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Dynamics of a cw multimode dye laser
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The spectral and temporal dynamics of a multimode dye laser has been studied theoretically and experi-
mentally. The analytical model includes quantum fluctuations as wdbtwaswave mixingdue to population
pulsations, stimulated Brillouin scattering, and Rayleigh scattering both in a standing-wave linear laser, and in
a unidirectional ring laser. The nonlinearity found most important in the multimode dye laser is four-wave
mixing due topulsations of the populatioof the upper laser level. Numerical simulations show features that
characterize this particular type of mode coupling: broadening of the emission spectrum, oscillations of the
light flux in individual laser modes, suppression of certain beat notes. Observations of these features confirm
population pulsations dominating the laser dynamics. Four-wave mixing due to population pulsations tends to
arrange the phases of the laser modes such as to minimize the pulsations and to limit its own strength.
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[. INTRODUCTION product of degenerate PP at zero frequency. The two effects
yield nondegenerate and degenerate FWM of laser modes.
The emission spectra of multimode lasers are very sensi- So far, equations of motion of the multimode laser field
tive to absorption inside the laser cavjty—3]. Perturbation have been solved analytically for up to three modes. Lasers
of the laser emission dynamics by quantum noise and northat are used for intracavity spectroscopy, however, may
linear mode coupling limits the sensitivity. Such a limitation show ten through several thousand oscillating modes. Equa-
impedes the applicability of intracavity absorption for a pow-tions for 500 oscillating modes have been solved numerically
erful spectroscopic techniqu@ntracavity absorption spec- for a unidirectional ring las€grl0]. The influence of PP back
troscopy, ICAS. Reduction of these perturbations would re- on the intermode beat notes was shown to be destructive, and
quire a detailed knowledge of their origin and their influenceself-limitation of PP was predicted. However, that model has
on multimode lasers dynamics, which has not been studiegypstantial restrictions: it did not include quantum noise, the
exhaustively so far. _ _ calculations were performed only on a time scale too short
This paper presents a theoretical model for the dynamicgy reaching a stationary distribution of the light power
of the light field in a cw multimode dye laser including quan- among the modes, and intracavity absorption lines were re-

. . . eplaced by sinusoidal modulation of spectral loss. The station-
mixing (FWM) due to population pulsatiort®P) on the up- ary distribution of the laser emission was also calculated

er laser level, and due to stimulated Brillouin scatterin ) : . L
E)SBS) The model is applicable to most types of lasers Witﬁ[ll], though with certain oversimplifications: only 30 modes
’ were assumed to be oscillating, and a fake etalon reduced

homogeneously broadened gain, and, even with minor modi-

fications, to those lasers with inhomogeneously broadene@e'r number to three in the stationary state. These results

gain that emit within a bandwidth much narrower than theS€eM inapplicable: to comparisqn V_Vith the .stationary opera-
homogeneous broadening. tion of a rea}l multimode Ias_er \{\/lth mtracawt_y absorption.

The results of numerical simulations are found to be in Another important contribution to FWM in a dye laser
good agreement with experimental data on the spectral d);nlght arise from the nonlinearity of the dye solution, in par-
namics of a multimode Rh6G dye laser, recorded at highicular from stimulated Raman, Rayleigh, Rayleigh wing,
spectral and time resolution. The emission spectrum of a dyand Brillouin scatterings. An incident pair of light waves
laser shows the highest sensitivity to intracavity absorptiorwith different frequencies generates a material excitation at
achieved so faf4,5]. As a result, it reacts also sensitively to its beat frequency; in turn, the material excitation interacts
various perturbation6—8], and can be conveniently used to with each of the incident waves and induces a dielectric po-
monitor weak mode coupling. larization whose frequency is shifted away from that of the

A very important contribution to FWM in a multimode incident waves by the beat frequency. This coupling gener-
laser is the modulation of the gain in frequency and spatiahtes FWM of the light waves. The process may be modeled
domain due to saturation by interfering laser modes. Thidby perturbation theory(12,13. If only two waves are
phenomenon was predicted by third-order laser thg¢éty present, the FWM is degenerate. In a multimode laser, how-
Saturation of the inversion takes place mainly as a depletiomver, there are many light waves of different frequencies
of the upper laser level. The lower-level lifetime is shorter bycorresponding to the longitudinal cavity modes. Each pair of
more than one order of magnitude than that of the upper laseéhese light waves reads out material excitations, created by
level, such that its occupation is negligible. Gain saturatiorall other pairs of light waves with the same beat frequency.
causes PP of the upper laser level with the mode-separatidtience stimulated scattering in a multimode laser causes de-
frequency, as well as spatial hole burning, which is in fact agenerate and nondegenerate FWM.
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Nonlinear light scattering can be caused by various matethe qualitative difference between FWM of saturation type,
rial excitations. Some of them have resonance frequencies omhich is represented by PP, and of stimulated-scattering
the order of the mode beat frequency, and therefore strongliype, which is represented by SBS. The influence of simul-
influence the mode coupling. SBS, e.g., is caused by acoustianeous PP and SBS on the spectral dynamics of the laser is
phonons produced via the electrostrictive effget]. Stimu-  studied. In Sec. IV the spectrum of beat notes, the source of
lated Rayleigh wing scattering is the result of libration of theFWM, is studied in the presence of PP and SBS. Analytical
orientation of anisotropic molecules of the solvent. The@nd numerical calculations of the model are supplemented by
strength of the Rayleigh wing scattering is proportional toresults of measurements of the dynamlcs of emission spectra
the optical Kerr constant, whereas SBS is proportional to th@"d beat notes. In Sec. V the main results are summarized.
electrostrictive constant. It was shown that in alcohols used
as solvents for many dyes, the optical Kerr constant is about Il. MODEL OF A MULTIMODE DYE LASER
20-30 times smaller than the electrostrictive constast. INCLUDING FOUR-WAVE MIXING
Therefore we will neglect Rayleigh wing scattering as com-
pared with SBS.

Other scattering mechanisms, such as stimulated Rayleigh We assume that light is emitted into many longitudinal
scattering(SRLS and stimulated Raman scatterig@RS9,  laser modes that are associated with only one fundamental
have resonance frequencies very different from intermod#&ansverse mode of linear polarization. The eigenfrequencies
frequencies; they are less important for mode couplingof these laser modes are multiples of the cavity’s free spec-
SRLS is the result of local fluctuations of density and tem-tral rangedw,
perature; it has its maximum close to zero frequency shift.

Only a very small portion of this scattering in the far wings

of its spectral profile may contribute to mode coupling. In the ) o o
following we shall estimate the contribution of SRLS to the Whereq is any positive integer. The electric fielél of the
nonlinear mode coupling in the dye laser. In contrast, SRS i§léctromagnetic light wave inside the cavity can be expanded
caused by the internal vibration or rotation in molecules within the electric-field amplitudes of the cavity modes,
resonance frequencies that exceed the width of the emission

spectrum of the laser. Moreover, its peak value is smaller _1 s * ;

than that of resonant SBS. Therefore, SRS is neglected too. E= 2% Eq(t)exp —iwgt) + Bq (tx)expliogh). (2

The only type of stimulated scattering so far considered to
affect multimode dye lasers is SBS. Numerical simulationsThe dielectric polarizatio? induced by the light field has
of the spectral dynamics of Rh6G dye laser under the the same frequency as the light and can be expanded into the
influence of SBS have been carried out to determine the limisame frequency components,
tation of the sensitivity to intracavity absorptipb6,17), and
to explain chaotic laser dynamig$8]. The observed redshift
and asymmetry of the emission spectra was ascribed to the P= > Pq(t,x)exp( —iwgt) + Pg (t,x)expiwgt).  (3)
Stokes part of SB$19]. All simulations in these works were d

erformed in terms of a simplified photon approach leavin . .
gut nondegenerate FWM. F;'he sFt)rength 21? SBS usuall ere_the complex amplitude, andE, are sIo_vay varying
served as a parameter specified by fitting the numerical refynctlons of ime on the scale of one cavity round trip,
sults to the experimental data. Only linear lasers were conZTr/&'" . . o .
sidered, and SBS in the backward direction, where the fre: The dlele_ct_r_lc polanzatlorﬁ_’ ge_nerated b derives f_rom
guency shift is large. However, a considerable redshift of th(—{‘he susceptibility tensog, which is usually expanded into a

emission was observed even in unidirectional ring laser§ OWer series of the glec_tric field. In general, the spatial com-
[20], indicating small-angle scattering in the forward direc- ponents of the polarization vector can be expre¢gefias

tion to appear. _ (1) 2 3)

The main purpose of this paper is to develop a model for ~ Pi(@i)=go(xij Ej T Xijk EjExt xij E;EE I +--7). (4)
an adequate description of the dynamics of the light ampli-
tudes in a multimode dye laser by taking into account quanf dye solution is a homogeneous medium with inversion
tum fluctuations and the predominant mechanisms of FWMsymmetry. Therefore we shall neglegf?) and assume that
with realistic parameters, such that quantitative analysis anthe tensory(® is diagonal, i.e., we neglect the vectorial na-
comparison with experiment become feasible. In Sec. II, théure of light and write only one componegtof the electric
models for the description of FWM due to PP and stimulatedfield, and one componerf of the polarization. Then the
Brillouin and Rayleigh scattering are introduced. Here, SBSowest-order nonlinear term in E¢4) is x*E3, with y®
is taken into account, both in backward and forward direc-being the corresponding component of the susceptibility ten-
tions, by considering the transverse spatial mode profile. Theor. After expandind® andE in the frequency components
contribution of optothermally excited phonons to Brillouin of the cavity modes by Eq$2) and (3), we keep only the
and Rayleigh scattering, known to appear in absorbing ligpolarization terms having frequencies that coincide with one
uids [21], is also estimated. Section Il is devoted to anof the laser modes. Since all four light frequencies are rep-
analysis of numerical simulations with the help of the model.resented by light waves from within a laser emission band-
The data show the spectral dynamics of the emission of mulvidth which is much smaller than the central emission fre-
timode lasers under the influence of SBS or PP. They reveajuency, one of the three light frequenciesin the prodift

A. Susceptibility

wg=(ow, 1)
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on the right-hand side of E@4), must have its sign opposite Now the frequency component of the density deviations
to the signs of the other two frequencies. For complex polarApﬁz) can be expanded into plane waves,

ization and field amplitudes at the frequensy, we obtain
the relation

Ap@=Ap@* = (Zexp(iKr), (8

1 3
WJdKAp

5 wherer is a spatial vectorK is the vector of the density
(5) wave, and

Hereq and p are positive integers, andis the difference )
between indices of two oscillating laser modes, which is any Ap2) :Fr(|K| ) f d3r2 LE*Eyy— 6 o EXE,),)
integer, positive and negative, satisfying the conditjoh Prk J2m)3? o 2 P optr TrO\Ep ez
<q,p. The sum in Eq(5) extends over all possible combi-

nations of oscillating modes. X exp(—iK-r) 9

The linear susceptibility (") is proportional to a density _ . N .
p©, unmodified by light, which may represent the mass2'® €xpansion coefficients. Hele,(|K|?) is the function of

density of the solvent, or the unsaturated inversion density 0t|he Qensity response to the light field determined from the
onlinear susceptibility by Eq$5)—(9). The response func-

the laser dye. The interference, or beating, of two light Wave%? tails both electroniand tor-of ati
E%. E, induces a deviatiop(®) from the unperturbed den- " M"alls Lot eIeCronianc center-o-mass excriation.

sity p(g) that gives rise to a third-order contribution to the The Kronecker symbab; o takes into account subtraction of

o . e the total laser intensity in accordance with our particular per-
suscgptlbll|ty. SBS takes place with dewatlons from th_e mass | - tive approach T>r/1e integral in E8) is takgn over a”p
density (“phonons”), and PP represent periodic deviations )

from inversion density. The most natural way of expanding.three wave-vector coordinatek{,K, ,K,), _and the mtegral
-~ 2) e , . : in Eqg. (9) is taken over all three spatial coordinates of
these deviationg'“’ is in a Fourier series that contains all

: ) I = r(xy,2).
Lr;t:zran;ode beat frequencies. The total denpifg then writ In the above terminology, the deviations of the density

induced by two light waves depend only on the beat fre-
) _ ) quencyw,, on the absolute difference of the wave vectors,
p=p'+2 pPexp—iwt)=p O+ (p?),+Ap?=(p),;  and on the response functiéh(|K|2).

r

_ 1 1 (3)
Pa=20 XfmaEq+5§r: zp: Xq.~(p+0),pa+rEp+rEpEqer |-

+Ap?, (6) B. Mode geometry

Light propagation in nonlinear dielectric media is gov-

wherep;” is the deviation of the density at the frequency erned by the inhomogeneous electromagnetic wave equation

o, , resulting from all pairs of light waves separated by that
frequency and numbered by the indexandz is the coor- n? 9%E 1 n2+2 %P
dinate along the optical axis. We have separated the devia- VXVXEt+ 5 —=———>—F— =7
. @) ; 2) . . ce ot €goC 3 ot

tions p'#) into a constant parfps™’), that is proportional to

the light intensity, and an oscillating pap® with Fourier  gerived from Maxwell's equations. The correction factor
components Ap!?=p{?— 5, «(p?),. The constant part (n2+2)/3 takes into account the effect of the local fig2d].
(p?),, combined with the unperturbed densit}?’, is writ-  This formulation requires tha® excludes linear refraction,
ten(p),. It represents the mean mass density of solvent obecausen has been inserted directly into the electromagnetic
saturated inversion densitgodifiedby the light. The second wave equation instead of arising frofy when deriving Eq.
part Ap® includes oscillating terms with values depending (10).
on the actual distribution of the light intensity among the The restriction to a scalar field leaves only one component
modes. of electric fieldE and polarizatiorP. The electric-field am-
Spatial and temporal deviations of the total light intensityplitude in the laser modes is expressed by the reduced am-
from its mean value are small, since they are averaged ovglitudesa, (quag aq is the number of “photons” in the
many modes. As a result, the deviaticmﬁﬁz) of the density modeq), and a spatial eigenfuncticif
from the mean valugp),, are also small. Therefore the

(10

olarization in Eq.5) can be expressed as fiwg| 2
P A P Ea=| res| a0 ¥a(x. (11)
_ (2
Pq=20C <p>zv‘Eq+2 Ap=iEqir |, @ In the approximation of slowly varying amplitud¢s],

the reduced amplitudes in E(LO) are driven by the dielec-
whereC is the linear susceptibility per density, and we con-tric polarization in the laser cavity according to
sider Ap!® the perturbation. This approach differs from the o
usual perturbative approach, and is particularly fitting since i (py_'@q N +2
its validity does not explicitly require small light intensities. dt & = 2gq 3n°
It especially suits multimode lasers, where the intensity in
individual modes exhibits full-scale fluctuations, whereas theHere, the last factor is a spatial overlap integral of polariza-
total intensity is constant. tion and light amplitudes.

n280
2hwg

1/2
) Jd3r ViPy. (12
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We now consider the nonlinear part of the polarization S

1 W,
only, i.e., the third-order part given by the second termin Eq. Q*Q= 22 J def dK, exr{ oy (K2+ Ki)}
(7). Substituting the density deviations by E@8) and (9), ™

and the light amplitude by Eq11), and taking into account Xexi (Kyx+Kyy)l. (17
that the polarization outside the gain medium is zero, yields
the third-order equation for the reduced amplitudes The longitudinal part of the spatial eigenfunctions has two
) 5 contributions corresponding to electromagnetic waves propa-
d g_tech t2 hoy cS S a...a* a gating in opposite directions, with wave vectors
dt“9 2 3n? n?g, 4 4 TarTperte *(n/c)wq Z; andZ; . They are related as
xf @ WV, (1) oy A
mggllﬂm atarrtt) (om)3 z;zz;*z(f) ex;{| quz . (18
X f d3K F_r(|K|2)f dr/[Wr, Wo(r') In unidirectional ring cavities, only copropagating pairs of

travelling waves are excited. Their interference terms
=SV Wp(r)) lexdik-(r—=r)]. (13

1 n
* e — f— 1 —
Here, by replacing the electric field amplitudes with Eif), Zpeilp=( ex;{ s wrz) (19
we assume the same frequenagy for all laser modes. Since

the width of the emission spectrum, which limitdw, is  show small wave vectors that correspond to the beat note
much smaller than the light frequeney , this approxima-

tion is well justified. Equatior{13) shows explicitly that the ' In standing-wave cavities the longitudinal part of the spa-

dynamics of individual laser modes of a multimode lasefijg| eigenfunctions is

with a nonlinear medium in the cavity depends upon triple

products of oscillating laser modes that represent four-wave 1 12

mixing. _ _ L Zg=— (z;—z;):(—) sin(— qu). (20
A specific calculation requires the substitution of expres- v2i L c

sions for the spatial eigenfunctions of the laser modes. We

assume that the cavity extends fram 0 throughz=L. The  The interference of two waves in a standing-wave cavity has
in the waist of the cavity mode at=z, (with aring cavity  nympersne, /c due to copropagating pairs of waves, as in

z4=0). We shall assume the gain medium to be much longef,o ring laser, and anothe‘tzi’ryp, with large wave numbers

than the wavelength of laser emission, but much shorter thalqw2 .. Ic, due to counterpfropagating pairs of waves
pt+r ’ ’

the cavity length divided by the number of oscillating modes,

2mcC L 75 7 = N N +
<l<— (14) prrlp=o | 8XP —i S @iz —exp —i - wypiZ) |t CC.
n(J)L r

. i . :Zsfr,p_zgrr,p' (21
This condition holds for a typical cw dye laser.

Near the waist az, the wave is plane, antq(r) sepa- The radius of the beam waist in a typical cw dye laser is
rates into a transverse pdi(x,y) and the longitudinal one  ch Jarger than the wavelength of the laser light, but much
Zy(2): smaller than the wavelength of theeat notesof two laser

modes. As a consequence, the relations
q’q(r):Q(ny)Zq(Z)- (19
) . Nwopr 2 (2nw\? PP 8 no,\?
The z integral of ZgZ, and the area integral d2* () are c ~|— >(K+Kj) = W> c
0

normalized to unity. Hermite-Gaussian TgjVmodes[24]
are assumed for the transversal distribution,

1/2 X2 4 y2
ex - 2
Wo

(22

hold. They indicate that counterpropagating pairs produce
, (16) beat waves that propagate along the optical axis, but co-

propagating pairs of waves produce beat waves that propa-

gate almost perpendicularly to the optical axis.
with wy being the radius of the waist of the electric field at  We insert Eq(21) into Eq.(13) and perform the last two
the 1k level. Since the transverse part of the spatial eigenintegrations. According to the condition in E@.4), we ne-
function does not depend on the mode indgxhe interfer- glect integrals over fast oscillating terms, such as
ence term of the spatial eigenfunctions of two different lon-cos(dhw, Z/c), across the dye jet. The result is split into two
gitudinal modes Wy W, in Eq. (13 has the same parts: one with a source term originating from counterpropa-
transverse distribution as the intensity in the lasEf{). As  gating waves, and another from copropagating pairs of
in Eq. (8), we expand this distribution into plane waves,  waves. The former is

Q= 2
7w
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d e lom+2ie, 1
dt “d 2 3n® n’g ww5

|
*
aq+r% 8p+rp 2

x> F_,

r

1
Xj gain dZI—

medium

c

n n
CO§ -~ w Z|COS — w Z].
c 2q-+r c 2p+r

(23

( 2nw|_ 2
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and £5)=(—1)P"%2. Thus all the odd modes in such a
laser are correlated with each other, as well as all even
modes. However, odd and even modes are uncorrelated with
each other for copropagating pairs of waves, but anticorre-
lated for counterpropagating pairs of waves.

The scattering coefficiens should be determined indi-
vidually for each type of FWM. In the next sections it will be
calculated for nonlinearities that arise from population pul-
sations on the laser transition or from stimulated Brillouin
and Rayleigh scattering.

Here the response function of the density to the light field of

plane beat waves;,(|K|?)~F,[(2nw,_/c)?] is considered

C. Laser gain

constant in the gain medium and is extracted from the inte- The |aser gain is obtained from a solution of the Maxwell-
grals in Eq(13), since the range of wave numbers of the beaigjoch equations. For this purpose Eq42), derived from

notes is smallf Sw<2w, [EQ. (22)]. In contrast, nearly co-
propagating pairs of waves allow extraction Bf(|K|?)
~F(KZ+K?) only from thez andK, integrals of Eq(13).

The equation Eq(13), with source terms composed of co-

propagating waves, is

d iw, N2+2 ho |
—a@e L T z E * __
dt % 2 3n? n?, c Ba+r8p+r8p 2

rp
y o

n
— 2z
c

xfdedeyF,,(K§+K§)

1
f gain 92T co¢
medium

wg
Xexr{—T(KiJrKg)] (24)
Equations(23) and (24) can be written in general form
including copropagating and counterpropagating waves:

d
3=/=) _ —/ —/
SIS e S e

- 5<—>/:>,ﬁ5r,0) . (25)
Here ¢ denotes the results of tieintegrals over the exten-
sion of the gainfrom z,—1/2 throughz,+1/2) in the spatial
interference factors in Eq$23) and (24),

—q)l —-q)2

g =1 sinc{”(pL 9 cos{”(p 9 Zg}, (26
(=) 1 - [l 22,

& =3 1+sin T co 3 . (27

Maxwell equations, must be combined with the equation for
the material polarization,

P=Dap(pPabt Pba)- (28)

We assume that the laser emission is resonant with tran-
sition a<»b where|a) is the upper statdp) the lower state;
wap the resonance frequendyy, the dipole matrix element;
pi; the density matrix, with,j e {a,b}; and p,,=pp,. We
consider an ideal four-level dye laser whose relaxation rate
of ground-state population density, much exceeds the re-
laxation ratey, of the upper-state population densjby, .
Therefore we neglegi,, and calculate the laser inversion by
integratingp,, over the gain medium,

zg+112 % %
N=f dzJ de dy paa-
zg—112 —o —o

The optical Bloch equations of motion for such a laser in
the rotating-wave approximation, supplemented by rates of
excitation and decay, are

(29

d _n 0?2 iD,p N%+2
at Paa= T YaPaa™ 2% 3

% E} expli wgt) pap

—c.cl, (30)

d _ iD,p, N%+2
dt pab=—(loL+ Y)pap— 2_; 3 % PaaEq

Xexp(—iwgt). (31)

These integrals account for spatial correlations of the four

interacting waves in the gain medium, and skjc(
=(sinx/x). The Kronecker symbob; j is used for subtrac-
tion of the mean light intensity. In E425), all constants are
lumped in the scattering coefficiest

With the approximation of a thin gain mediurqg. (14)],

the sinc functions are close to unity. Moreover, with unidi-

rectional ring cavities¢(~)=0 andz,=0. In this case only
one correlation term appearsl(,ﬁ')=1. With a symmetric
standing-wave cavityi.e., zg=L/2), £ =[1+(-1)"]/2

Herell is the pump rate angl, is the dipole dephasing rate.
Since in the dye lasey;> v, , Eq.(31) is adiabatically elimi-
nated, i.e., it is replaced by the quasistationary solution

iD,p N%+2

E.exp —iwgt)
— q q
Zh 3 paa%

(o —wg)+ ' (32

Pab™

and Eq.(30) writes
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d . 0? Dab n2+2\2 o, D2, (n?+2\21 Jw g foc dv 04
dtPaa” 1t T Paa YaT | G Ty * Zeodiy | 3 ) L)Y
EXEq.r exp—iot) w D2 n?+2\?2
q—q+r r L~ ab
X - +c.c.|. (33 = 40
% Z (o =g )+ 1 (33 nzsoﬁytLﬂ'WS 3 (40

The profile of the pump-light beam in a cw dye laser isNote that the assumption of a Gaussian transversal distribu-
usually adapted to that of the laser beam, such that we agon of the gain[Eq. (34)] results inBp,y being half as large
sume the distribution of the inversion density to agree withas the value calculated with a step function for the inversion

that of the laser intensity, density.
The stationary solution of the mean value of the inversion
paa~0%(x,y)G, (34) follows from Eq.(38),
wherte?E = (f;so)odxf oftccdy fag. Wi;h Eq.d(34) taI((jen ir|1tt.o|'a(;- N= 1 _ (41)
count, Eq. is integrated ovedx an and multiplie
by 02 d 9 y P Ya+ >, Bgata,
' q
d 02 Dap N%+2)2 First-order equations for reduced amplitud&s. (12)]
at Paa=I1 T Pad YaT| 55 T3 are obtained by substituting the polarization from E@8)

and (32), assumingp,,={(paa)zt, and adding terms that
model cavity lossy and quantum fluctuations
xEEffdxdyQZ ylossyandd
q r

d BqN—y—ckq

P G H
Ef EqereXp —ioft) dt 2a 2 agt+fq. (42
- +c.c.|. (35
(oL = wg+) tn . - . .
Here kg is the coefficient of narrowband intracavity absorp-
. . . tion, andf, is a Langevin random force describing quantum
q
The solution of Eq(35) is cast in the form noise that obeys the conditiof@s]
Paa™ <paa>zt+Apaa ) (36) <fq(t)>:0, (43
analogous to Eq(6), with Ap{2) compounded of the small (F2 (O (t))=y8(t—t") 5,4 (44)

second-order deviations of the inversion density from the

mean valud p,,), generated by temporal and spatial inter- The ratio of susceptibility over inversion dens@yin Eq. (7)

ference of laser modes. is found by comparing the stimulated emission rate for light
We now consider the inversiad controlled by the mean amplitudes; B qNag in Egs.(40) and (42 with Egs.(7) and

light flux, i.e., temporally and spatially averaged. Spatial in-(12),

tegration of Eq(33) and temporal averaging yield according - 5

to Egs.(11) and with the approximation P —i3n°l 7wy

~ W 2y, B 49
EqEq+eXpl—iwt)
2 2 : — +c.c. where the superscript stands for “population pulsations™.
a T Hoimog)tn : . : "
zt Approximate stationary solutions for the total “photon
2y, 1 (zg+1P2 number” M and for the mean value of the inverse population
~> T 2T f dz EjEq, (37) are ob_tained from Eq€38) and (42) by neglectingf, and
q (op—wq) +yi | Jz-12 assumingk,=0
the equation for the mean inversiggee Eq.(29)] (7—1)
M=, aéag%ya, (46)
d q max
g N=1- yaN— E B,Na} *ay, (38)
N~ (47)
whereB, is the rate of stimulated emission per inverted mol- max
ecule and per photon. Its spectral profile is Here 7 is the pump rate relative to the laser threshold,
Bmax 1B max
B,= . 39 = . 48
T [(0g— 00 1 39 " 49

The maximum value 0B, at wq=w, is determined from With the definitions in Eqs(39) and(40), the inversion den-
Egs.(11) and(35—(39) as sity in Eq. (35) can be written as
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d 7YYa Q2 Byt Bq: Fe(IK[?)
apaa:B—a |__Paa 7a+2 2 - 2 i r
max roq n?—1n2+2 VZ,BT acn
+ .
. . . 2 3 ' C, iwTg ,
Xay, aglZy, Zg expliogt) |, (49) = c,—c, Tn — eolK|?.
wg| 1+ c, —iwr—FR —wr—iw g
Subtraction of the zeroth-order equation {pk), ; from Eq. (54

(49), and dropping the products of second-order deviations, ) ) L
Here B1 is the thermal expansion coefficientjs the speed

yields the equation of motion for the second-order contribu- . =
tion to the inversion density: of sound,C, andC, are the specific heat capacities at con-
stant pressure and constant volume, anid the absorption
coefficient. We assume that all the absorbed energy is ther-
d malized immediately.
_ (2)— _ (2) * I _
dt Apaa="Apza| vaT Bmax; 8q3q The denominator of the response function shows two
resonances, at frequency shift,| = wg andw,=0. The first
one is the Brillouin resonance, with
_<Paa>z,thaxZ 2 ag+raq(LZ;+qu_5r,O)
d 2vnw. . B
X expliw;t). (50) wg=v|K|=——sin7, (55

. ) - at which phase matching takes place of sound waves and the
Here the spectral variation of the gain coeffici@tas ne-  paoat notes of the light, propagating at an angld0<g

glected B,=Bnzy). Fourier decomposition of Eq50) and < 1y {5 each other. The width of this resonarfiel width at
insertion of the total photon number from Eg6) provides half maximum(FWHM)]

us, according to Eq9), with the response function

. K[? (56)
B~ ,
E (|K|2): _ P(a(:i)Bmax n280 (51) Po

' nYa~lor fiwg is determined by the viscosity of the solvent. The response

varies over the Brillouin resonance within the frequency

This result shows that the response function for PP id&N9€
independenof K. The scattering coefficier8™" for this non-

linearity can be found with Eq$24), (25), (45), and(47): wp=2Nw V/C=wg . (57)

The maximum response of the Brillouin resonagg cor-
vBrnax responds to density waves excited by counterpropagating
SPPI=glPP=) = - T (52 light waves. Copropagating light waves in a unidirectional
MYatlor ring laser also excite Brillouin resonance, but with small fre-
quencies determined by the divergence of the laser light in

This scattering coefficient has a Lorentzian spectral profiléhe cavity mode$Eq. (16)].

with width on the order of 100 MHZhalf-width at half The second resonance is Rayleigh scattering at zero fre-
maximum(HWHM)] for a typical cw dye laser. quency with width(HWHM)
r _7\T|K|2 58
D. Phonons R~ poC, (58)

In this section we consider the nonlinearity in the laser ] o
due to deviations of the density of the dye solution from itsWhereAr is the thermal conductivity of the solvent.

average valuép),,. The constanC in Eq. (7) relating the The response functiofEg. (54)] is a sum of two contri-
density of the dielectric material to the material’s poIariza-bUt'onS- The_flrst contnbl_mon is due to elecfcrostrlctlon, i.e.,
tion is the deformation of the dielectric under the influence of the
electric field. It is proportional to linear susceptibility, which
(sBS n?—1 is n?>—1. The second contribution is heating by the light
C = (53 combined with thermal expansion. Heating may result from

po residual light absorption in the dye solution, e.g., by triplet

states of the dye molecules, or from collisional relaxation in
Since the main effect originating from density oscillations isdye molecules following stimulated emissigRig. 1). We
stimulated Brillouin scattering for this constant we use theattribute the major contribution to the relaxation of dye mol-
notation C(*89) in order to distinguish it from the constant ecules from the lower laser level to the ground state. The
C(PP), determined by the nonlinearity of the gain, E45). relaxation of the pump excitation to the upper laser level
The solution of the coupled equations of motion for massdoes not contribute to the response function, since it is not
density and temperatufd2] provides the response function correlated with the laser light field. The energy absorbed in
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FIG. 1. Energy-level diagram of a dye molecule and schematics - /6 ' .
of pump excitation, collisional relaxation, and laser emission. T R S S —'

. . . . Frequency o,/2n (GHz)
the medium due to relaxation is proportional to both the

energy of the amplified laser light and the ratio of the energy FIG. 2. Response function of the gain medium for excitation of
of the lower laser level to the laser photon energy. We asdensity waves by electrostrictive excitation induced by two light
sume that the energy of the lower laser level is close to thevaves that cross at the angfge=w (solid line), 7/3, and =/6
energy excess of the pumped levpump frequencyw,  (dashed lines
=2mc/\ ) over the upper laser level, and write the “absorp-
tion” coefficient « in Eq. (54) as Figure 3 shows the optothermal contribution of the re-
sponse function for the same values|i¥f as in Fig. 2. The
Wy~ Wap L Brillouin contribution (STBS has smaller amplitude but
a= 2wa BmaN ol (59 larger spectral width than the Rayleigh contribution
(STRLS. Therefore the response function is shown on two
The above analysis shows that the response function coffequency scales: Fig.(&@ shows the complete spectrum of
tains four terms. The first two terms represent stimulated>TBS, and Fig. @) a narrow section which contains, how-
Brillouin (SBS and Rayleigh'SRLS scattering due to elec- ever, all of the STRLS. The strongest contribution comes
trostriction. The second two terms are optothermal contribufrom STRLS, but its spectral width is some 10 MHz only.
tions defined as stimulated thermal Brillouin scatteringFor counterpropagating light waves, e.g., it =2
(STBS and stimulated thermal Rayleigh scattering X 16 MHz (HWHM).
(STRLS. Figures 2 and 3 show the calculated response Figures 2 and 3 show that the contribution of SBS is
function of the dye solution for a Rh6G dye laser emitting atmuch larger than that of SRLS and STBS, but the contribu-
600 nm and with\ ,=514 nm. The laser gaiB,,N is set at tion of STRLS, at small frequencies, might be even larger
4% per cavity round trigequal to the cavity logsThe thick-  than that of SBS. The relative strength of the influence of the
ness of the dye jet is=100um, andw,=6.7 um. The dye  most important contributions, SBS and STRLS, on laser dy-
solvent is ethylene glycdlmolar mass 6Rwith the param- namics is estimated when comparing the imaginary parts of
etersn=1.43,p,=1110 kg/mi, »=1660 m/sH=0.019 kg/  the response functions, since these parts are responsible for
ms, A7=0.25 kg(s’K), and C,=2400 nt/K, all taken the variation of the lightamplitudes The area under the
from Ref.[26]; andcvgcp_(-ro,g%/pok)zzom /(£ K), imaginary part qf th_e SBS resonance curve in Fig. 2 for
Br=6.2x104K™L, and the compressibility k=3  counterpropagating light waves is approximately three times
X 1071 m/kg, all taken from Ref[27]. larger than that under the STRLS resonance in Fig).3
The electrostrictive part of the response function is showrloreover, the STRLS peak is very narrow and poorly over-
in Fig. 2 for three values oK | expressed through the angle laps with the beat notes in lasers of less than 10-m cavity
8 between light waves in Eq55). It is calculated with Eq. [ength. Typical dye lasers are much shorter, and we con-
(54) under the assumption that optothermal effects are abseftude, that FWM by SBS dominates in a multimode dye laser
(«=0), and only SBS and SRLS are present. For counter®Ver that by _STRLS. Takmg into account only SBS, the re-
propagating light waves@= ) the Brillouin resonance has SPonse functioiEq. (54)] writes
its maximum value atvg=wg =27 X8 GHz. The spectral

width of SBS isI'g=27x2.5 GHz (FWHM). At smaller ¢ (2= g, 2" *2 K2

angles between the light wavésmaller value of|K|), the ' ° 2 3 wz(|K]?)—w’—ioTlg(K[?)"
maximum of the response function becomes higher and nar- (60
rower, Eqg.(56). The contribution of stimulated electrostric-

tive Rayleigh scatteringSRLS is very small. It is hardly The scattering coefficiens(SBS) is calculated from this

visible around zero frequency. response function by taking into account the distribution of
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FIG. 3. Response function of the gain medium for excitation of
density waves by optothermal excitation induced by two light

waves that cross at the anglg=w (solid line), #/3, and #/6

(dashed lines (a) Contributions from STBS and STRL#)) same
as in(a), but the frequency scale is expanded, and the ordinate sca

compressed.

the light field either for counterpropagatifgg. (23)] or co-
propagatind Eq. (24)] waves, using Eq925) and (53):

wg 1+i[(0g?— )0 Tg]

g(SBS:~) — gSBS , (61
Sy, Tl Dl O
= w3 w3
s§SBS?>=s§§§J o|(|r<|2)zexp(—T K 2)
0
iwg Tg (c/2nw)?|K|? 62

X - .
(w§2+ o, I'g)(c/2nw, )?K2— a)rz
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FIG. 4. Scattering coefficientS,(w,) for SBS in(a) backward
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In Egs.(61) and(62),

n%+2

2 ot 2 1 1
LALTRI

—

SBS_ _
poc>n? 'n'W(z)L L wg' Ty
(63)

max™

Is the maximum value of the scattering coefficient. For a
&ser with cavity lengti.=1 m and with the above param-
eters,Syoe=1.7x10" " s74,

The scattering coefficient in the backward direction,
S{SBS=) | is shown in Fig. 4a). Its spectral dependence
agrees with that of the response function, shown in Fig. 2
(B=), except that the real and imaginary parts are inter-
changed. It shows that each laser mode is efficiently coupled
with two groups of modes with frequencies shifted by
+8 GHz. At the cavity length.=1 m these groups consist
of about 20 modes.

The spectral profile of the scattering coefficient in forward
direction S{5857) is shown in Fig. 4b). Its real part is ob-
tained by analytical evaluation of E(62), and its imaginary
part is derived from the real part by the Kramers-Kronig
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relations. The maximum value of the spectral profile is about
one-third of that for backward scattering, and it is situated at
a much lower frequency0.2 GH2. At the assumed cavity
length L=1 m) the emitting modes are coupled efficiently
only with their next neighbors.

SBS in the backward direction is three times stronger and
couples 20 times more laser modes than SBS in the forward
direction. Therefore, its influence on laser dynamics is about
60 times larger. In a linear laser, where both scattering di-
rections are present, we neglect SBS in the forward direction
and keep only SBS in the backward direction when simulat-
ing laser dynamics.

Figure 4c) shows the scattering coefficient calculated for
PP with Eq.(52). Its maximum value is 10times larger than
that for the SBS in the forward direction, and it has approxi-
mately the same spectral width. Therefore, in the unidirec-
tional ring laser that lacks SBS in the backward direction, we
neglect SBS and consider only PP in the simulations. In a
standing-wave laser both SBS and PP must be considered.

Mode index q-qo

Mode index g-qo

200 250

0 ‘ 50I ‘100I 150
Il. NUMERICAL SIMULATIONS Time (ms)

The equations of motion of the light amplitudes are com-  FIG. 5. Simulated trajectories of the light fldtop) and phases
bined from Eqs.(42) for the first-order contribution to the (bottom of the light in individual modes of the laser with quantum

amplitude and Eq(25) for the third-order contribution to the fluctuations, but no(nonlineaj mode coupling. Horizontal lines
amplitudes; they are represent individual laser modes; brighter gray values indicate

higher power or a more advanced ph@s®d 27). The maximum
of laser gain is aj=qq.

d BqN_— 0% N s
Gt~ > aq+fq+52r % (S ép-q B=10%/2L. The dipole dephasing rate, vy,
=1.8x10" s, is calculated from the spectral width of the
+S7 (67— 61 0)]agsrap, @y (64)  gain, and the pump rate is set4o=1.3. The lifetime of the

upper laser levely,=2.5x 10° s™%, was taken from the lit-
if narrow-band intracavity absorption is lacking. These equaerature[30].
tions are solved numerically by taking into account FWM  The simulated laser has a symmetric two-mirror configu-
due to PP and/or SBS in the backward direction. Since theyation with anL=5.25 cm cavity lengttiin some cases 1.75
contain stochastic forces, they are solved by a Monte Carlom). The number of simulated modes is 81, enough for the
procedure. Equatiot1) for the mean value of the inversion reproduction of the entire emission spectrum at any time
is adiabatically eliminated. For the initial condition we adoptexcept the first millisecond. This spectral width of the gain
a thermal distribution of complex light amplitudes of the corresponds to 10 mode spacings (HWHM) at L
cavity modeg$28,29, i.e., an exponential distribution of pho- =5.25 cm, and the spectral peak of the SBS coeffidiEnt
ton numbers and random phases. The calculations were doi@&l)] overlaps with the third-neighboring mode.
with finite time increments, whose duration should satisfy To speed up computation, we considered SBS phonon
the condition 7<7/y(7n—1) for stability of the coupled frequencies only up to =9. The scattering coefficient ac-
equations for laser inversion and total photon number. Theording to Eq. (61) decreases quickly withr. For L
random forcef ; simulating quantum fluctuations is added at =5.25 cm, it is 30 times smaller at=9 than atr=1. This
each iteration; it has a two-dimensional Gaussian distributiompproximation was proved to suffice by observing no devia-
in the complex amplitude space. The mean value of theions from results simulated with the full phonon spectrum.
added photon numbers is given by E44). Even after one In contrast, the PP is calculated for all beat frequencies
iteration it exceeds the initial number of thermal photons.that show up in the laser, i.6.<r<80. Reduction of the
Therefore the actual realization of the distribution of photonbeat spectrum may diminish the strength of FWM signifi-
numbers among the modes in the spectrum of laser emissiaantly. This finding is brought about by the imaginary part of
is determined by the random force rather than by the initiathe scattering coefficient from a PP, decreasing but slowly
conditions. with r, as shown in Fig. &).

The parameters of a real cw dye laser were measured. The The results of a numerical simulation of Eq§4) in a
waist wo=6.7 um is estimated from the divergence of the standing wave, and in a unidirectional ring laser, are shown
laser light. The loss rate of the cavity is determined from then Figs. 5-12. Simulated complex reduced amplitudgs
transmittance of the output mirré2%), and from the inter-  provide us with photon numbers in laser modes and with the
nal cavity losg2% per cavity round trip as a function of the modes’ phases. Photon numbers and phases are shown in the
cavity length, y=0.04c/2L. The gain rate is determined figures as two separate trajectories. The increase in bright-
from measurements of the output power at different pummess of the mode tracks in the trajectories indicates the
rates and cavity lengths as a function of the cavity lengthgrowth of power or phase. The black background represents
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Mode index q-qo
Mode index q-qo
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Mode index q-qo
Mode index g-qq
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FIG. 7. Simulated trajectories of the light flftop) and phases
(bottom) of the light in individual modes of the laser, with quantum
fluctuations and nonlinear mode coupling by PP, in a standing-wave
symmetric cavity.

Mode index q-qq

to describe laser dynamics in a “photon” approd6—19.
The main features of this trajectory ai¢ the redshift of the
— o = emission, which is due to Stokes scattering of photons in the
L 10 2 e 24 neighboring modes with smaller indexii) the emission
spectrum being much broader than one without mode cou-
FIG. 6. Simulated trajectories of the light flux in individual pling, as in Fig. 5top), and(iii) the autocorrelation time of
modes of the laser with quantum fluctuations and nonlinear mod¢he fluctuations being much shorter than expected from the
coupling by degenerate SB®p), and both degenerate and nonde- influence of quantum noise only. These features were pre-
generate SB%centej in a standing-wave symmetric cavity. Phases dicted in previous simulationsl6—19.
of the light in individual laser modes with nondegenerate S&8- Figure 6(centel shows the trajectory of photon numbers
tom). in laser modes, simulated with quantum fluctuations and
L nonlinear mode coupling due teondegenerate SBSlonde-
zero photon number and zero phase. The phase is given fl.narate SBS takes into account the coupling of a larger

the range from 0 to  modulo 2. The length of the ra-  ;yner of modes, and results in a larger total scattering rate
jectories extends from the start of laser oscillation to 290 ms

in Fig. 5, and to 58 ms in Figs. 6, 7, and 9-11. i : | i :
Figure 5 shows the result of a simulation of laser dynam-
ics without nonlinear mode coupling, but wittuantum fluc-
tuations [Eq. (42)]. The spectral profile of laser emission
condenses into a few surviving modes at the end of the track.
These modes show, as expeci&l], full-scale quantum
fluctuations. The autocorrelation time of these fluctuations,
that depends upon the average photon number in the laser
mode asty=(Mg)/y [3,31], is about 600 ms in the central
laser mode. Weaker modes exhibit shorter fluctuations, but 1
they are hardly visible in the trajectory of photon numbers T
(top) due to the limited dynamical range of the print. Instead,
they are observed in the trajectories of the phdmstom).
The spectral width of the steady-state output, averaged over gG. 8. Closed circles denote the frequency shift of the light in
long time or over many laser pulses, is expected to be merelyser modes off the eigenfrequencies of the empty cavity, adopted
1.2 mode separatior($iWHM) [3]. from the trajectories in Fig. Tbottom), which depends upon the
The trajectory in Fig. 6top) shows the laser dynamics mode index, and a fit with Eq65) (solid line). Open circles denote
simulated with Eq.(25) at p=q, which merely takes into the frequency shift of the light in laser modes calculated with Eq.
account quantum fluctuations and nonlinear mode coupling5) by using a simplified mode[32] (degenerate modeg=q
only by degenerate SBShis case represents earlier attemptsonly), and fit with Eq.(65) (dashed ling

Frequency shift (kHz)

-40 -20 0 20 40
Mode index q-qy
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FIG. 9. Simulated trajectories of the light flytop) and phases FIG. 11. Simulated trajectories of the light fl@top) and phases

(bottom of the light in individual modes of the laser, withueidi- (bottom) of the light in individual modes of the laser with a

rectional ring cavity with quantum fluctuations and nonlinear mode standing-wave symmetric cavity, with quantum fluctuations and
nonlinear mode coupling by P&hd SBS.

coupling by PP.
than with degenerate SBS. As a result, the spectral broadegs PP in a standing-wavesymmetric cavity. Now, the emis-
ing turns larger, and the autocorrelation time of fluctuationssion spectrum is broadened, but not shifted. The autocorre-
is shorter than with degenerate SBS. The trajectory showsition time for central modes is larger than before. Phase
both a redshift and a blueshift of the output spectrum, butorrelation between adjacent modes is obvious. Moreover,
still the redshift dominates. The phases in laser modes showgshases permanently increase in the blue half of the spectrum,
in Fig 6 (bottom do not show obvious correlation. and decrease in the red: PP push the mode frequencies away
The trajectories in Fig. 7 show laser dynamics, simulatedrom the gain center. This frequency shift is shown in Fig. 8;
with quantum fluctuations andonlinear mode coupling due it is fitted with the dispersive Lorentzian profile

_ Po(9—0p)
IHL(q— o) /Pl 69

Aw

with po=2mX32 Hz andp,=58. Such a frequency pushing
was predicted theoreticallj32] in an attempt to explain
measurements of the beat spectrum in a helium-neon laser
[33]. The right-hand side of Eq(25) shows that the fre-
quency shift is caused by the imaginary parSpf However,
previous models assumed only degenerate teqmsq) to

Mode index g-qo

Mode index gq-qo

0 10 20 30 i
Time (ms) 0 ! ! ! 05 1
Time (ms)

FIG. 10. Simulated trajectories of the light flgop) and phases
(bottom of the light in individual modes of the laser withumidi- FIG. 12. Section of the trajectory of the light flux in individual
rectional ring cavity with no quantum fluctuations, but with nonlin- laser modes of a standing-wave symmetric laser, simulated with

ear mode coupling by PP. qguantum fluctuations and PP. High time resolution.
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generate mode pushing. In this case the shift can be derived IV. INTERMODE BEAT NOTES

for modes far from emission center. It is A. Dynamic eigenvalues of intermode beat notes

Some specific features of the laser dynamics, that may be
Y(7—1)y, tested in experiments, require better time resolution of the
SPCECAETS (66)  simulated trajectories. Figure 12 shows a section of such a
trajectory with 10us time resolution, calculated with Egs.
(64) by taking into accounguantum fluctuations and PP
The modeled laser consists of a 1.75-cm-long two-mirror
linear cavity with the dye jet placed in the center. The pump
rate is assumed to be= 2, and the cavity loss 4% per round
. ] .. trip. Figure 12 reveals strong pulsations of the photon num-
(dashed ling according to Eq(65). The results of this fit, bers in individual modes in the frequency range from 10 to

Fhoo:sgwgatizr? Hjsinggl:oi a:ndefétglﬁrﬁgjlegnlgﬁint!{)r/];[?mh th1e00 kHz. Simulations show this feature neither when drop-
9 9 pairs, g ping all nonlinear terms nor when merely including SBS.

qualitative features are fairly reproduced. Indeed, the differ- The oscillations are obviously a characteristic feature of

ence originates from previously neglecting nondegenerat : . S
terms in the mode coupling by PP. Our results show that thisﬁqe laser dynamics determined by FWM from PP, which is

L - : included in Egs(64). In order to identify these oscillations
approximation is insufficient for an adequate modeling of ider fi idirectional rin I “When i )
multimode lasers. we consider, first, a unidirectional ring laser: When inserting

) ) ; o
The trajectories in Fig. 9 show laser dynamics, simulatec}he matching values of the spatial correlation functigps

with quantum fluctuations and nonlinear mode coupling due- L @ndé,"q=0 and transforming Eq$64) into equations

to PP in aunidirectional ring cavity. The autocorrelation ©f motion for photon numberag aq, we obtain
time for central modes is significantly longer here than that %
d Ag+ A

Aw

The frequency shift calculated with E¢R5) and assuming
the degeneracy of modg@sandq, as in that previous model,
is also shown in Fig. 8open circley together with its fit

with the standing-wave lasdFig. 7), and extends beyond — — (g% g y= a*a,+(f*a,+c.c)
the simulated time range. The phase dynamics shows no ob- dt = 94 2 amas e
vious mode pushing. In the spectral wings of the emission, "
:jrlz(;;ldered and fast-ﬂqctuatlng phases shov_v up, determlned + 2 { E ap+ra§ 7r ag+,aq+c.c. ,
y by quantum noise. In the central region, we notice a r£0 P
stable, but nonuniform phase distribution corresponding to 67)

phase locking of the laser modes.

Suppression of quantum noigé;=0) in a laser with  \yhere the linear loss and quasilinear gain are lumped to-
nonlinear mode coupling due to PP in a unidirectional ringyether inA. The strength of FWM described by the last term
cavity enforces amplitude locking of all calculated modes ofﬁ’q Egs. (67) obviously depends on the correlations
the laser, which is demonstrated in Fig. 10. Starting from azpapﬂaz of light amplitudes in the laser modes. These cor-

randqm distriput_ion,. the_ phases exhibit, after gbou'g 5 MS, Jjations are complex beat notes that should modify the over-
quasistable distribution in all the calculated trajectories. This, | |aser power at each of the intermode frequengies The

case corresponds to previous approximative simulations quations of motion for the beat notes are also derived from

the influence of PP on laser dynam{d€)]. The actual laser E 4 Af itabl ing the tripl h )
dynamics with PP and quantum noise shown in Fig. 9 dif- 3:1'6(36 ). After suitably rearranging the triple sum, they be

fers, however, from the results of that approximation, an

shows that including quantum noise is indispensable.
Simulated laser dynamics with quantum fluctuations and—

nonlinear mode coupling due ®P and SBSn a standing-

wave cavity laser is shown in Fig. 11. It resembles the laser

dynamics in Fig. 7 calculated for the same laser, but without +frag. o+ >

SBS. Typical features that characterize SB®). 6, center a-a r#0

are invisible, but mode pushing and phase correlation, typi-

cal of laser dynamics with PP, are well reproduced. We con- * *

clude that PRIominatethe laser dynamics of a multimode XEp % apﬂé AarrBars: (8

dye laser even in the standing-wave configuration. This pre-

domination may come about by mode-locking due to PP For nonlinearities with spectraligntisymmetricscattering

leading to particular phase relations, which are a handicagpoefficient,S_;=—S}, such as FWM by SB$Figs. 4a)

for effective FWM by SBS. However, at different values of and 4b)], the last, nonlinear term in Eqé8) vanishes. In

certain laser parameters, e.g., with smaller cavity loss, ththis case the correlation of light amplitudes in the laser

relative strength of SBS might be larger, since the scatteringnodes is determined only by linear terms and stochastic

coefficient of the PP is reduced, according to Esp). In  quantum noise.

contrast, the scattering coefficient of FWM due to SBS does Let us consider nonlinear mode coupling witlsyanmet-

not depend on cavity loss. In a unidirectional dye ring laserfic scattering coefficient, such as with FWM by Pfee Fig.

where PP is about as strong as in a standing-wave lase#(c)], which leaves nonvanishing the nonlinear term in Egs.

whereas SBS is some 60 times weaker, PP always dominatés8). The internal sum ovey consists of two parts: The first

over SBS. part contains degenerate terms;s, and represents just the

AF+A
_ q q+s
—Zq - aéaq+s+2q (agfos

Eq: afag.s

S +Sf
2
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overall photon number, Eq46). It is kept constant due to g
gain saturation. The remaining sum oyeris made up of :
beat notes, i.e., the variables of Eq68). When keeping 106 F
only the degenerate terms=s) in the right-hand-side of g
Egs. (68), this equation describes beat notes that undergo 108
damped oscillations,

d (7=1)7a S5+ S 10

a % agaq+s): Bmax 2 % a;aq+s. 10—6

(69

—
<
00

The complex eigenvalue of the beat amplitude, i.e., its reso-
nance frequency; and damping constait,, is calculated
upon substituting the scattering coefficient for PP from Eq.
(52),

10_4;::::::

—
<
=N

Y(n—1) l+iws/nya,
1+(ws/77')’a)2.

Spectral power density (arb. units)

T+iA= (70)

—
<
o0

_.
<
S

The second part of the internal sum, with nondegenerate
termsr#s, acts as the drive term for the damped oscillator ;
generated by the other beat notes, which adds a deterministic 106
contribution to the drive, but does not modify the eigenvalue. £

The oscillation frequency ¢ of the beat note at intermode
frequencywg has the same sign as;. Consequently, inter-
mode beating takes place at the frequengy- A, which A el
exceeds the frequency separatiog of the beating modes. 10* 10°
The shift A of beat frequencies is much larger than found Frequency (Hz)
from the dispersion caused by the laser gain, and from simu-
lations with the present model, but with moderate tempora,as
resolution only(Flg. 8. As a reSl.JIt’ the. Sldeban.ds tha.t guantum fluctuations, bu®) no nonlinear mode coupling art)
FWM-PP contributes to th? dynamics of light a_mphtudes Nith guantum fluctuations and PP, in a unidirectional ring laser,
Egs. (64) are frequency shifted off the mode eigenfrequen-ih quantum fluctuations and PR) in a standing-wave laser, and

cies byAs. Mixing these sidebands with the light amplitudes () with quantum fluctuations and SBS in a standing-wave laser.
in laser modes gives rise to modulation of the light power

with the frequencied . These eigenfrequencies of the beat In standing-wave cavities the spatial correlation of modes
notes are supposed to appear in the photon-number trajectir Eq. (64) becomes important. A symmetric cavit,
ries of the modes. As an example, Fig. 12 shows a section £ L/2 has two types of spatial correlation$} Correlations
simulated trajectory with Js time resolution. Indeed, this of copropagatingpairs of waves: With the approximation of
trajectory reveals light modulation of various frequencies ina thin jet, this correlations function i§~ =[1+(—1)"]/2,

a 10-kHz range. Fourier analysis yields, in Fig. 13, spectra ofuch that copropagating pairs of waves contribute to FWM
the light modulation in the central laser modg calculated  only if the modes are separated by ewenmultiple (2i) of

for a 5.75-cm-long laser at pump rate 1.3, and 4% cavity losshe fundamental beat frequency. Accordingly, pulsation fre-
per cavity round trip. Figure 13), calculated with quantum quenciesA ;. ; from odd overtones vanish, as demonstrated
fluctuations only, but no mode coupling, shows a purein Fig. 13c). (ii) With correlations ofcounterpropagating
random-walk process. Figure 8 shows a spectrum of pajrs of waves, in contrast;,” ,=(—1)P~9/2 holds. Now,
fluctuations in the output of a mode in a unidirectional ringthe beat notes contain terms likga,+ s with alternating
laser with quantum fluctuationand PP. There are several jgns. Since the correlation is half the valuedt, the dy-

peaks corresponding to the expected eigenvalues. The gy mic eigenfrequencies, have half the values of copropa-
qguency of these peaks is derived from E£0), which sim- gating pairs, i.e.Al=AJ2~A,.. Therefore, copropagating

plifies atws> 7y, to and counterpropagating pairs of waves in a standing-wave
_1 laser generate only every second modulation frequency, as
As:u. (71  compared with a ring laser,

Ws Copropagating pairs of waves do not affect the beat notes

by antisymmetric FWM(SBS, e.g. whereas counterpropa-
The strongest peak, @ =75 kHz in Fig. 13b), is the  gating pairs impose a drive on the beat. However, there is no
fundamental pulsation frequency corresponding to the beatesonance, and the dynamic eigenvalues arise only from

note fundamental frequency =dw. Subharmonic pulsa- symmetric FWM. Figure 1@l) illustrates that statement. It
tions A;=A,/s correspond to beat-note overtonegw. shows a spectrum of photon fluctuations in the laser mode
Their amplitudes decrease withincreasing. due to quantum fluctuations and FWM due to SBS. As ex-

108 |

FIG. 13. Spectrum of fluctuations of the light flux in the central
er mode calculated from a simulation of laser dynamics with
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FIG. 14. Experimentally recorded spectrochronogram of the dy-
namics of the light flux in individual modes of a cw dye laser in a
1.8-cm-long standing-wave cavity.

FIG. 15. Fourier spectrum of the power in individual laser
modes recorded in the 1.8-cm-long standing-wave cavity at the
pump raten=1.5.

pected, there are no peaks init. with Eq. (71), the total cavity loss of the laser. The obtained
The pulsations of the light in individual laser modes havevalue, 2.8% per cavity round trip, complies well with the
been also observed in experiment. The experimental setup iS2504 output coupling, if one ascribes 1.55% to the intrinsic
analogous to one used in previous experimgBEsA cw dye  |oss of the cavity. This value agrees with the results of inde-
laser is pumped by an argon laser\at 514 nm. A jet of  pendent measurements of the cavity loss, 1.5—2 %, in similar
Rhodamlyne & dye dissolved in ethylene glycol is set at |asers when recording the laser threshold vs the transmittance
Brewster's angle to the optical axis in the geometric center opf the output mirror. Note that the experimental line shapes
the cavity. Cavity mirrors of 98.75% and 99.95% reflectivity 5re broadened, a result of nonequidistant mode spacings
are separated by=18 mm. They form a symmetric, con- caysed by the dispersion in the cavity. In the above model,

were AR-coated and tilted with respect to the optical axis ing Eq. (1).

order to avoid spectral modulation of the emission spectrum
by multiple-beam interferences.

The dye-laser emission is collimated and spectrally ana-
lyzed by a 1-m Czerny-Tuner grating spectrograph with It was shown that beat notes of the laser field modes are
0.005-nm resolution. This resolution suffices for spectrallythe driving force for various types of FWM. Now we con-
recording individual longitudinal modes. The spectrographsider the back action of FWM, by nonlinear mode coupling,
was used in two modes of operation: as a monochromatonn the strength of intermode beating. As shown above, SBS
for the observation of the temporally varying emission inis only a small drive for the beat notes but no damping,
individual laser modes by a photomultiplier, or as a poly-whereas PP imposes extra damping and extra driving on
chromator. In the latter version, the laser spectrum is rethem. The last term of E(68) is the nonlinear drive terms
corded by a diode array or by a mechanical streak cameraf the beat notes. It is a sum of products of two beat notes
that allows recording of spectrochronograms with simulta+ ands—r. Since the frequency shiftd of the beat notes
neous temporal and spectral resolution. The streak cametary inversely withws=s- dw [Eq. (71)], the shiftsA, and
consists of a rotating mirror that replaces the diode array aA,_, do not matchA, and each beat note is driven by the
the output plane of the spectrograph, and of a lens that imethers off resonance. Thus, the extra damping of the beat
ages the ten-times-magnified laser spectrum on the screemotes by PP may exceed the extra drive.

The moving image is photographed on sensitive 36-mm film Figure 16 shows spectra of beat notes calculated from
(Kodak P3200. The temporal resolution of these spectro-numerical simulations for a unidirectional ring laser at vari-
chronograms being recorded at 2-Hz rotation of the mirror ious moments of time after the onset of laser oscillation. In
about 10us. Figure 14 shows a spectrochronogram of a dyd-ig. 16(a), quantum fluctuations are absent; however, the ini-
laser recorded at the pump rage=2.0. It shows strong pul- tial conditions are assumed to be stochastic. The first spec-
sations of the light power in the laser modes, and resemblegum at 50 us shows almost equal amplitudes at all beat
the spectrochronogram in Fig. 12, numerically simulated forfrequencies, i.e., the spectrum is characterized entirely by the
a dye laser with the same parameters. initial conditions. With increasing duration of laser oscilla-

The temporal variation of the light flux in individual laser tion the beat notes decrease; they are damped by PP. Further-
modes is recorded by a photomultiplier with a spectrograpimore, the extra driving of the beat notes by PP at high fre-
operating in the monochromator mode. Time series withquencies diminishes because the emission spectrum narrows.
65 536 data points separated by.2 are analyzed by Fourier As a result, high frequencies are damped more than low fre-
transformation. The resulting spectrum, shown in Fig. 15guencies.
has two distinct peaks at 22 and 45 kHz. Since odd beat Figure 16&b) is calculated for the laser with quantum fluc-
frequencies remain unshifted by PP in the symmetriduations present. Here the reduction of beat notes is smaller
standing-wave cavity A,;i,1=0), we assume that these than in Fig. 16a), and the stochastic driving force of quan-
maxima represent even pulsation frequencieA atndA,. tum fluctuations is stronger than that of PP. The stationary
From these data and the applied pump ratel.5 we derive, beat notes are determined by the balance of this stochastic

B. Strength of intermode beat notes
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FIG. 16. Spectra of beat notes in simulations of spectral dynam- 107 '
ics of a unidirectional ring dye laser when taking into account
FWM by PP, without quantum fluctuatiorig), and with quantum r
fluctuations(b), at various times after onset of laser oscillation. 106 3 . | E
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drive of quantum fluctuations and their damping by PP. Beat frequency w/d®

This result demonstrates the importance of quantum fluc-
tuations when simulating the laser dynamics and taking PP FIG. 17. Stationary spectra of beat notes in simulations of spec-
into account, unlike in a previous mod@l0]. With quantum  tral dynamics of a cw dye laser with quantum noise, but no mode
fluctuations neglected, PP reduces the beat notes and evefuPling (@, with quantum noise and PP, in a unidirectional ring

. -.cavity (b), with quantum noise and PP, in a standing-wave asym-
tually correlates all the emission spectrum, as observed |ﬁ1emc cavity (z,=L/10) (c), and with quantum noise and SBS in a

Fig. 10. Mode amplitudes are correlated in such a way, thaétanding-wave asymmetric cavitgg=L/10) (d). Solid lines repre-
the beat notes are strongly suppressed. As a result, the SUpsyt spectra of beat notes with stochastically distributed light
pression of beat notes limits the strength of all types of FWMppages.

and establishes a stationary amplitude distribution that de-

pends upon initial conditions. Quantum fluctuations act as ahis procedure is proved in Fig. (&, where the data points
permanent driving force for beat notes and establish the stare calculated from the left-hand side of E@2), and the
tionary level of the beat. With PP present, this stationarfine is calculated from the right-hand side of E@2). Since
level is lower: PP diminishes, via mode coupling, the influ-the laser dynamics in this case is governed by quantum noise
ence of quantum fluctuations on the phase of the laseonly, both representations agree with each other.
modes. An analogous effect takes place in a two-mode Figure 17b) shows simulated beat notes of a laser with
He-Ne laser by external modulation at the beat frequencfFWM by PP and with quantum noisdén a unidirectional
[34]. ring cavity (see Fig. 9. The beat notegdata points are
The influence of PP on the stationary beat spectra isuppressed, due to the PP, below the level that prevails with
shown in Fig. 17. The beat spectra are averaged over aboobmparable emission spectra solely under the action of quan-
10* data point in the last 75% section of the simulated tratum fluctuations(line).
jectories, where stationary laser dynamics is reached. Dia- Figure 17c) shows beat notes of a laser with FWM due to
gram (a8) shows beat notes with quantum noise, but FWMPP and with quantum noise insganding-wave asymmetric
dropped(see Fig. % The solid lines in all diagrams of Fig. cavity. The gain medium is placed asymmetrically at the po-
17 represent spectra of beat notes with the same photon disition z,=L/10. In a standing-wave laser, the nonuniform
tribution as in the simulated trajectoriebut with light  spatial mode correlation in the gain medium results in a sup-
phases distributed stochasticallffhey represent a laser pression of the beat notes only between certain pairs of
whose spectral dynamics is governeddmwantum noiseand  highly correlated modes. The cavity configuration here pro-
the photon distribution among the laser modes correspondades high spatial correlation between every tenth mode. Ac-
to the actual one. With this assumption, beat notes can beordingly, beat notes corresponding to multiples of ten free
calculated from the actual photon distribution fot 0, as spectral ranges of the cavity are reduced as compared with
2 beat notes of the laser determin_ed by_quantum r_10ise. In con-
E a* a.l)= z M. M (72) trast, beat notes at the frequencies with no spatial mode cor-
g arrd g array e relation  =5,15,25...) areeven increased.
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Obviously, the suppression of beat notes, as it appears 1oL
with a unidirectional ring laser due to its uniform spatial i (a) 1
mode correlation, places restrictions on the relative phases of i
the field modes, such that phase locking oc¢kig. 9). With i
nonuniform spatial correlation of the modes, as it appears in 107 ¢
a standing-wave laser, the absence of suppression of certain i
beat notes provides sufficient freedom for the phases such as “'
to allow mode pushingFig. 7). Strong periodic correlation .
between laser modes in a standing-wave laser might be the
basis for regular dynamics, which was observed in earlier
experimentg8].

Figure 17d) shows beat notes in the simulation of the
laser dynamics witiFWM by SBSand with quantum noise,
in the same asymmetric standing-wave cavity. One notes that
the beat notes are the same as in the case of dominating
guantum fluctuations. This feature proves that SBS does not
give rise to mode correlatiotalso see Fig. 6

For a measurement of beat notes, Fourier analysis of the
recorded total laser output suffices. Since we have to mea-
sure beat frequencies between modes separated by a large
number of mode spacings, a laser with a long cavity is re-
quired in contrast with the experiment on spectrally resolved
dynamics. The dye jet was placed in a standing-wave folded

....
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=2 1

I 1
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Spectral power density (arb. units)

1000

three-mirror cavity. The two spherical mirrors with radii of 107 . . i =
curvature 15 and 30 cm are highly reflecting=£99.9%). 0 500 1000 1500
The output plane mirror has 0.4% transmittance. Whereas Beat frequency (MHz)

the position of the jet was set ig= 15 cm, the cavity length FIG. 18. Experimentally recorded tra of beat notes in a cw

L was varied from 68 to 300 cm. The total laser output was 2. 6. xperimentally recorded spectra of beat notes in a © :
. ; standing-wave dye laser with three different asymmetric cavities:

measured with an avalanche photodiode. The beat spectrum”__0 05 :
. . . 4/L=0.05(a), 0.096(h), and 0.22(c). Herez, is kept constant,

was electronically reconstructed from the photodiode sign ndL is varied

with a spectrum analyzéHP 853A/8558B in the frequency '

range up to 1.8 GHz. contribute, although less than PP in a typical dye laser. This

The spectra of the recorded beat noteavity lengthL g1t is in contrast with that of the simpler “photon” ap-

=300, 157, and 68 cjrare shown in Fig. 18. The recordings proach to SBS, neglecting nondegenerate FWM. The effec-
consist of sharp maxima at multiples of the cavity free speciive inclusion of nondegenerate FWM in our approach al-
tral range, 5o =50 MHz (a), 96 MHz (b), and 220 MHz, |5\y5 4 consideration of anti-Stokes scattering in addition to
respectively. Each maximum corresponds to one beat ampliokes scattering, and enhances the rate of photon scattering
tude. All these spectra show that the beat notes are minimug anis.
at multiples ofc/2z,, i.e., at 0 GHz, 1 GHz, 2 GHz, etc.  pwwm by PP and by SBS is distinguished by different
These frequencies correspond to separations between modgssciral symmetry of scattering coefficients with respect to
having a maximum spatial correlation in the dye jet, as exyhe frequency of the material excitation: the coefficient is
pected from the model. .. symmetric for PP and antisymmetric for SBS. The symmetry
Such a beat spectrum cannot emerge from a periodic in¢ scattering coefficient for PP results in the shift of the
terference structure in the emission spectrum, since such &nlinear drive of the beat notes off resonance, and damping
spectral modulation causesaximumbeat notes at the mul- e peat notes. In contrast, SBS does not influence mode
tiples of the spectral period, notinimumones. The mea-  cqrrelations. The effect of the PP-induced dynamic eigenval-
sured beat spectra agree with simulations in Figcland  yes, j.e., the shift of the beat notes off the multiples of the

prove that PP dominates the dynamics of the dye laser speciqyity free spectral range and the suppression of the beat
fied above, correlates the laser modes, and reduces the b@gkes causes mode correlations and self-suppression of

notes. FWM, i.e., PP control themselves by negative feedback.
However, quantum noise acts as a continuous driving force
supporting FWM.

Two characteristic features of the influence of PP on laser

We have presented the most complete model of a cw muldynamics, predicted by the model, have been observed in the
timode dye laser so far. It is based on equations for thexperiment(i) Pulsations of the photon numbers in the laser
complex light field amplitudes in laser modes and takes intanodes have been detected by recording mode-resolved spec-
account quantum noise and FWM by PP and by variougral laser dynamics(ii) The suppression of the intermode
types of stimulated light scattering. Numerical solutionsbeat notes generated by PP has been proved by Fourier
show that SRLS as well as SBS close to the forward direcanalysis of the records of spectrally integrated output of a
tion do not contribute significantly to FWM. However, the laser in a standing-wave cavity configuration. These obser-
electrostrictive part of SBS in the backward direction doesvations show that PP dominate laser dynamics in dye lasers

V. SUMMARY
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with the typical parameterength, loss. ..) used in the ultimately achievable sensitivity of the emission spectrum of
experiments. However, the relative strength of PP and SB& cw multimode dye laser to intracavity absorption, a prob-
may change by variation of these parameters. Smaller cavitfem of superior practical interest.

loss, e.g., reduces the influence of PP and might increase the

relative influence of SBS on laser dynamics. Moreover, op-

tothermally excited SRLS might become important with a ACKNOWLEDGMENTS

larger cavity length. Dispersion in the cavity might also be-
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