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Triply differential cross section for Compton scattering
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The triply differential cross section for Compton scattering from atomic electrons is obtained numerically in
a full relativistic second-orderS-matrix calculation based on the independent particle approximation. We
compare our results with the results of more approximate approaches. Special attention is paid to the validity
of the impulse approximation~IA !, which has often been used for calculating the doubly differential cross
section even when the photon momentum transferK is similar to the average momentumpav of the bound
electron, which is ionized~and IA is found to be fairly accurate even in such circumstances!. We here show
that, on the contrary, IA calculations of the~less averaged! triply differential cross section are quite inaccurate
for uK u;pav, even near the peak in the triply differential cross section~where the free kinematics for scattering
from an initial free electron at rest are satisfied and where IA should work the best!. We conclude that electron
momentum distribution determination through the Compton profile, using the doubly differential cross section,
is more accurate at lower energies than direct determination through the measurement of the triply differential
cross section at the same energy. In addition, viewing the total cross section for double ionization in Compton
scattering as another observable less averaged than the doubly differential cross section in single ionization, we
estimate that IA predictions of the total cross section for double ionization in Compton scattering from Helium
are adequate above about 50 keV.@S1050-2947~98!07604-5#

PACS number~s!: 32.80.Cy
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I. INTRODUCTION

We study the triply differential cross section~TDCS! for
Compton scattering from atomic electrons using full relat
istic second-orderS-matrix ~SM! numerical calculations
within the independent particle approximation~IPA!. Our
study corresponds to the situation in which polarized or
polarized incident photons are scattered off an electron
specified subshell of an unpolarized atom. In our work
have summed over outgoing photon polarizations and ou
ing electron spin directions.

The underlying formalism and numerical code are ext
sions of previous work@1–8# on Compton scattering. Ou
approach in this paper is based on the framework of Ref.@5#,
where the doubly differential cross section~DDCS! is calcu-
lated, developing a suitable code, within second-order Q
S-matrix theory, for Compton scattering from bound ele
trons within IPA. We here reformulate the theory and exte
the code to the case of the observation of the complete k
matics for Compton scattering from bound electrons, i.e.,
the calculation of TDCS.

In beginning a more systematic study of TDCS for va
ous photon energies, atomic states and atomic systems
limit our discussion here mostly to the region of incide
photon energy in which the total cross section for Comp
scattering@9# is comparable to or dominates that for th
photoeffect as a mechanism of ionization of a given subsh
For incident photon momentumk1 and average bound elec
tron momentumpav this region is roughly determined b
571050-2947/98/57~4!/2683~9!/$15.00
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uk1u*pav. Our discussion of TDCS, within this region, fo
cuses mainly on the kinematical region~choice of outgoing
photon energy and angles and electron angles! close to that
of free particle kinematics for an initial electron at rest.
this kinematical region the momentum transfer to the nucl
is small and the Compton scattering spectrum~by Compton
spectrum we generally mean TDCS or DDCS as a funct
of scattered photon energy for fixed angles! features a peak
We call this the Compton peak region.~This should be dis-
tinguished from the resonant Compton peak, which is g
erned by a different Compton scattering mechanism an
positioned in a different kinematical region.! The position of
the Compton peak in TDCS can approximately be de
mined by considering Compton scattering from a free el
tron at rest. There, for a given photon scattering angle,
outgoing electron angle is fixed by energy and moment
conservation. For such a choice of outgoing electron an
in the case of Compton scattering from bound electro
where all outgoing electron angles are kinematically
lowed, we use the term ‘‘free kinematics.’’

In discussing the Compton peak region we pay particu
attention to the validity of the impulse approximation~IA !
approach in treating TDCS for Compton scattering. IA h
been widely used in discussing DDCS in Compton scatter
@10#. The generally accepted criteria for the validity of IA fo
Compton scattering is that the photon momentum transfeK
must be much larger than the average momentumpav of the
bound electron, which is ionized,uK u@pav. However, IA
has also been used for the DDCS even whenuK u;pav, and it
2683 © 1998 The American Physical Society
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2684 57Z. KALIMAN, T. SURIĆ, K. PISK, AND R. H. PRATT
has been found to be fairly accurate even in such circu
stances. We here show that, to the contrary, IA calculati
of the ~less averaged! TDCS are quite inaccurate foruK u
;pav, even near the peak in the TDCS~where the impulse
approximation should work the best! @11#. However, we also
confirm that, by increasing the incident photon energy~cor-
responding to momentauk1u@pav! and allowing larger mo-
mentum transfers, the impulse approximation results, in
region whereuK u@pav, approach ours for TDCS@12#.

In addition to the Compton peak region, we also disc
to some extent the other two regions of the Compton sp
trum, the infrared divergent and the resonant regions, do
nated by mechanisms that require relatively large momen
transfers to the nucleus~and cannot occur for free electrons!.

We compare our results with experiments. Recently,
incidence measurements of the scattered photon and eje
electron in Compton scattering have been reported@13,14#.
In these experiments the photon momentum transfers
much larger than the average momentum of bound elect
involved in scattering~binding effects are not very impor
tant!. We demonstrate that, for these photon moment
transfers, the IA approach for TDCS is quite accurate.
are aware of only one other reported measurement of
ejected electron in coincidence with the scattered photon
a situation where binding effects are very important@15#,
which was performed 30 years ago. We discuss this case
However, large error bars prevent meaningful comparison
our calculations with the reported results. It is reasonable
expect that today’s experimental techniques should al
more precise measurements and we hope that our work
stimulate new measurements of Compton scattering TDC
the region where electron binding effects are important.

In recent years IA has also been employed for calcula
cross sections for double ionization in Compton scatter
@16#. Viewing the double ionization Compton scattering to
cross section as another Compton observable which is
less averaged than the DDCS in single ionization, we cla
the adequacy of its IA description.

In the next section we describe some features of
Compton spectrum needed for our subsequent discussion
then discuss utilization of IA in Compton scattering and c
teria for its validity. In Sec. III we present our formalism fo
the full SM approach and describe the tests of the code th
based on the formalism. In Sec. IV we compare the com
tational results from the code with the results of more
proximate approaches and with existing experimental d
We discuss the validity of the more approximate approach
paying particular attention to the IA approach in treati
TDCS.

II. IMPULSE APPROXIMATION FOR COMPTON
SCATTERING

Generally we may distinguish three regions of the Com
ton spectrum@5#, which correspond to different mechanism
for Compton scattering by a bound electron. These are~1!
the infrared divergent region,~2! the resonant region, and~3!
the Compton peak region. A full second orderS-matrix IPA
approach, unlike more approximate approaches, is applic
in all three regions of the spectrum. Most simpler approac
are based on the nonrelativistic photon-electron interac
-
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Hamiltonian, which, in Coulomb gauge, contains two term
a ‘‘p–A’’ term and an ‘‘A2’’ term. The ‘‘p–A’’ approxima-
tion ~only the ‘‘p–A’’ interaction term is taken! has been
employed in treating Compton spectra in theuk1u!pav re-
gion @17–19#, where the contribution of the ‘‘A2’’ term is
negligible. It has also been used in treating the infrared
vergent part of the spectrum for higher incident photon m
menta, where an approach through the low-energy theo
~LET! is also available@5,20#.

For higher incident photon energies (uk1u;pav) the kine-
matical region corresponding to the kinematics for pho
scattering from a free electron at rest becomes accessible
the ‘‘A2’’ interaction becomes important, giving a Compto
scattering mechanism that is also applicable for free e
trons @21#. This mechanism becomes significant whenuk1u
;pav, and it dominates the region of the spectrum in t
vicinity of the energy corresponding to scattering from a fr
electron at rest, which is specified by the Compton freque
vC5v1 /@11(v1 /m)(12cosu)# for scattering of the pho-
ton through angleu. In the region nearvC the DDCS Comp-
ton spectrum exhibits a peak, which is sometimes descri
@22–26# within the so-called ‘‘A2’’ approximation ~only the
‘‘ A2’’ interaction term is taken!, often in order to test the
more approximate IA approach. We will primarily consid
this dominant kinematical region in our discussion of TDC

The most widely used approximation for the Compt
DDCS has been the impulse approximation~IA !. IA is rela-
tively simple to use~it utilizes the atomic potential only
through the momentum distribution in the initial electro
state! and it is quite accurate~at the level of DDCS! in the
incident photon energy region where Compton scattering
comparable to or dominates the photoeffect as a photoion
tion mechanism. Its validity is not restricted to the nonre
tivistic region ~unlike the ‘‘A2’’ approximation! and its ac-
curacy increases with increasing photon energy.

The usual picture of IA is that the bound electron
treated as a momentum distribution of free electrons and
going electrons are viewed as free. In fact Eisenberger
Platzman@27# have shown that the nonrelativistic IA resul
for DDCS can be derived, using the ‘‘A2’’ approximation for
the interaction of radiation with matter, without treating th
initial and final states as free. The interaction of an elect
with the external field~atomic potential! in the initial state
and the same interaction in the final state approximately c
cel out, when DDCS is considered at high photon energ
in such a way as to allow the usual interpretation of IA
terms of free electrons. This extended validity of IA does n
apply for TDCS. A relativistic expression for IA has bee
given by Eisenberger and Reed@28# and by Ribberfors@29#
using a relativistic expression for Compton scattering from
free-electron distributionr~p! @30#. With this approach,
based on the usual picture of IA, one can obtain an exp
sion for TDCS in IA, not performing the integration over th
outgoing electron angles@31#.

Utilizing IA to describe the scattering process, Compt
scattering experiments have long been used to provide in
mation on the electron momentum density~EMD! of
~mostly! valence electrons@10,32#. In these experiments th
DDCS are measured and interpreted in terms of the so-ca
Compton profile@10#, which is a two-dimensional integra
over EMD. Complete information about EMD can be o
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57 2685TRIPLY DIFFERENTIAL CROSS SECTION FOR . . .
tained by employing reconstruction techniques@33# to a
large number of measured Compton profiles. An alterna
approach has been utilized@13,14# in which the scattered
photon and the ejected electron are detected simultaneo
Then in IA there is no integration over EMD and therefo
no need for a reconstruction. In such triply differential cro
section ~TDCS! measurement information about the thre
dimensional EMD is obtained directly. It should be not
that in both types of experiments~i.e., in measurements o
DDCS or TDCS!, the validity of the IA is essential for the
simple interpretation of the experimental cross sections
terms of EMD.

IA for DDCS is restricted to the region of the Compto
peak~quasifree kinematics!. The generally accepted criteri
for the validity of IA in that region is that the photon mo
mentum transferK must be much larger than the avera
momentum pav of the bound electron which is ionize
@10,26,34#,

pav

uK u
!1. ~1!

However, IA has been used in the Compton peak region
the DDCS even whenuK u;pav, and it has been found to b
fairly accurate even in such circumstances@35,36#. Hence, in
the case of DDCS, we may use the criterion

pav

uK u
&1, ~2!

if the peak region is discussed. Here we will reconsider
validity of criteria Eq.~1! and Eq.~2! for IA when discussing
the peak region of Compton spectra. We will show that
the case of TDCS Eq.~2! is not a good criterion for the
validity of IA, but rather the generally accepted criterion E
~1! must be used.

III. FORMALISM AND NUMERICAL APPROACH
FOR SM CALCULATION

The formalism and code for performing calculations
the triply differential cross section for Compton scatteri
from bound atomic electrons are an extension of previ
work @4–8# on DDCS, based on the second-orderS-matrix
element in QED in Furry’s picture. The method is relativis
and it includes the external relativistic atomic field, with
the IPA, in all orders. In the IPA all electrons see a comm
self-consistent central potential and electron-electron co
lation effects are neglected.

Our approach allows for calculation of scattering fro
electrons of any subshell in an atom, described within
IPA, over the whole spectrum of scattered photon energ
Thus far we have concentrated on the cases in which
incident photons are linearly polarized, or unpolarized,
bound electrons are unoriented and no polarization of
scattered photons or spin state of the outgoing electro
detected. This corresponds to the situations that have b
investigated experimentally. From an experimental point
view, our present calculation corresponds to a scattering s
ation in which both outgoing particles, i.e., the scattered p
ton and the ejected electron, are detected in coincidenc
shown in Fig. 1. The sum of outgoing photon and elect
e
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energies identifies the subshell from which the scattering
curred.

The Compton matrix element may be written as

M5Ma1Me . ~3!

Following @5#, the absorption-firstMa and emission-firstMe
amplitudes are expressed~in units \5c51! as

Ma,e54pa i E d3yc̄2~y!g–A2,1~y!F~y,ha,e!, ~4!

whereA1 and A2 represent incoming and scattered phot
states,ha5E11v1 for Ma andhe5E12v2 for Me , v1 is
incident andv2 is scattered photon energy, andE1 is energy
of the bound electron. In Eq.~4! the spinor functionF is
defined as

F~y,ha,e!52E d3xSext~y,x,ha,e!g–A1,2~x!c1~x!. ~5!

F satisfies the inhomogeneous Dirac equation in the exte
~atomic! potentialV for propagator energyh:

@g–p1m1g0V~ uyu!2g0h#F~y,h!5g–A~y!c1~y!. ~6!

In these expressions the indices 1 and 2 refer to varia
associated respectively with the incident and with the sc
tered photon, and similarly with the initial bound and fin
continuum electron. The electron wave functionsc1 ,c2 are
solutions of the Dirac equation in the potentialV, andSext is
the electron propagator in the same field.

In our calculations we use a realistic spherically symm
ric atomic potential generated by the nucleus and ato
electrons, namely, the self-consistent screened Dirac-F
Slater atomic potential, with a Latter tail. For this purpos
the code of Lieberman, Cromer, and Waber@37# is em-
ployed. However, when comparing with calculations e
ploying a hydrogenic atomic model, the Coulombic potent
is used. For test purposes, when comparing with anal
expressions in Born approximation, the potentialV has been
set to zero in portions of the calculation.

After decomposition of the electron wave functions in
partial waves, and multipole expansion of the photon field

FIG. 1. Scattering geometry used here. The scattering plan
defined by the incoming and scattered photon directions.u is the
photon scattering angle andf is the angle between the vector o
incoming photon linear polarization and the scattering plane. T
anglesq andw are outgoing electron angles.
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2686 57Z. KALIMAN, T. SURIĆ, K. PISK, AND R. H. PRATT
in @5#, we factorize the amplitudesMa andMe into angular
parts and radial integrals. The radial integrals, which con
the whole dynamics of the Compton process, are the sam
given by Eqs.~A16! of @5#. In our calculations they are ca
culated using the previous code, and their numerical ac
racy is on the same level as was estimated in@5#.

From these factorized amplitudes an expression for TD
can be obtained in closed form@38# through the algebra o
3- j , 6-j and 9-j coefficients, for example, when the intrin
sic states ~polarizations and spins! of all particles are
summed and averaged. Using such a form we could gene
a code for TDCS. However, in general, a large number
angular momenta are required. To achieve adequate con
gence it is preferable if numerical computation starts fr
the factorized matrix element Eq.~4!, rather than the cros
section. The cross section for scattering polarized and un
larized incident photons from unoriented bound electron
then obtained by numerical squaring of the matrix eleme
with numerical summation and average of the resulting cr
sections over the spin polarizations of final and initial stat
A similar numerical approach was used in@39# for calculat-
ing triply differential electron bremsstrahlung cross sectio
For special cases, when only a small number of partial wa
and multipoles is required for results to converge, we h
performed the calculations both ways, and in matching
sults we have tested the kinematical structure of the cod

We have further tested the code in a variety of ways:~1!
As an additional test of the kinematical structure of t
TDCS code we performed comparisons with the Born
proximation for scattering fromK-shell electrons, which is
given analytically @40#. By Born approximation we mean
that we set the potentialV to zero in the code when solvin
both the inhomogeneous Dirac equation and the homo
neous Dirac equation for the outgoing electron, keepingV
only in calculating the initial bound state. Our numeric
results have been compared with the analytical expressi
In the rangeZ51→92, and for the energy range from 2.5
279 keV, we always found agreement within 0.1% betwe
the numerical results from the code and the analytical
pression.~2! By numerically integrating the TDCS over ou
going electron angles the DDCS is obtained. In this way
tested the TDCS code against the results of the DDCS c
In the entire range ofZ and energy, agreement was alwa
on the level of the errors of the numerical integration.~3! We
also tested the code in cases where simpler approxima
are expected to be accurate. In the regime where incid
photon momentum is much smaller thanpav ~but the photon
has enough energy to eject the electron from the shell! we
tested our code by comparing its results with the results
the nonrelativistic ‘‘p–A’’ dipole approximation@17–19#. In
the high but nonrelativistic energy regime, and for lowZ, we
tested our code against the ‘‘A2’’ approximation @22,26#.
The results of these tests show excellent agreement betw
the code results for the TDCS and the results of these m
approximate approaches in the region where these app
mations are expected to be highly accurate. This is in ag
ment with the results of the similar tests performed in@4,5#
for DDCS. ~4! In another test, for high incident photon e
ergies with low outgoing photon energies~this is a region
where the dipole ‘‘p–A’’ approximation should not be accu
rate, because retardation and relativistic effects are im
in
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tant! we obtain, as shown subsequently, good agreement
tween code results for TDCS and low-energy theorem~LET!
predictions.

IV. RESULTS AND DISCUSSION

In @5# a wide and systematic investigation of the Compt
scattering DDCS was presented, and the results of the r
tivistic S-matrix IPA calculation were compared with th
results from more approximate methods. Here, we extend
discussion to the TDCS. We have examined the region
incident photon energies between tens of eV for H and 6
keV for Au, studying more systematically the case of sc
tering from aK-shell electron. We have also examined e
amples of scattering from higher shells of medium- and hi
Z elements in order to study resonant and peak regions.
present illustrative results obtained with our code toget
with the corresponding results of the various simpler me
ods widely used in Compton calculations, in Figs. 2–

FIG. 2. Triply differential cross section for the scattering of 2.
keV photons from aK-shell electron of carbon into 60° for electro
anglesq560° andw5180°. The cross sections are obtained fro
nonrelativistic ‘‘A2’’ approximation ~triangles!, presentS-matrix
IPA calculations~3!, the impulse approximation~dashed-dotted
line!, results obtained from photoeffect cross sections using
low-energy theorem~squares!, and the results of the nonrelativisti
‘‘ p–A’’ calculations ~circles!.

FIG. 3. Same as Fig. 2 except for scattering of 279.11-k
photons from aK-shell electron of lead into~a! 120° for q520°
andw5180°, ~b! 0° for q590° andw5180°.
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57 2687TRIPLY DIFFERENTIAL CROSS SECTION FOR . . .
showing representative cases ofK-shell Compton TDCS of
low-, intermediate-, and high-Z elements foruk1u!pav (Z
56) and for uk1u;pav (Z529,82) We also discuss the ex
isting experimental data, in comparison with our calculatio
~Figs. 5–7! and we make some suggestions for new exp
ments in Compton scattering.

For the TDCS we can expect additional differences
tween the SM results and more approximate approache
comparison to the situation in DDCS. We pay particular
tention to these circumstances. We find that~1! in the Comp-
ton peak region for TDCS and forpav/uK u&1 the IA ap-
proach in treating TDCS is incorrect unlesspav/uK u!1,
unlike for DDCS cases where IA is good even forpav/uK u
;1. We do find that in the regionuk1u*pav, the ‘‘A2’’ ap-
proximation~unlike IA! generally reproduces TDCS reaso
ably well in comparison with our SM results, as in the DDC
case.~2! For largeZ and relatively large incident photo
energies the dipole ‘‘p•A’’ dipole approximation is much
less accurate in describing both the infrared divergent
resonant regions of the TDCS than for DDCS, due to
importance of retardation.~The LET approach gives an ad

FIG. 4. Triply differential cross sections for the scattering
279.11-keV photons from aK-shell electron of lead as a function o
the outgoing electron angle~q!. Energies (v2), angles~u! of the
scattered photon, and anglesw of the outgoing electron are indi
cated in the panels.

FIG. 5. Scattering of 59.32-keV photons from aK-shell electron
of Cu into 140°. The cross sections are obtained usingS-matrix IPA
calculations and IA.~a! Doubly differential cross section,~b! triply
differential cross section for two choices of outgoing electr
anglesq518° andq590° with the samew5180°.
s
i-

-
in
-

d
e

equate description of the infrared divergent region for alZ
and all incident photon energies.! ~3! In addition, we discuss
the consequences of the failure of the IA approach in
uK u;pav region of the TDCS for the treatment of doub
ionization in Compton scattering at low incident photon e
ergies.

In Fig. 2 we show the TDCS for the scattering of 2.9
keV photons from theK-shell electrons of carbon for a pho
ton scattering angle of 60°. The angles of the outgoing e
tron are chosen to beq560° and w5180°, which
correspond to the outgoing electron angles for free kinem
ics ~as defined in the Introduction!. The incident energy is
large compared to the binding energy, but the Compton p
is outside the kinematically allowed region for all scatteri
angles. The figure represents an example in which both
‘‘ p–A’’ and ‘‘ A2’’ terms of the interaction Hamiltonian con
tribute significantly through most of the spectrum. It illu
trates our findings, in agreement with the DDCS study in@5#,

FIG. 6. Triply differential cross section per electron for the sc
tering of linearly polarized 2.5- and 12.5-keV photons from
N1-shell electron of copper. Incident photon polarization is in t
scattering plane (f50°), thephoton scattering angleu5140° and
outgoing electron angles areq519° andw5180°. The cross sec
tions are obtained from the impulse approximation~dashed-dotted
line! and presentS-matrix IPA calculations~3!.

FIG. 7. Triply differential cross section for the scattering
662-keV photons from aK-shell electron of gold as a function o
outgoing electron kinetic energy. The cross sections are obta
from the impulse approximation~dashed-dotted line! and present
S-matrix IPA calculations~3!. The histogram represents the expe
mental results of@15#.
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2688 57Z. KALIMAN, T. SURIĆ, K. PISK, AND R. H. PRATT
that the low photon energy part of the spectrum~infrared
divergence! is well described by the low-energy theorem
and that for a low-Z element and low incident photon mo
mentum (uk1u!pav, where a relatively small number of pa
tial waves contributes! the ‘‘p–A’’ dipole approximation
gives a good description of the soft photon part of the sp
trum ~as it is adequate for the total cross section for
photoeffect, integrated over angles@41#!. While, in general,
when the electron can be considered nonrelativis
the ‘‘A2’’ term will describe well the high-energy part of th
spectrum, in this case the contribution of the ‘‘p–A’’ term is
not negligible. From the figure it can be observed that
gives a poor description of the high-energy part of the sp
trum, which is to be expected since in this casepav/uk1u
@1.

Our results in the infrared divergent region and now a
in the peak region are further illustrated in Figs. 3 and 4.
Fig. 3 we show the scattering of 279-keV photons from
K-shell electron in lead. The Compton peak is visible for t
backscattering angles~the outgoing electron angles are ch
sen according to free kinematics!. In the case ofu5120° we
havepav/uK u;1 near the peak. The IA gives predictions th
are higher than the SM results by more than factor of 2.5
can be seen from Fig. 3~a!. The nonrelativistic ‘‘A2’’ ap-
proximation agrees reasonably well with the SM results
these relatively large photon energies. The soft photon reg
is well described by LET~which includes retardation!, dif-
fering much from the results obtained in the dipole ‘‘p–A’’
approximation, as is illustrated for forward photon scatter
angles in Fig. 3~b!.

In order to illuminate further the differences between S
results and more approximate approaches, we study
TDCS ~for the same case as in Fig. 3! as a function of out-
going electron angleq for a fixed outgoing photon energ
and angle. We show results for outgoing photon energie
25 keV ~soft photon region! in Fig. 4~a! and for 150 keV
~near the Compton peak region! in Fig. 4~b!. In the soft
photon region~region of infrared divergence! the dipole ap-
proximation predicts that most electrons are ejected in
direction perpendicular to the direction of the incident ph
ton, with a distribution symmetrical aboutq590°, as can be
seen from Fig. 4~a!. However, at these large energies t
retardation effects~higher multipole effects! cause peaking
in the forward direction, in accord with a similar effect in th
photoeffect for large photon energies@41#. We observe that
LET predictions~which are obtained, using the low-energ
theorem, from the photoeffect differential cross section c
culated within a full IPA approach!, unlike dipole predic-
tions, are in good agreement with SM results. At scatte
photon energies near the Compton peak the TDCS is fa
well described by the ‘‘A2’’ approximation, while IA~for the
chosen electron anglew! overestimates the TDCS for a
electron anglesq. However, for some other electron anglesw
IA underestimates TDCS. By integrating the IA result f
TDCS over outgoing electron angles the DDCS in IA is o
tained, and it fairly well describes the behavior of DDC
near the Compton peak for this case, as was shown in@5#.

We now turn to comparison with experiment. Recent
an absolute measurement of DDCS onK-shell electrons of
copper@36# was performed for several scattering angles
ing 59.32-keV photons. The authors find very good agr
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ment between IA calculations and experimental results m
sured in the region where, in agreement with the criter
Eq. ~2!, pav/uK u;0.7. Here we examine this case, calcula
ing both DDCS and TDCS using IA and also our SM cod
This is an example of the situation in which there is a go
agreement among experiment, IA predictions, and SM ca
lations for DDCS in the region wherepav/uK u;1, as we
illustrate in Fig. 5~a! for the photon scattering angleu
5140°. In contrast, we find that IA is poor in treating TDC
in comparison with SM calculations, as shown in Fig. 5~b!.
We show results for two choices of outgoing electron ang
one choice being made according to free kinematics for
electron at rest (q518°). We find that, in general, for angle
close to those corresponding to free kinematics for scatte
from free electrons at rest, the IA overestimates TDCS in
peak region, while for angles differing much from free kin
matics it underestimates the TDCS. By integrating the
TDCS over outgoing electron angles these discrepancies
erage, resulting in a quite accurate IA description of DDC

Recently experiments@13,14# measuring TDCS were per
formed by scattering high-energy photons (v1.100 keV)
from weakly bound electrons in solid state targets. This w
not a scattering from a specified subshell. The main con
butions to the differential cross section were from valen
electrons, but the contribution of some inner shells, beca
of the finite energy resolution~typically several hundred eV
@13#!, was also included. The purpose of such experime
studies is to obtain information about EMD directly fro
TDCS measurements through employment of IA, as d
cussed in the Introduction. The employment of such h
photon energies~much higher than one would need for IA t
be valid, for Compton profile measurements! was partly mo-
tivated by the fact that electrons produced in Compton s
tering have mostly small energies. These electrons exh
multiple scattering in relatively thick targets, which intro
duces error in determining outgoing electron angles in
Compton process. The problem is reduced with higher p
ton energies yielding higher-energy electrons and less m
tiple scattering. Our study here confirms that for these re
tively high photon energies one has achieved validity of
for TDCS. Although we cannot run such a high-energy ca
for so weakly bound electrons~because we need too man
multipoles for convergence!, we may demonstrate, perform
ing calculations at lower photon energies, that agreem
with IA is already achieved. Our investigation indicates th
we can use IA for TDCS, near the peak region, with an er
less than about 5%, if the ratiopav/uK u is less than about 0.1

We illustrate this in Fig. 6, where we show the cro
sections for scattering of 2.5- and 12.5-keV photons~polar-
ized in the scattering plane! from the N1 shell electron of
copper, calculated using IA and our code. For the bou
state wave function we use the same self-consistent w
function in both IA and in the code calculations. The electr
angles are chosen according to free kinematics. The dif
ences between IA and code calculations are smaller as
ton energy increases, and for the highest shown energy
are around 7%. For this particular shell the binding energ
several eV~in the self-consistent model! and the criterion
pav/uK u&0.1 is fulfilled at about 15 keV for this case. How
ever, if M -shell electrons, with binding energies of som
hundred eV, are included, as would be required if an ene
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resolution of several hundred eV is assumed, higher pho
energies~60–70 keV! are required in order to achieve th
same accuracy of IA. We conclude that for hard incide
photons~as used in@13#! the IA is reliable.

We have mentioned the earliest experiment measu
TDCS for Compton scattering of which we are aware@15#.
Photons of 662 keV were scattered from theK shell of gold,
and results of an absolute measurement were reported
photon scattering angles of 90° and 60°. The outgoing e
tron angles were chosen from free kinematics in scatte
from an electron at rest. The ratio ofpav/uK u for these cases
is 0.35~for 90°! and 0.45~for 60°! for outgoing photon en-
ergies near the peak. This is a situation in which IA wor
very well for DDCS and poorly for TDCS, as discuss
above. We present results for TDCS for this case as a fu
tion of outgoing electron energy in Fig. 7, both in IA and
our S-matrix calculation. Although the discrepancies b
tween IA and ourS-matrix calculations are 50%–70% ne
the peak, both results are consistent with the experime
data because of the large experimental uncertainties@42#.

The development of experimental techniques in the
30 years, since the experiment@15# was performed, should
make it possible to measure TDCS more accurately for ca
where pav/uK u is not very small. Such experiments shou
involve relatively large photon energies~in order to have
large electron energies and so avoid large contributions
multiple electron scattering! and largeZ ~in order to have
pav/uK u;1!. In such circumstances IA is poor for calcula
ing TDCS, although it predicts DDCS very well, and a mo
accurate approach~such as our SM approach! is required.

The dipole ‘‘p–A’’ approximation shows noticeable dis
agreement with SM calculation of TDCS in the infrared d
vergent and resonant regions, as we have already illustr
for the infrared divergent region. This discrepancy stron
depends on outgoing electron angles. This behavior for
final photons can be explained by observing that in dip
approximation the electrons are then described as eje
dominantly in the direction of incident photon polarizatio
~orthogonal to the direction of the incident photon, as in
description of photoeffect in dipole approximation!. How-
ever, for high photon energies~and for all Z! higher multi-
poles~and retardation! contribute significantly, so as to giv
forward peaking. We observe a similar failure of the ‘‘p–A’’
dipole approximation in the resonant region of TDCS. Ho
ever, we should remember that resonant Compton scatte
is pronounced when the incident photon energy is close
theK-shell binding energy, and therefore relatively large d
viations from the dipole approximation may be expec
only for high-Z atoms.„In our SM approach the widths o
the bound states are zero, and so in our model the resona
appear as singularities, behaving as@v22(E12E2)#22,
whereE1 andE2 are electron binding energies…. The dipole
approximation predicts that electrons are ejected domina
in the direction perpendicular to the incident photon bea
Our calculations for the resonant region show this direct
is shifted somewhat toward forward angles. For exam
studying theK-L resonance in the case of lead, using ph
tons of 100–120 keV, we find that electrons are ejec
dominantly into angles of about 77°.

It is interesting to note that we may apply our conclusio
about the validity of IA in TDCS to clarify the probabl
n
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validity of IA in treating another Compton scattering obser
able that is also less averaged than single ionization DD
IA has also been employed for calculating cross sections
double ionization in Compton scattering@16#, a subject of
considerable recent experimental and theoretical invest
tion @43#, particularly of the ratio of double to single ioniza
tion in helium. There, as in the case of TDCS for sing
ionization treated here, it had been hoped that a similar
gion of validity would apply as in DDCS. But, again, th
comparison of IA calculations with experiments@44,45# and
other calculations@46# indicates that larger energies are r
quired for the IA treatment to be accurate, much larger~ap-
proximately an order of magnitude! than one would expec
from the single ionization DDCS case. We may understa
this from our TDCS considerations. In the derivation of I
for double ionization explicit use of the plane-wave appro
mation for the fast outgoing electrons is made, similar
TDCS, and unlike in DDCS. We may, evidently, view th
double ionization Compton total cross section as a more
ferential observable than DDCS for single ionization, as
also TDCS. Although IA is fairly accurate in calculating th
total cross section for single-ionization Compton scatter
for He even at lower energies@47#, it is adequate for single
ionization DDCS at about 5–6 keV~except for forward
angles where the contribution to the total cross section
small!. In estimating the accuracy of IA for calculating th
double ionization total cross section, we require that the
teria for TDCS be satisfied for most angles. Assuming t
the contribution of forward angles to the double ionizati
total cross section is as important as in the single ioniza
case leads to the expectation that IA for the total cross s
tion for double ionization in Compton scattering from heliu
is adequate above about 50 keV.

V. CONCLUSIONS

The theory of the triply differential cross section fo
Compton scattering has been developed in the framewor
a relativistic second-orderS-matrix element calculation, as
suming IPA for the atomic electrons. The theory is based
the general framework of@5#, and the calculation is devel
oped as an extension of the previous DDCS code. The tr
differential cross sections have been obtained and comp
with the results of widely used simpler approximate metho
and with existing experimental data. We confirm most co
clusions that followed from the analysis of the DDCS@5#.
However, there are important circumstances of considera
disagreement with more approximate methods, in particu
with IA, which are not seen in the DDCS. Here we found:~1!
much larger disagreement between SM calculation and
pole ‘‘p–A’’ approximation in the infrared divergent regio
of the TDCS for relatively large incident photon energies a
in the resonant region for largeZ, and~2! large discrepancies
between the IA approach and SM results in the region wh
pav/uK u&1 ~but not yet!1!. We find that for TDCS the
criterion for the validity of IA is an order of magnitud
greater than for DDCS. This stronger criterion agrees w
the fundamental assumptions in deriving IA. From the e
perimental point of view this means that, for a given phot
energy and for a particular atomic system, we can exp
validity in TDCS of IA for valence electrons, in situation
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2690 57Z. KALIMAN, T. SURIĆ, K. PISK, AND R. H. PRATT
when it will not be valid for core electrons, even when it
valid for both valence and core electrons in DDCS. T
EMD determination through the Compton profile~which is
obtained from Compton DDCS! is more accurate at lowe
energies than direct determination through measuremen
the TDCS at the same energy.

We have discussed the existing experimental work
TDCS. There is one experimental situation, which has b
studied in the past and which could now be studied w
much higher experimental accuracy, for which our calcu
tions show the validity of IA for the DDCS, but considerab
difference from IA for the TDCS.

We have also discussed the adequacy of IA in treating
double ionization Compton scattering total cross secti
Viewing this as another observable less averaged than
rg
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DDCS, based on our single ionization TDCS study we e
mate that the IA total cross section for double ionization
Compton scattering from helium is adequate above abou
keV.
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