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Aharonov-Bohm oscillations in a hydrogen atom in a radiation field
through electron self-interference

Maciej Kalinski
Rochester Theory Center for Optical Science and Engineering and Department of Physics and Astronomy,

University of Rochester, Rochester, New York 14627
(Received 3 March 1997

We study the influence of a weak magnetic field on time evolution of a quantum state that is a coherent
superposition of two counter-rotating Trojan wave packets in a linearly polarized electromagnetic field. We
demonstrate that both the interference pattern of the electron probability density and differential cross section
for half-cycle pulse ionization exhibit periodic modulation as a function of magnetic flux cutting the plane of
packet motion. The shift is proportional to the magnetic flux in a way characteristic for the Aharonov-Bohm
effect.[S1050-2947@8)06202-7

PACS numbses): 32.80.Rm, 42.50.Hz, 03.65.Bz, 03.75.Dg

An experiment has recently been performed showing thaivhere
it is possible to generate an electron with radially dual spatial . R R
nature, namely, localized at two places at the same e E. (1)=& [xcoswt +ysinwt], 2
This new experimental method makes it possible to observe . ] ]
interference fringes between two “parts” of a single electron@nd it can be approximated by a Gaussian wave function
analogous to those observed in a macroscopic Young expedtith a center moving around a circular traject¢fy]
ment. This state is a coherent superposition of two radially
confined electron wave packets that later spread and revive
as a result of the nonlinearity of the Coulomb spectt@rs].

The influence of magnetic flux on electron interference
has been a subject of both experimental and theoretical stu
ies for many yeard4]. These have been studies of the
Aharonov-Bohm(AB) effect[5,6] as well as of a direct in-

D.(rt)= Ne*i(ho~ g (w/2)(r—rg)?
Xe—(w/2)r502e—ﬁ(w/2)ré(¢1wt)zl ?)

CFhe angular confinement of the packet can be controlled by
the strength of the circularly polarized field singé

_ 12, -213 Qjni : _
fluence of the magnetic flux on the physical properties of th _.(5/3) © o Similar electrpn , con.fmem(.ar.\t can be .Ob
z[auned using a strong magnetic field in addition to the circu-

guantum system when the magnetic field itself is also prese Brly polarized field[13]
[4,7]. Both macroscopic and mesoscopic systems have been We first consider the leading effect of a weak magnetic

the subject of those studi¢8]. , ; Y . .
The common characteristic feature of this influence is tha['eld on the Trqjah packet evolution in a cwcglarly polgnzgd
; o i electromagnetic field. The quantum mechanical Hamiltonian
the physical quantities of the system depend periodically on ; ; X
the magnetic flux that passes through the system with a pr—?—f a hydrogen atom in both circularly polarized electromag-
riod related to the quantum of the magnetic flue hetic and static magnetic fields can be written in a frame

In the following we study numerically quantum states of rotating with a field as
hydrogen in linearly polarized electromagnetic and magnetic, ~ 5, - 12,2 2
fields. We construct these states as coherent superpositio%'s_ pY2= 1l +&x=(0F 0d2)Ls+ § we(r°=27), )
of well localized states in a circularly polarized field called

Trojan wave packet9—11]. They can be used in an experi- B (w.=B in atomic unit3. Considering only weak magnetic

ment analogous to the one reported 1) but with an addi- fields (w.<w) we drop first the diamagnetic term in Hamil-

tion of a weak magnetic field. We present the results of U3 hian (4) proportional t0w§. The remaining paramagnetic

merical simulations that show that the presence of theferm has the same structure as the term that appears because
magnetic flux leads to Aharonov-Bohm oscillations of the ; . PP
of the rotation of the coordinate system and we can also

electron probability density as well as magnetic field oscilla- btain an effective pendular Hamiltonian in every subspace
tory dependence of differential cross section for ultrashorf P y P

half-cycle pulse ionization. of hydrogenic states With_a fixed_deviation from circularity
It has been shown theoreticallg,10] that it is possible to [9.14. The resulting Hamiltonian is now
generate and control the time evolution of a quantum state of 31 2 o 8
hydrogen, whose probability density represents a well local- H== = —— +i— — + 1 ,COSp, (5)
ized wave packet in three spatial dimensions moving around 2r30¢% 209
a classical circular orbitl2] without dispersion. In the labo-
ratory frame this state is a time-dependent solution of thavith ro=n3, o=1/n3 and it differs from the Hamiltonian
Schralinger equation with the Hamiltonian discussed if10] only by the linear termi fw.L,. The ei-
genvalues! of the Hamiltonian(4) (with diamagnetic term
) neglected can be written in terms of the eigenvalues of the
Hi=p%2— 1/|r| +r-E.(1), (1)  Hamiltonian(5) as

where w, is the cyclotronic frequency of the magnetic field
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E|j<s(5) =_ 1/2n(2) —(Ng—k—3s)(0F w/2)+ Ej(g)l (6) This phase difference leads to a shift of the interference pat-
tern between two components Iy¢/2n,. Note that since

similar to the case with no magnetic field presgil]. The  ng~ny—1 for largen, this can be rewritten as

“ground state” Trojan wave packet can be now approxi- 4 5

mated in the rotating framigl0,15 also by a Gaussian prod- Ap=mnpow =T ow.=Pyn=elh Op,. (13

uct - L .
The coefﬁmentwré is just the area of the packet orbit and

® ., is the magnetic flux cutting the area, so expressif)

= i(Ng=1) g (w/2)(r=rg)?
Yary=N.e ¢ coincides with the expression for the Aharonov-Bohm shift

x g~ (0215020 Blwl2)r3(¢—o0t)? @) [5,6]. Indeed the geometry of the quantum state realizes a
' standard geometry of the AB experiment since two wave
with the rotating frame energy in the magnetic field packets move along two paths that draw a closed contour

with magnetic flux. It should be pointed out that this AB

Eg(§)=— l/2ng —(No—1)(wF wJ2)+E%E). (8 shift cannot be considered as a result of the AB effect for
which no measurable magnetic field should penetrate the

For the electromagnetic field with the opposite helicity wave packet trajector{6,7,17,18. Our case represents the

(w— — ) the wave packet rotates in the opposite direction@lternative consistent with a general result for the AB shift.
and its energy is The phase difference due to the magnetic flux occurs no

matter if the component electron bearft®mponent wave
Eg(&)=— 1/2n2 —(ng—1)(w* 0 J2)+E%E). (9)  packets heneenter the magnetic flux region or nid].
In order to check these predictions based on a large num-
Therefore in a weak magnetic field the energy of twober of approximations we have solved the time dependent
“ground-state” Trojan packets moving in two circularly po- Schralinger equation in two spatial dimensions using the
larized fields with the same field strengths and opposite hesplit operator methofl19]. The Hamiltonian is
licity differ by the Zeeman splitting
H=p%/2— 1/r +E(t)-r+(wd2) L+ } 02(x?+y?) (14
AE=(ng—1)w,, (10)
with
proportional to the packet angular momentum. . _
Note that it is the large angular momentum of the compo- Et)=E,.(t)+E_(1). (15
nent packet that makes it distinctive and best designed for N
the observation of the magnetic field influence on the interfirst we have generated a coherent superposition of two
ference. For the packets in the breathing mode like the ong&ounterpropagating Trojan wave packets by adiabatic
reported in[1] the effect of the magnetic field will be negli- Switching of a linearly polarized electromagnetic field with-
gible within similar considerations since no angular momenout the magnetic field §;=0) [10]. The field envelope
tum leading to the Zeeman splitting is carried. was changing from 0 t&,=0.016»~*? during 20 cycles
The packet state also exists in a linearly polarized fieldaccording to the exponential envelopét) =E,e™ %229,
[16]. In that case a twin pair of states corresponds to twdvhich was originally used in our numerical experiments for
wave packets moving around elliptical, almost circular, or-Circular polarization{10]. The initial state was an even su-
bits with opposite angular momenta. The consequence of theerposition of two circular states
linearity of the Schrdinger equation is that a coherent su- _ i(No=1)db 1 a—i(ng—1)d
perposition of those states, with, for example, equal ampli-\Irc(r"ﬁ'O)_'\IR“ov”o—l(r)[e ° te e ] (16)
tudes, will also be supported by a linearly polarized field ,
[16]. This coherent superposition will therefore strongly in- for No= 20, with the Kepler frequency equal to the frequency
terfere twice during one optical cycle, when the well local-©f the field (=120 and the opposite angular momentum.
ized components of the state “collide” and pass throughFigure 1 shows a typical one-cycle time evolution of the
each other. In this case, however, in contrast to the statefate after the electromagnetic field reached its steady value
observed experimentally ifi], the electron has a fully three in zero magnetic field. _A strong interferencg pattern appears
dimensional dual nature and exists simultaneously at tw®n One and the other side of the nucleus twice during a cycle
places at the same time in all spatial dimensions. whent~jm/w . ) )
Let us consider the influence of the magnetic field on the !N order to demonstrate the influence of a weak magnetic
probability density| W «(r,t)|? calculated from the coherent fi€ld on the state evolution we have solved the time depen-
superposition of stat€7) and its counter-rotating twin with dent Schrdinger equation with the Hamiltonia@4) for dif-

equal amplitudes ferept va!ues of the magn.etic field, starting from O qnd
ending withw.=2w/ngy, which corresponds to a net shift of
P(rt)= 1/\/5[\p+(r,t)+\p7(r1t)]_ (11  the interference pattern of the probability density by/8,

(two fringes per one optical cycle. The initial state was the

Because two energies of those two components differ by thévo-packet state generated after 20 cycles of adiabatic

Zeeman splitting, the phase difference between them afteégwitching of the linearly polarized field in zero magnetic
half a cycle is field. Figures 2 and 3 show the results. Both figures show the

probability density calculated from the numerically obtained
Ap=m(ng—1) v Jw. (120  wave function around the circle with the radius ng, which
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tour around the orbit area twice per cycld@he difference
between the patterns for different times in Fig. 2 shows that
ﬁ@ the accumulation of quantum phase is proportional to the
=

=

= number of times the packet pair sweeps the orbit. This time
= = accumulation of phase is shown directly in Fig. 3, which
%}/ S contains the explicit dependence of the interference pattern
%@@ on time for different magnetic field strengths. One can ob-
t=27 t=27.25 serve a clear drift of the quantum phase from cycle to cycle.

Note that the envelope of the interference signal is not per-
turbed, which confirms negligible influence of the magnetic
field on the component packet trajectories.

y o9y The new experimental technique of generating half-cycle
N b, . : .
A 2 pulses has made it possible both to create atomic wave pack-
= = ets and to probe their momentum distributi¢8]. The con-
= dition of a successful probing is that the duration of the pulse

z
Dopy

%% must be much shorter than the characteristic time related to
o the wave packet dynamics.

t=27.5 t=27.75 Now we consider ionization of the stat&1) by such an

ultrashort half-cycle pulse at the tinte When the pulse is

much shorter than a period of the linearly polarized field it

can be represented by an extra poter4l]

X

FIG. 1. Typical one-cycle steady fiel&€ 0.0160~ %) evolu-
tion of two-packet stateg=0.016»"*%). Strong interference pat-
tern appears twice a period when the two packet components pass
through each other. The gauge on the left side of plot=ag7 Vs(r,t)=Fxa(t), 17
indicates the distance equal to 100 atomic units. The black dot in
the center indicates the position of the nuclexs y=0). The time ~ whereF is a total impulse given to the electron by the pulse.
units are optical cycles. The quantum state just after its action is

corresponds to the radial maximum of the wave function Po(rt+e)=e W (r,t). (18
(11). Figure 2 shows the dependence on the magnetic field of

the interference pattern obtained for the fixed time corre
sponding to the maximum interference between packet co
ponents. Figure 3 shows ther2angle phase shift when the
magnetic flux that cuts the packet orbit changes by one

1f ¢ (r) is a continuum state, the differential ionization cross
Msection forS-pulse ionization i§22]

d0'_ 2

fluxon (h/2e) (note that the packet pair draws a closed con- ) p(k)U b(DP(r,t+e)dr| | (19)

0.1 -
I

0 /0 _\

b
0.05 k
s
O =
0
FIG. 2. Dependence of the interference pattern on the strength o
of the magnetic field at the end @) first, (b) second, andc) fifth FIG. 3. Time dependence of the interference pattern for differ-

optical cycle of a steady field evolution. Gray plots show probabil-ent magnetic field strength® w.=2w/n3, (b) w.=4w/n3, (c)

ity density|®(¢,r =n3)|? of the wave function around a circle with w.=10w/n3. Gray plots show probability densityb(,r=n2)|?
radius equal to the radius of the packet orbit. Horizontal axis ex-of the wave function around the circle with radius equal to the
tends over the full Z angle. Magnetic fieldvertical axig changes radius of the packet orbit. Each plot shows 20 patterns, each taken
from 0 to w.=2w/n,. at the end of each cycle of 20 cycles of steady field evolution.
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wherep(K) is the density of states arouig . After approxi-

mating the components &f . by Gaussians in Cartesian co- wy
ordinates[9] and the continuum state by a plane wave / /
&i(r)=e'*"1\V, this cross section can be calculated analyti- 0-005 {
cally and has a maximum amplitude as a function of the
magnetic fieldw, for t=m(1+4j)/20 and k=—xX(wr, D025 5
+F). This means that the ionization is most magnetic field . ‘
sensitive when it happens 1/4 of a cycle before and after the
state components interfere most in real space, in the direction
of the 6 pulse, and for the momentum of the ionized electron,
which is a sum of the pulse impulse and the momentum of
each of the packet components. In the case of this resonant
momentum transfer the cross section can be found as

FIG. 4. Differential cross section fa¥-pulse ionization(19) for
resonant and parallel momentum trané(er—%(wrﬁ F) (up to
do (wro+F)? \/,E _ the multiplicative F-dependent fac_tor from the density of states
q0 - 2,72 (1+,8)cos’-[<l>m(1/4+j)]. (200  The numerical solution of the Schdimger equation with Hamil-
tonian(14) is used, and a plane wave as continuum state. The time
units are optical cycles.

In this case the oscillations occur but with a period that is an . ) ) , L
integer fraction of a single fluxom/2e depending on the Aharonov-Bohm oscillations in a single atom is possible in

number| of cycles before the probing pulse is launched@n experiment analogous to the one reported jrusing the
(fractional AB oscillations Figure 4 shows the differential half-cycle pulse probing technique. Those oscillations origi-
cross section19) as a function of time and the magnetic nNate from Zeeman splitting between the energies of counter-
field calculated from the numerical solution for the optimalfotating components and the peculiar time dependence of
ionization. For a fixed delay time this quantity oscillates as ahis state. Of course the success of such an experiment will
function of the magnetic field strength with the highest am-depend on generating Trojan packets, which still remains a
plitude whent~(1+4j)7/2w as predicted. As the number challenge for experimental physics.
of cycles grows, the number of oscillations also grows,
which shows that the ionization becomes more and more | would like to thank I. Bialynicki-Birula, J. H. Eberly, C.
sensitive to the magnetic field. For example, for an atonR. Stroud, Jr. as well as C. K. Law and J. West for stimulat-
with ny~60 the change of a magnetic field by 0T  ing comments and suggestions. Research reported here was
changes the oscillatory factor in the expressi2@) from 0  supported by the Rochester Theory Center for Optical Sci-
to 1 if the ionizing § pulse was launched after 1000 cycles. ence and Engineering and by the National Science Founda-
In conclusion, we have constructed and observed numertion under Grant Nos. INT93-11766, PHY94-08733, and
cally, a quantum state for which the observation ofPHY94-15583.
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