andE, by no more than 2%.
;}Islsetlr?:ng:rllléi‘iso?rzﬁ—ﬁ)apo? Eshuepsggrﬁgga;uz;(fsgli-es ' 'It.is worth commenting also on the effect of assuming
but the corresponding limiting value of the level ratio is n0\’/vInflnlte proton mass. It has recently been argud] that
= ) finite mass effects will result in a shift of thts® resonance
R=5Q.971. We thus exp-ect level ratios closdts 17.43 for  |ayels by about 5 meV relative to thé=1 threshold. This
low-lying states, for which theN=2 thresholds are effec- gt is readily explained as a reduced mass effect since tak-
tively degenerate, whereas the ratio should be enhanced afyyy into account the finite proton mass by the substitution
approachR~59.97 for high-lying states for which only the R=R../(1+me/m,)~.72..(1—m./my) shifts the N=1
residual degeneracy of th#,, and theP,;, thresholds con- threshold up by about 7.4 meV and tNe= 2 threshold up by
tributes to an attractive dipole potential. about 1.85 meV relative to the ionization threshold of hydro-
Finally, the series is truncated becauseSghP ., split-  gen, so that their difference is comparable to the 5-meV ef-
ting, essentially due to the Lamb shift by which tBg,  fect. Since our calculation yields resonance energies relative
threshold is moved upward in energy by 0:320°® Ry. to the 2P, threshold the reduced mass effect is only about
Solving the coupled-channel equations now yields exactly0.05% of these small energies and therefore negligible. Con-
four states; their energies are given in Table | for the twosideration of the above uncertainties leads us to expect that
model potentials reproducing the energies of the two referthe energies of the third and fourth states listed in Table | are
ence states. All higher states are shifted above Rhg  accurate to within a few percent.
threshold and therefore disappear out of the series. The be- The positron-hydrogen system is similar in many ways to
havior of the level ratiofR,, allows us to identify three dif- the electron-hydrogen system, especially at large distances of
ferent regimes of the dipole series. The raflg=23.41 of the positron, but there are important differen¢é8]. The
the lowest two levels is strongly affected by the short-rangeshort-range part of the positron-hydrogen interaction is free
potential, whereas the rati®,=17.39(or 17.5) is already of exchange effects, but it is influenced by the positronium
quite close to the asymptotic value 17.43 of an ideal dipoleearrangement channdl$9].
series. The enhanced rafty=20.3 is due to beginning in- We focus again on the dipole series with total angular
fluence of the fine-structure splitting. momentumJ=0 and parity7==+1 corresponding to the
We performed various checks to confirm the reliability of 1S® series below thé&l=2 threshold. The electron-positron
the results in Table I. The sensitivity to model assumptionsnteraction is attractive, so the nondiagonal elementg/Bf
can be checked by studying the dependence of the level rand the elements &% in Eq.(5) now change sign; this does
tios on the potential parametef® as illustrated in Fig. 2. not affect the eigenvalues oN° describing the leading
The ratioR; is unaffected by the threshold splitting, so the asymptotic dipole potential.
available results of variouab initio calculations based on Reference energies for the lowest two states are taken
degenerate thresholds can be assumed to be accurate for fhem the recent calculation of Gid®], which is of very high
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400 [ ' ! ‘ ' ] TABLE II. Energies of positron-hydroged=0, w= +1 reso-
pa— nances from a closed channel calculation including fine-structure
350 | ] splitting and the Lamb shift. The potential parameters are adjusted
' to reproduce the lowest two energied &}. (The energies are given
relative to the unperturbeN=2 state in the hydrogen atom. The
300 ¢ | level ratios are, of course, calculated using the corrégt2hresh-
R old at —4.16<10°% Ry.)
no250 - 1
n _En (Ry) Rn
200 t | 1 7.243<10°3 19.0
SRR s e ERRERE =SS SS=SSCSSSSSCSZSICCCICCTCCY 2 385(1074 179
150 | ----- degenerate thresholds 1 3 25410 ° 40.0
non-degenerate thresholds 4 4.69¢10°°
100 Il Il 1 Il
30.0 320 b34.0 36.0 38.0 40.0
" [units ofay] asymptotic ratio 17.4 for the ideal dipole series. FinaRy,

FIG. 3. Level ratiosR,, in the positron-hydrogen system as func- is enhanced substantially as a consequence of threshold split-
tions of r® Dashed lines from top to bottom dend®,Rs;,R,  ting because the fourth state is already very close to Byg,2
with degenerate thresholds; solid lines from top to bottom denoteéhreshold at—4.16<10 ¢ Ry; the fourth state is in fact

Rs3,R;,R, with nondegenerate thresholds. bound by only 0.5%10 ° Ry, corresponding to about
TueVv.
precision and identifies more resonan¢esthe degenerate !N Fig. 3 we see that the level rati, involving the

threshold casethan any other work to date. Using the samelowest two states is essentially unaffected by threshold split-
model box potential as in the electron-hydrogen case wdng, While the ratioR; is affected noticeably an&; dra-
solve the coupled channel equatidasfor various box radii ~ matically. The comparatively weak dependence of the level
rb% with the box depth adjusted to reproduce the energy ofatios Ry and R; on the box size, in particular when it is

the lowest state. The resulting values of the level ratio%%snt]fi'gé?iéot%/iu&se gl\r/(lar:jg?c?egjeilrl]set:‘c V?cleli/?al?%oglr\llgts (;Jes end
R;, Ry, andR; in the degenerate threshold approximation b gy P

are shown as dashed lines in Fig. 3. Note that the maximu sensitively on the model assumptions. Note that the Riio

I R inabl ithi h'g. .d i | Would have to become infinite for the fourth state of the
value of R, attainable within this model is now only near gqeg g pe pushed above thie; threshold. The reliability
19.0, which is consistent with the ratio derived from the

X e of the model calculations is also supported by comparing the
lowest two levels ir{8]. The lowest two energies i8] are  asyits we obtain in the approximation of degenerate thresh-

reproduced for°=36.085 and V***=0.00737 Ry, corre- o|ds with the results of8]. For two different choices af®™
sponding to a much wider and shallower short-range part ofyiz., 34.1a; and 37.%3) we obtain the energy of the third
the potential than in the electron-hydrogen case. With thesgiate at—2.24x10°° and —2.27x 10 % Ry, respectively,
parameter values, solution of the coupled equations for th@hich compares very favorably with the value2.2x
three closed channels below the=2 threshold, including 107° Ry given in[8].

threshold splitting due to the fine structure and the Lamb We have thus presented a quantitative analysis of how
shift, again yields a total of foutS® states; their energies threshold splitting due to fine-structure and radiative correc-
and level ratios are listed in Table Il. Again, there are thredions modifies and terminates dipole series of resonant states
qualitatively different regimes characterized by different val-in the electron-hydrogen and the positron-hydrogen systems.
ues of the level ratioR; is affected noticeably by the short- For the 1S° series below thé=2 threshold we predict in
range part of the potential, much less however, than in theach case a total of four states with energies given in Tables
electron-hydrogen caseR, is again quite close to the | and Il, respectively.
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