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X-ray photoionization in the presence of a bichromatic laser field
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X-ray photoionization of hydrogen in the presence of a bichromatic laser field is considered. The expressions
for the T matrix and the cross sections for the laser-assisted x-ray photoionization are presented. The initial
state is the laser-field-dressed hydrogen-atom ground state, while the final state is the improved Coulomb-
Volkov wave. The gauge consistency is ensured by working in ther•E gauge. It turns out that the matrix
elements~the explicit form of which is given in the Appendix! are much simpler in this case. This enables one
to consider the symmetry properties of theT matrix and the cross sections analytically. It was shown that the
symmetry (f1p,p2u)↔(f,u), wheref is the relative phase between the laser-field components andu is
the polar angle of the outgoing electron, is exact in our case. In addition to this, there are approximate
symmetriesf↔2f andf↔f1p. All these symmetries, as well as the behavior of the differential and total
cross sections as functions off, u, and the number of exchanged photons, are analyzed in numerous examples.
The results presented show the possibility of the coherent phase control of the laser-assisted x-ray photoion-
ization process. It was also shown that in the monochromatic case our model gives results that are in good
agreement with the results of previous work.@S1050-2947~98!00504-6#

PACS number~s!: 32.80.Fb, 32.80.Qk, 32.80.Wr, 32.80.2t
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I. INTRODUCTION

Atomic processes in the presence of strong laser fields
presently attracting considerable attention. Laser-fie
induced transitions of an electron from one continuum s
to another~free-free transitions! are of special interest be
cause in such processes the absorption or emission of d
ent numbers of photons can occur with comparable proba
ity and the laser-field–matter interaction should be trea
nonperturbatively. The observation of the free-free tran
tions was reported by Weingartshoferet al. in experiments
on laser-field-assisted electron-atom scattering@1#. Later on
such transitions were observed in single- and two-co
above-threshold ionization@2,3,28# and in laser-assisted Au
ger decay@4#. More recently, free-free transitions were stu
ied through the observation of the laser-assisted photoele
effect @5#. In this experiment soft-x-ray pulses~generated as
high-order harmonics of a titanium-sapphire laser! are used
for ionization of helium atoms. The modifications of the ph
toelectron spectra are induced by the fundamental laser-
pulse. In comparison with the photoelectron spectrum in
absence of the laser field one observes the following
modifications:~i! The absorption and emission of laser ph
tons during ionization give rise to sidebands in the spectr
and ~ii ! the spectrum is shifted to a lower energy as a re
of a laser-field-induced increase of the binding energy of
ionized atoms.

Before this observation of the laser-assisted x-ray pho
tionization such processes were considered theoretically
several authors@6–19#. In these papers the interaction b
tween the atom and the weak high-frequency field~a soft-x-
ray field that causes the ionization! is treated perturbatively
571050-2947/98/57~4!/2859~8!/$15.00
re
-

te

r-
il-
d
i-

r

ric

-
ld
e
o
-
m
lt
e

-
by

to first order. For the soft x rays the dipole approximation
also valid @20#. Concerning the interaction with the stron
low-frequency laser field, the approaches of these works
different. Only in the paper by Ciongaet al. @19# is the dress-
ing of the atomic states by the laser field taken into accou
In @6–8,10,14# the outgoing electrons were described by t
Volkov waves, while in @9,15–17,19# more adequate
Coulomb-Volkov waves were used. In@12,13,18# the low-
frequency approximation was considered. It should also
noted that, according to the gauge-invariance requireme
some of the works mentioned are defective~see the first ref-
erence in @16#!. The papers that consider the two-col
above-threshold ionization within the essential states mo
with the multiple continua should also be mentioned@21#.
Recently, two-color processes were analyzed fully nonp
turbatively via the numerical solution of the time-depende
Schrödinger equation for a hydrogen atom in the presence
both fields@22#.

In this paper we shall consider x-ray photoionization
the presence of a bichromatic low-frequency laser field t
consists of two components of frequenciesv and 2v that are
out of phase by an anglef. The study of multiphoton pro-
cesses in bichromatic laser fields has recently become a
ject of particular interest. It was found that by changing t
phasef it is possible to increase or decrease the rates
laser-assisted and laser-induced processes. This effect
coined in molecular physics coherent phase control~CPC!.
In our recent investigation@23,24# a detailed list of refer-
ences concerning this subject was presented.

In Sec. II we present our theory of photoionization
hydrogen by a high-frequency laser field in the presence
low-frequency bichromatic laser field. Numerical results f
2859 © 1998 The American Physical Society
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a monochromatic laser field are presented and comp
with the results of other authors in Sec. III, while the resu
for the bichromatic laser field are presented in Sec. IV. T
conclusions are given in Sec. V. In the Appendix we co
sider the symmetry properties of theT matrix and the cross
sections for the laser-assisted photoionization process.
our results were derived in SI units and the final expressi
are presented in the atomic system of units (\5e5m51).

II. THEORY

TheS-matrix element for laser-assisted processes with
emission or absorption of one x-ray photon, in ther•E
gauge, is

Sf i52 i E
2`

`

dt^F f~ t !ur•EX~ t !uF i~ t !&5Sf i
~1 !1Sf i

~2 ! ,

~1!

where the x-ray electric-field vector isEX(t)5E0XêXsinvXt,
E0X5I X

1/2, andvX , I X , and êX are its frequency, intensity
and unit polarization vector, respectively. The compon
Sf i

(2)}2exp(2ivXt)/2i corresponds to the photoionizatio
process we are considering. The initial- and final-state v
tors uF j (t)&, j 5 i , f , satisfy the Schro¨dinger equation

F i
]

]t
2

p2

2
2V2r•E~ t !G uF j~ t !&50, j 5 i , f , ~2!

where V521/r is the Coulomb potential and the lase
electric-field vectorE(t), in our case of a linearly polarize
bichromatic laser field~with the same intensityI of both field
components and the unit polarization vectorê), is given by

E~ t !5E0ê@sinvt1sin~2vt1f!#, E05I 1/2. ~3!

The initial state uF i(t)& is the laser-modified atomic
hydrogen-ground state, which in the first order of tim
dependent perturbation theory has the form~see@24–26# and
references therein!

uF i~ t !&5uF0~vt !&exp~ i I 0t !,

uF0~w!&5H 12
i

2
E0@Gc~E02v!eiw2Gc~E01v!e2 iw

1Gc~E022v!e2iw1 if2Gc~E012v!

3e22iw2 if#r•êJ uc0&. ~4!

Gc(E) is the time-independent Coulomb Green’s functi
andI 050.5 a.u. andc0(r )5p21/2exp(2r) are the ionization
energy and the wave function of the ground state of the
drogen atom, respectively. The final stateuF f(t)& is the
laser-modified atomic-hydrogen continuum state. This s
can also be approximated by a perturbative solution, sim
to Eq. ~4! @24,26#, but instead of it we will approximate
uF f(t)& by the improved Coulomb-Volkov wave@27#
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uF f~ t !&'uFk f
~ t !&

5uck f1A~vt !&exp$2 i @k f•a~vt !1U~ t !1Ek f
t#%,

~5!

where Ek f
5k f

2/2 is the outgoing electron kinetic energ

A(w) (w5vt) is the vector potential of the laser fiel
@E(t)52]A(vt)/]t#

A~w!5A0ê@cosw1 1
2cos~2w1f!#, ~6!

a~w!5* tdt8A~vt8!5a0ê@sinw1 1
4sin~2w1f!#,

a05A0 /v5E0 /v2, ~7!

U~ t !5 1
2*

tdt8A2~vt8!5 5
4Upt1U1~vt !, Up5A0

2/4,

U1~w!5
Up

v
@ 1

2sin2w1sin~w1f!1 1
3 sin~3w1f!

1 1
16sin~4w12f!#, ~8!

and uck& is the Coulomb wave vector

ck~r !5~2p!23/2exp@p/~2k!#G~11 i /k!

3exp~ ik•r !1F1„2 i /k,1,2 i ~kr1k•r !…. ~9!

Introducing Eqs.~4! and ~5! into Eq. ~1! we obtain

Sf i
~2 !5

EX

2 E
2`

`

dt f~vt !exp@ i ~Ek f
2vX1I 01 5

4 Up!t#,

~10!

where

f ~w!5^ck f1A~w!ur•êXuF0~w!&exp$ i @k f•a~w!1U1~w!#%
~11!

is a 2p/v-periodic function oft that can be expanded into
Fourier series

f ~w!5 (
n52`

`

f nexp~2 inw!, f n5E
0

2pdw

2p
f ~w!exp~ inw!,

~12!

so that we obtain

Sf i
~2 !522p i(

n
d~Ek f

1I 01 5
4 Up2vX2nv!Tf i~n!,

~13!

whereTf i(n)5( i /2)EXf n is theT-matrix element for the ex-
change ofn laser photons~in addition to the absorption o
one x-ray photon!. The processes withn,0 correspond to
stimulated emission, while the processes withn.0 corre-
spond to the absorption ofn photons. The matrix element
that appear inf (w) can be computed analytically~see the
Appendix!. For the computation of the matrix elements wi
the time-independent Coulomb Green’s functions its St
mian representation can be used, but, in our case, as it
shown in@25#, the closure approximation with the mean e
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ergy Ē054/9 a.u. gives satisfactory results. Therefore,
are left with one numerical integration overw that can be
easily done. From the energy-conserving conditionEk f

5vX1nv2I 02 5
4 Up it follows that the laser field induce

an increase of the binding energy by5
4 Up that is in agree-

ment with the experiment@5# ~for a monochromatic lase
field this increase isUp , while for our bichromatic field we
have an extra increase byUp/4 because of the 2v field com-
ponent!.

The differential cross section~DCS! that corresponds to
the exchange ofn laser photons, normalized to the flux o
incident x-ray photons, is defined by@20#

ds~n!

dV
52p

vX

I X
kf~n!uTf i~n!u2, ~14!

where kf(n)5(2Ek f
)1/2 is determined by the energy

conserving condition. The total cross section~TCS! for the
exchange ofn photons is

s~n!5E dV
ds~n!

dV
. ~15!

Denoting byn0 the smallest negative integer for whichk f
2 is

still positive, one obtains for the TCS~summed over alln)

s tot5 (
n5n0

`

s~n!. ~16!

III. NUMERICAL RESULTS:
MONOCHROMATIC LASER FIELD

We shall first compare our results for the x-ray photoio
ization cross sections in the presence of a monochrom
laser field with the results of Refs.@15,22,19#. In the paper
by Leoneet al. @15# the initial state was the ground state
the hydrogen atom and the final state was the Coulo
Volkov wave with an extra gauge factoruF f(t)&
5exp@iA(vt)•r #uck f

&exp$2i@k f•a(vt)1U(t)1Ek f
t#%. The

agreement between their and our results is good for
laser-field intensities. For the higher intensities we have
ticed some differences. As an example of this, in Fig. 1
present the TCS as a function of the numbern of exchanged
photons for v51.17 eV, vX550 eV, and I 5531012

W/cm2. These results correspond to the results presente
Fig. 5 in @15#. Filled circles on our figure correspond to th
s(n) defined without the factorkf ~as it was done in@15#;
this factor comes from the density of the final state!. One can
notice that forunu,8 the sidebands that correspond to t
stimulated emission processes are larger than those o
absorption. This is more pronounced than in@15#. For higher
intensities and frequencies these differences become m
important and they are significant close to the thresholn
5n0. In order to illustrate this, in Fig. 2 we present the TC
s(n) as a function of the photoelectron energy forv51.55
eV, vX513v, and ~a! I 5531011 W/cm2, ~b! I 5331012

W/cm2, and ~c! I 51.7531013 W/cm2. These results corre
spond to the results of Fig. 2 in the paper by Ve´niard et al.
@22#. In @22# the photoelectron spectra are obtained via
numerical solution of the time-dependent Schro¨dinger equa-
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tion for a hydrogen atom in the presence of both fields. T
authors claim that they verified that their results are qu
different from the results of Leoneet al. @15#. This means
that the approach of Leoneet al. is not applicable for the
laser field parameters considered in@22#. However, as our
Fig. 2 shows, our method gives quite satisfactory results.
only difference between the results of Ve´niardet al. @22# and
our results appears for Fig. 2~c!, where our peaks are slightl
suppressed close to the threshold. This difference is expe
because for small values ofEk f

the influence of the atomic
hydrogen bound states~which is not taken into account in
our improved Coulomb-Volkov waves! becomes important
All other features of the photoelectron spectra presente
@22# are recovered.

We have also compared our results with the results
work by Ciongaet al. @19#. They have presented the DCS
a function of the polar angleu for two different geometries:
êi êX ~in this case the results do not depend on the azimu
angle; the results of our Figs. 1 and 2 are for the para
geometry case! and ê'êX ~with the azimuthal angle equal t
p/2). Unfortunately, in@19# the influence of the ponderomo
tive potential was neglected. They considered two case
the high-frequency photon energy:vX516 eV andvX550
eV, and the casesn561. The chosen laser-electric-fiel
strengths wereE050.01, 0.02, and 0.03 a.u., which~for v
51.17 eV! correspond toUp50.368, 1.47, and 3.31 eV
respectively. Our energy-conserving condition, forvX516
eV, givesEk f

5(2.3961.17) eV2Up , which shows that, in

this case, the neglect ofUp is a very crude approximation. In
the case ofn521 andE050.03 a.u., one even obtainsEk f

,0, which is impossible. Therefore, we will consider on
the casevX550 eV, for whichUp can be neglected. We
found good agreement. This can be seen by comparing
results presented in Fig. 3 and the results of their Figs. 4~b!,

FIG. 1. The TCS~in a.u.! for the photoionization process in th
presence of a monochomatic laser field as a function of the num
n of exchanged photons forv51.17 eV, vX550 eV, andI 55
31012 W/cm2. Filled circles correspond to thes(n) defined with-
out the factorkf .
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FIG. 2. The TCS as a function of the photoelectron energy for the monochromatic laser field of frequencyv51.55 eV,vX513v, and
~a! I 5531011 W/cm2, ~b! I 5331012 W/cm2, and~c! I 51.7531013 W/cm2.
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6~b!, and 8~b!. We have also taken into account that th
definition of the DCS is different from ours by the fact
2/kf .

IV. NUMERICAL RESULTS:
BICHROMATIC LASER FIELD

In the case of a bichromatic laser field we have an ad
tional parameter: the relative phasef between the laser-field
components. The exact and the approximate symmetry p
erties of theT matrix and the cross sections are analyzed
the Appendix. In order to illustrate these symmetries, in F
r

i-

p-
n
.

4 we present the results for the DCS for one-photon abs
tion, parallel geometry, andv51.17 eV,vX550 eV, andI
53.5131012 W/cm2. From Fig. 4 the approximate symmetr
f↔2p2f and the exact symmetry (f,u)↔(f1p,p
2u) can be easily recognized.

Let us now consider the TCS for the same values of
frequenciesv and vX and the intensityI as in Fig. 1. Our
numerical results show that the TCS changes significa
with the change of the phasef and that the TCS exhibits th
exacts(n,f1p)5s(n,f) symmetry and the approximat
symmetrys(n,2p2f)'s(n,f), which is discussed in the
Appendix. In Fig. 5 we compare the monochromatic resu
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~continuous bars! of Fig. 1 with the bichromatic results with
f50 ~dotted line with the filled circles! andf5p/2 ~dashed
line with the triangles!. Contrary to the monochromatic cas
the f5p/2 curve has a pronounced maximum forn50,
while thef50 curve has two maxima aroundn565, with
a minimum between them. This behavior of the TCS can
connected with the behavior of the generalized Bessel fu
tions.

Finally, in Fig. 6 we present a series of results for t
DCS as a function off andu for the different values ofn
and for the laser and x-ray field parameters as in Fig. 3.
geometry is parallel. The conclusion is that we have a str
CPC effect that also depends on the number of exchan
photons.

V. CONCLUSIONS

We have presented analytical and numerical results
the x-ray photoionization of hydrogen in the presence o
bichromatic linearly polarized laser field. Choosing for t
final outgoing electron state the improved Coulomb-Volk
wave~which in ther•E gauge has a simple form without th
Goeppert-Mayer factor! and for the initial state the laser
field-dressed hydrogen-atom ground state, we ensured
the gauge consistency of the problem and the simple form
the matrix elements. The contributions of the laser-fi
dressing of the ground state are small and can be tre
within the closure approximation. Using these results
were able to show that the cross sections are invariant u
the substitution (f1p,p2u)↔(f,u) and that there are
also approximate symmetriesf↔2f and f↔f1p. Our
numerical results confirm these symmetries. They also s
a significant CPC effect that depends on the number of

FIG. 3. The DCS, multiplied by the factor 2/kf , as a function of
the scatering angleu for the monochromatic laser-electric-fiel
strengthE050.01 a.u.,v51.17 eV, andvX550 eV. Continuous

and dotted curves corresponds to the parallel geometry (êi êX) and
to the left ordinate’s scale, while the dashed curve correspond to

perpendicular geometry (ê'êX) with the azimuthal angle equal t
p/2 and to the right scale. The continuous curve corresponds to
stimulated emission of one laser field photon, while the dotted
dashed curves correspond to the absorption of one photon.
e
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changed photons and on the geometry of the photoionization
process.
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APPENDIX

In this appendix we shall consider the symmetry proper-
ties of the T matrix and the cross sections for the laser-
assisted photoionization process. The outgoing electron mo-
mentum in the spherical coordinates isk f5kf(sinucoswfx̂
1sinusinwfŷ1cosuẑ). We choose the laser-field polarization

he

he
d

FIG. 4. The DCS for the x-ray (vX550 eV! photoionization
assisted by a bichomatic laser field of frequencyv51.17 eV and
intensityI 53.5131012 W/cm2 as a function of the relative phasef
and the polar angleu, for one absorbed photon. The geometry is
parallel.
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vector along thez axis, so thatê•k f5kfcosu. For the x ray
polarization vector we consider~as in @19#! two configura-
tions: parallel geometry withêXi ê and perpendicular geom
etry with êX'ê. For the parallel geometry the results do n

FIG. 5. The TCS as a function of the number of exchang
photonsn for the same parameters as in Fig. 1 and the para
geometry. Continuous bars correspond to the monochromatic c
while the dotted curve with the filled circles and the dashed cu
with the triangles correspond to the phasef50 andf5p/2, re-
spectively.
t

depend onw f and the integral overw f in the TCS gives a
factor 2p. For the perpendicular geometry we chooseêX

5 ŷ and w f5p/2, so thatêX•k f5kfsinu. According to the
results of Sec. II, theT matrix can be written in the form

Tf i~n;f,u!5E
0

2p

dw M ~w;f,u!exp@ ig~n;w,f,u!#,

~A1!

where

M ~w;f,u!5
i

4p
EX (

m50,61,62
Mm~w;f,u!, ~A2!

with

M0~w;f,u!5^ck~w!ur•êXuc0&, k~w!5k f1A~w!,
~A3!

and ~in the closure approximation!

Mm~w;f,u!5
6 iE0

2~Ē01mv!
^ck~w!ur•êXr•êuc0&

3exp@ imw6 id umu,2f#, ~A4!

wherem561,62, Ē054/9 a.u., and the plus~minus! sign
stands form.0 (m,0). The functiong(n;w,f,u), in the
exponent of Eq.~A1!, is defined as

d
l

se,
e

FIG. 6. The DCS as a function of the phasef and the polar angleu for different numbers of exhanged photons (n50,9,21,1) and the
parallel geometry. The other parameters are as in Fig. 3.
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g~n;w,f,u!5kfa0cosu @sinw1 1
4 sin~2w1f!#1U1~w,f!

1nw, ~A5!

whereU1(w,f) is given by Eq.~8!. Using Eqs.~4! and ~9!,
for the explicit form of the matrix elements that appear
Mm , we obtain

^ckur•êXuc0&52 i
25/2

p

êX• k̂

~11k2!2~k1 i !
S i 2k

i 1kD i /k

3G~12 i /k!exp@p/2k# ~A6!

and

^ckur•êXr•êuc0&

52
27/2

p H ê• k̂êX• k̂

~11k2!4~k1 i !
@~k22i !~11k2!13k#

2
êX•ê

~11k2!2~k1 i !2J S i 2k

i 1kD i /k

G~12 i /k!exp@p/2k#.

~A7!

Using these results we found the symmetry property

Tf i~n;f1p,p2u!57~21!nTf i~n;f,u!, ~A8!

where the minus and plus signs stand for parallel and
pendicular geometries, respectively. Therefore, if the res
for the DCS are known for 0<u<p/2, 0<f<2p, then the
results forp/2,u<p can be obtained using Eq.~A8!. The
results of this type follow from general considerations ab
the relation between a shift in relative phase byp and a shift
in the origin of time and space inversion~see, for example
@2#!.

In addition to the symmetry~A8! there are also som
approximate symmetries. We should take into account
for the higher laser-field intensities multiphoton ionizati
processes become important. Because we are not consid
such processes, there is an upper limit on the laser-field
tensity for which our theory can be applied. For the la
frequencyv51.17 eV the critical intensity is of order 1013

W/cm2. In this case our numerical results show that the c
rections due to the dressing of the ground state are small
one can neglect the contribution of the matrix elementsMm ,
m561,62, which are proportional toE05I 1/2 @Eq. ~A4!#.
In this case, after the substitution (w,f)→(2w,2f) in Eq.
~A1!, one obtains the approximate relation for theT matrix
n

, H
r-
ts

t

at

ing
n-
r

r-
nd

Tf i* ~n;2f,u!5E
0

2p

dw M* ~w;f,u!exp@ ig~n;w,f,u!#.

~A9!

If uargM (w;f,u)u!ug(n;w,f,u)u, then the DCS satisfies th
relation

ds~n;2f,u!

dV
'

ds~n;f,u!

dV
. ~A10!

The same symmetry is satisfied in the opposite case w
uargM (w;f,u)u@ug(n;w,f,u)u @in this case one should
compare Tf i(n;2f,u), instead of Tf i* (n;2f,u), with
Tf i(n;f,u)#. Of course, becauseg(n;w,f,u) depends on
cosu, there is a small interval ofu for which the relation
~A10! is not satisfied.

In addition to the symmetries~A8! and~A10! there is also
an approximate symmetry

ds~n;f1p,u!

dV
'

ds~n;f,u!

dV
, ~A11!

which is connected with the following property of the ge
eralized Bessel functions~see, for example,@29#!:

Bn~a,b;f!5E
0

2pdw

2p
exp$ i @asinw1bsin~2w1f!2nw#%

5~21!nBn* ~a,b;f1p!. ~A12!

Namely, if the contribution ofU1(w,f) in Eq. ~A5! is small,
then the functiong(n;w,f,u) is of the same form as the
exponent of the function under the integral that defines
generalized Bessel function. For example, forv51.17 eV,
vX550 eV, andI 5531012 W/cm2, which corresponds to
the parameters of our Fig. 5, it isU1(w,f);Up/2v50.224
a.u. !kfa0; 10 a.u., so thatU1(w,f) can be neglected. If
the matrix elements that appear inM (w;f,u) are slowly
varying functions ofw, they can be extracted out of the in
tegral overw and we will just rest with the generalize
Bessel functionB2n(a,a/4;f), a5kfa0cosu, which ex-
plains the symmetry property~A11!. From Eq.~A8! it fol-
lows that the TCS~for parallel geometry! satisfies the sym-
metry propertys(n,f1p)5s(n,f) and the approximate
symmetrys(n,2f)'s(n,f).
.
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@23# S. Varróand F. Ehlotzky, J. Phys. B30, 1061~1997!.
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