
PHYSICAL REVIEW A MARCH 1998VOLUME 57, NUMBER 3
Effects of spontaneous emission on nondispersing wave packets in two-electron atoms
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We investigate the Rydberg wave packet dynamics of core-driven two-electron atoms with the density
matrix formalism. The spontaneous emission of the core transition is included. We show how it modifies the
dynamics of radial Rydberg wave packets, which are nondispersing, but slowly decaying in the absence of
spontaneous emission. Although our considerations apply to all two-electron atoms, we focus on the experi-
mentally convenient element calcium.@S1050-2947~98!07003-6#

PACS number~s!: 32.80.Rm, 32.80.Dz, 42.50.Ct
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I. INTRODUCTION

In the last two years, the suppression of dispersion
radial Rydberg wave packets in two-electron atoms has b
proposed and investigated theoretically@1,2#. The basic con-
cept is the application of two laser pulses: a short one ex
ing the radial Rydberg wave packet and a second one dri
the core after the excitation. This technique is sometim
called isolated core excitation~ICE! and its effect on wave
packet dynamics has been the subject of many recent p
cations@3–6#. The core resonant field causes Rabi osci
tions between the Rydberg series, to which the wave pa
is excited originally, and an upper lying autoionizing Ry
berg series. Nevertheless, autoionization hardly occurs, if
Rabi oscillation and the Kepler-like motion of the radial R
dberg wave packet are synchronized in a proper way, tha
if the core is in its ground state whenever the Rydberg w
packet is at its inner turning radius. At that moment, au
ionization is impossible, since the atomic energy is below
first ionization threshold. On the other hand, whenever
Rydberg electron is sufficiently far away from the core, t
configuration interaction between electron and core is w
and the atom hardly autoionizes, even if the core is in
excited state. Conditions for the required synchronization
a good timing between exciting and core resonant la
pulse, and the choice of the Rabi period as a small inte
multiple of the Kepler period. The stabilization of the Ry
berg wave packet against dispersion can now be unders
in terms of the necessity to fulfill the timing condition; i.e
when the wave packet broadens, the tails are no longer
chronized and therefore undergo autoionization, whereas
center is still well timed and therefore almost unaffected
autoionization. Thus it is understandable that the setup un
consideration leads to slowly decaying, nondispersing R
berg wave packets.

It is now important to ask how this effect is influenced
the spontaneous emission of the core transition. Semicla
cally speaking, the spontaneous emission of one photon a
arbitrary moment destroys the above mentioned timing,
changing the phase of the Rabi oscillation. Consequen
spontaneous emission of the core transition is expecte
have a negative effect on the stabilization of the Rydb
wave packet@2#. Nevertheless, in a first approach the syst
571050-2947/98/57~3!/2014~7!/$15.00
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was examined by using amplitude equations and thereby
glecting the spontaneous emission@1#. This approximation is
valid as long as the radiative lifetime of the core

t~a.u.!51/G~a.u.! ~1!

is long compared to the Kepler period

Tcl~a.u.!'2p^n&3 ~2!

@7#, whereG is the decay rate of the core transition and^n&
the mean quantum number of the wave packet. In orde
get a feeling for the orders of magnitude involved, let us tu
to the example of calcium with its decay rateG53.79
31029 a.u. ~see Appendix!. The corresponding radiative
lifetime t56.38 ns is much longer than the Kepler perio
Tcl'20 ps of a wave packet centered around^n&550, and
the problem can be treated without caring about spontane
emission. This effect is important only for much higher me
quantum numbers where the Kepler period is comparabl
~or even exceeds! the radiative lifetime of the core transition
But the latter case is the more interesting one, as soon a
classical features of Rydberg atoms are considered.

Thus a thorough investigation of the phenomenon incl
ing spontaneous deexcitation of the core is desirable. It
quires the extension of our previous formalism so as to
clude this mechanism, as well as a realistic calculation
the quantitative assessment of the importance of the effe
a specific context. The issue has also been raised and in
tigated by Zobay and Alber@2#, whose formulation in terms
of multichannel quantum defect theory~MQDT! required a
Monte Carlo type of approach since their equations were
in terms of the channel wave functions. We have chosen
generalize our previous approach, which was cast in term
the resolvent operator for the wave function, by deriving t
corresponding set of density matrix equations into wh
spontaneous decay can be incorporated relatively straigh
wardly. As we shall see later on, the number of the neces
differential equations is quite reasonable, presenting no
ticular difficulty in their numerical solution. In addition to it
relevance to the problem at hand, this set of density ma
equations represents a master equation in which two inco
ent mechanisms~reservoirs! such as spontaneous decay a
transitions to the atomic continuum coexist. This approac
2014 © 1998 The American Physical Society
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57 2015EFFECTS OF SPONTANEOUS EMISSION ON . . .
possible here only because autoionization can be formul
in terms of discrete states and the respective continu
which they are coupled. And it is the isolated core excitat
arrangement of the problem, which creates a series of s
rate resonances, that allows such a treatment. The addit
cross coupling of these resonances by the laser is also re
included in the equations.

At this point, it is relevant to recall earlier work, almo
20 years ago, in which the question of interference betw
radiative emission and autoionization in the decay of ato
states excited above the first ionization threshold was for
lated and discussed by Armstronget al. @8#. At the time, the
authors recognized that such phenomena would be of
evance only in stripped ions of relatively highZ where au-
toionizing and radiative lifetimes become comparable. F
neutral atoms, however, typical autoionizing lifetimes,
least of states normally within experimental resolution,
much shorter than radiative decay, unless of course one
siders autoionizing states involving at least one electron a
orbit of very high principal quantum number, sayn>200,
which is practically unattainable spectroscopically. Wh
makes our problem relevant to neutral atoms is the invo
ment of a wave packet and not of a single autoionizing st
Spectroscopically, this requires the excitation of a band
high Rydberg states which is readily accomplished exp
mentally. If it became possible to resolve single autoioniz
states of sufficiently highn ~see also discussion in Sec. III!,
then the considerations of Ref.@8# would be of experimenta
relevance even for neutral atoms.

Another difference between that work and the present
per lies in the intention. Here we are concerned with
interplay between a wave packet and two reservoirs and
with the features of the spectra of the emitted photons
electrons which was the chief concern of Ref.@8#. Our for-
malism is nevertheless capable of dealing with those qu
tions as well and is in fact more general in that it include
manifold of states and the respective continua. Having
addition the master equation, one can deal with the impl
tions of the Rabi oscillation in driving the autoionizing stat
strongly and its effect on the spectra, if one chose to do

In that respect, our work is also related to papers t
appeared in the early 1980s~see, for example,@9,10#, and
references therein!, whose concern was the inclusion of r
diative decay in strongly driven autoionizing states. Mas
equations were also formulated in those papers which
dressed the effect of strong driving on the photoemiss
spectra. Again the difference in our work is that we deal w
manifolds ~instead of one! of autoionizing states and th
wave packet aspects.

Thus in some sense our work unifies and generalizes
above discussed earlier papers, in addition to providin
realistic and quantitative context to assess the possible
evance of those earlier formal considerations to present
experimental possibilities. It may be useful to remind t
reader here that even the effect of the strong driving on
toionizing line shapes was observed for the first time o
recently@11#, 15 years after the initial prediction@12–14#. It
is interesting to ponder when the interplay between pho
electron and photoemission spectra might be observed.
discussion of the relevant lifetimes in Sec. III does provid
quantitative frame of assessment. These are in fact issue
ed
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intend to discuss in a separate publication not dealing w
wave packets, which is our main concern here.

Since calcium is a promising candidate for experimen
investigation of the effect@15#, we will focus our attention
on this alkaline earth element. Referring to calcium, Fig
shows the ground stateug&5u(4s)2&, the nonautoionizing
Rydberg statesun&5u4snp& and the autoionizing Rydberg
statesu n̄ &5u4p n̄ p&, as well as the relevant continuum stat
uc1&5u4s1e2(ec1

)&, uc2&5u3d1e2(ec2
)&, and u c̄ &

5u4p1e2(e c̄)& with the corresponding free electron ene
gies ec1,2

and e c̄ . A special feature of calcium is the auto
ionization of the upper Rydberg series into two independ
continua, namely, the 4s-continuum uc1& and the
3d-continuumuc2&. Our formalism, which is introduced in
Sec. II, takes the configuration coupling ofu n̄ & to two inde-
pendent continua into account and is therefore appropr
for calcium. For our numerical calculations, shown in Se
III, we used values that are reasonably accurate in the cas
calcium.

II. FORMULATION

In this section we outline the derivation of the dens
matrix equations describing the dynamics of the ground s
and the Rydberg states.

The Hamiltonian of the system consists of the atom
part Hatom, whose eigenstates are $un&%
5ˆug&,$un&%,$u n̄ &%,$uc1,2&%,$u c̄ &%‰, the configuration cou-
pling V, and the time-dependent interactionsDex(t) and
D(t) of the atom with the laser pulses~see Fig. 1!. We start
our calculations by considering the Liouville equation

i\ṙ5@H,r#5@Hatom1V1Dex1D,r# ~3!

FIG. 1. Level scheme of calcium with the relevant interactio
dashed arrow:Dex; straight arrows:D; curved arrow:V.
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2016 57BIRGIT S. MECKING AND P. LAMBROPOULOS
for the atom coupled to the external fields and expandin
in the full basis of states$un&%. This procedure gives a sys
tem of first order differential equations for the correspond
density matrix elements. The introduction of the spontane
emission of the core transition with rateG yields

i\ṙgg5•••, ~4a!

i\ṙng5~En2Eg!rng1•••, ~4b!

i\ṙ n̄ g5~E n̄ 2Eg2 iG/2!r n̄ g1•••, ~4c!

i\ṙc1,2g
5~Ec1,2

2Eg!rc1,2g
1•••, ~4d!

i\ṙ c̄ g5~Ec̄2Eg2 iG/2!r c̄ g1•••, ~4e!

i\ṙn1n2
5~En1

2En2
!rn1n2

1 iGdn1 ,n2
r n̄ 1 n̄ 2

1•••, ~4f!

i\ṙ n̄ 1n2
5~E n̄ 1

2En2
2 iG/2!r n̄ 1n2

1•••, ~4g!

i\ṙc1,2n
5~Ec1,2

2En!rc1,2n
1•••, ~4h!

i\ṙ c̄n5~Ec̄2En2 iG/2!r c̄n1•••, ~4i!

i\ṙ n̄ 1 n̄ 2
5~E n̄ 1

2E n̄ 2
2 iG!r n̄ 1 n̄ 2

1•••, ~4j!

i\ṙc1,2n̄ 5~Ec1,2
2E n̄ 2 iG/2!rc1,2n̄ 1•••, ~4k!

i\ṙ c̄ n̄ 5~Ec̄2E n̄ 2 iG!r c̄ n̄ 1•••, ~4l!

where En5^nuHatomun& denote the atomic energies an
dn1 ,n2

is the Kronecker symbol. In order to save space,
parts of the equations which contain the coupling to all
other populations and coherences and where the matrix
mentsVn1n2

, Dn1n2

ex , andDn1n2
appear are not written dow

here. In principle, one could derive the wayG enters the
equations by considering the vacuum field as well. But thi
a well-known procedure@16# and needs not be repeated he
The above equations imply that it is convenient to change
slowly varying density matrix elements

sn1n2
5rn1n2

eivn1n2
t, ~5!

with vn1n2
being one of the frequencies out o

$0,vex,v,vex1v,vex12v% which is nearest the energy di
ferenceEn1

2En2
. Let mn1n2

be the dipole matrix elemen

between the statesun1& and un2& andEex(t) andE(t) be the
envelopes of the exciting and core resonant laser pul
Thus the system of equations can be simplified by writ
the matrix elements

Dn1n2

ex ~ t !5mn1n2
@Eex~ t !e2 ivext1c.c.#, ~6a!

Dn1n2
~ t !5mn1n2

@E~ t !e2 ivt1c.c.# ~6b!
it
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.
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g

in dipole approximation and by applying the rotating wa
approximation. In the resulting system of equations the c
tinuum is eliminated adiabatically@17,18#. Thus we obtain
the integrals

(
j 51,2

lim
e→0

E dcj

umcjn
Eu2

En1\v2Ecj
1 i e

5:Sn2
i

2
gn , ~7a!

(
j 51,2

lim
e→0

E dcj

uVcj n̄
u2

En1\v2Ecj
1 i e

1E d c̄
um c̄ n̄Eu2

En12\v2Ec̄1 iG/2
5:Sn̄ 2

i

2
g n̄ ,

~7b!

(
j 51,2

lim
e→0

E dcj

mn1cj
mcjn2

uEu2

En3
1\v2Ecj

1 i e
5:Vn1n2S 12

i

qn1n2
D ,

n1Þn2 ~7c!

(
j 51,2

lim
e→0

E dcj

V n̄ 1cj
Vcj n̄ 2

En3
1\v2Ecj

1 i e

1E d c̄
m n̄ 1 c̄m c̄ n̄ 2

uEu2

En3
12\v2Ec̄1 iG/2

5:V n̄ 1 n̄ 2S 12
i

q n̄ 1 n̄ 2

D , n̄ 1Þ n̄ 2 ~7d!

m n̄ 1n2
E1 (

j 51,2
lim
e→0

E dcj

V n̄ 1cj
mcjn2

E
En3

1\v2Ecj
1 i e

5:V n̄ 1n2S 12
i

q n̄ 1n2

D , ~7e!

where we used the well-known formula

lim
e→0

1

En1\v2Ec1 i e
5P

1

En1\v2Ec

2 ipd~En1\v2Ec! ~8!

to split up the corresponding integrals into their real a
imaginary parts@13# and whereEn3

is an average energ
within the manifold of the Rydberg states. Discussion
more detail of such integrals coupling discrete states to e
other via continua can be found in Ref.@17#. There are also
similar integrals with slightly different denominators: eith
En is replaced byEg1\vex, or En1\v is replaced byE n̄

1 iG/2. In the first case we make no further distinction, sin
we assume thatEg1\vex'En for all significantly populated
statesun&. In the second case the quantities belonging to
integrals with a larger imaginary part of the denominator
marked by a tilde. DefiningVn1n2

ex :5mn1n2
Eex, we obtain
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ṡgg5
i

\F(
n8

Vn8g
ex sgn82(

n8
Vgn8

ex sn8gG , ~9a!

ṡng5
i

\F S ~Eg1\vex!2~En1Sn!1
i

2
gnDsng2Vng

exsgg

2 (
n8Þn

Vnn8S 12
i

qnn8
D sn8g2(

n̄ 8
Vn n̄ 8

3S 12
i

qn n̄ 8
D s n̄ 8g1(

n8
Vn8g

ex snn8G , ~9b!

ṡ n̄ g5
i

\F S ~Eg1\vex1\v!2~E n̄ 1Sn̄ !1
i

2
~g n̄ 1G! Ds n̄ g

2(
n8

V n̄ n8S 12
i

q n̄ n8
D sn8g2 (

n̄ 8Þ n̄

V n̄ n̄ 8

3S 12
i

q n̄ n̄ 8
D s n̄ 8g1(

n8
Vn8g

ex s n̄ n8G , ~9c!

ṡn1n2
5

i

\F S ~En2
1Sn2

!2~En1
1Sn1

!1
i

2
~gn1

1gn2
! Dsn1n2

2 iGdn1 ,n2
s n̄ 1 n̄ 2

2Vn1g
ex sgn2

2 (
n8Þn1

Vn1n8

3S 12
i

qn1n8
D sn8n2

2(
n̄ 8

Vn1 n̄ 8S 12
i

qn1 n̄ 8
D s n̄ 8n2

1Vgn2

ex sn1g1 (
n8Þn2

Vn8n2S 11
i

qn8n2

D sn1n8

1(
n̄ 8

V n̄ 8n2S 11
i

q n̄ 8n2

D sn1 n̄ 8G , ~9d!

ṡ n̄ 1n2
5

i

\F S ~En2
1 S̃n2

1\v!2~E n̄ 1
1Sn̄ 1

!1
i

2
~g n̄ 1

1 g̃ n2

1G! Ds n̄ 1n2
2(

n8
V n̄ 1n8S 12

i

q n̄ 1n8
D sn8n2

2 (
n̄ 8Þ n̄ 1

V n̄ 1 n̄ 8S 12
i

q n̄ 1 n̄ 8
D s n̄ 8n2

1Vgn2

ex s n̄ 1g

1 (
n8Þn2

Ṽn8n2S 11
i

q̃n8n2

D s n̄ 1n81(
n̄ 8

Ṽn̄ 8n2

3S 11
i

q̃ n̄ 8n2

D s n̄ 1 n̄ 8G , ~9e!
ṡ n̄ 1 n̄ 2
5

i

\F S ~E n̄ 2
1 S̃n̄ 2

!2~E n̄ 1
1 S̃n̄ 1

!1
i

2
~ g̃ n̄ 1

1 g̃ n̄ 2
!

1 iG Ds n̄ 1 n̄ 2
2(

n8
Ṽn̄ 1n8S 12

i

q̃ n̄ 1n8
D sn8 n̄ 2

2 (
n̄ 8Þ n̄ 1

Ṽn̄ 1 n̄ 8S 12
i

q̃ n̄ 1 n̄ 8
D s n̄ 8 n̄ 2

1(
n8

Ṽn8 n̄ 2

3S 11
i

q̃n8 n̄ 2

D s n̄ 1n81 (
n̄ 8Þ n̄ 2

Ṽn̄ 8 n̄ 2

3S 11
i

q̃ n̄ 8 n̄ 2

D s n̄ 1 n̄ 8G . ~9f!

This system of equations for the slowly varying density m
trix elements is now ready to be investigated numerically

III. RESULTS

In the following, some of our results concerning calciu
are presented.

In order to examine the atomic dynamics, we integrate
above equations numerically with the initial condition of th
whole population being originally in the ground state. W
choose the numberDn of included quantum numbers aroun
^n& such that the inclusion of any further level leaves t
results unchanged. In our particular calculations, whose
sults are shown below,Dn555 levels are taken into accoun
and therefore a system of (2Dn11)2512 321 real equations
has to be solved. Concerning the laser pulses, we us
Gaussian-shaped envelopeEex(t) centered aroundt50 with
a widthDt5Tcl/3 for the exciting pulse and a Heaviside st
function E(t)5E0Q(t2Tcl) for the envelope of the core
resonant pulse. That is, we assume that the core-driving l
field is, for the purpose of this investigation, switched on o
Kepler period after the maximum of the exciting pulse h
been reached and then stays constant. The exciting pul
tuned to the energy difference between the statesug& and
u^n&&, i.e., vex5(E^n&1S^n&2Eg)/\ and the core resonan
pulse to the energy difference betweenu^n&& and u^ n̄ &&, i.e.,
v5(E^ n̄ &1S^ n̄ &2E^n&2 S̃^n&)/\. The intensity of the core
resonant laser is chosen such that the stabilization effe
maximal, i.e., that the Rabi period matches the Kepler
riod. All other parameters, which are used in order to obt
the graphs shown, are listed in the Appendix. Of course
experiments, pulsed lasers of appropriately longer dura
will be used for the core transition as well, as has been
cussed in@1#.

Figures 2 and 3 refer to a wave packet which is origina
excited around̂n&550. We obtain optimal stabilization fo
E052.0431026 a.u., which corresponds to an intensity
I 50.58 MW/cm2. In Fig. 2 the spontaneous emission of t
core transition is neglected, that is,G50. Since this is the
same assumption as in@1#, graph 2 is similar to the result
shown in that paper, although we have included here
configuration coupling of the upper Rydberg series to a s
ond continuum. The total population of the wave packet, i
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2018 57BIRGIT S. MECKING AND P. LAMBROPOULOS
the sum of the populations of all Rydberg states, shows
following behavior: After the core resonant laser pulse
switched on att5Tcl the total excited population decreas
fast in the beginning, which means that parts of the wa
packet are autoionized until the shape of the wave pack
consistent with the above explained scheme of synchron
tion between wave packet and core dynamics. After a
Kepler periods, the stabilization effect reaches its full ext
and we observe only very little autoionization. The coh
ence between wave packet and core dynamics is reflecte
the total population of the lower Rydberg series which sho
a structure similar to one collapse and one half revival wit
a period of 1/2Trev, whereTrev'2^n&Tcl/3 is the wave pack-
et’s revival time@7#, approximately 33Tcl in our case. Figure
3 refers to the realistic decay rateG53.7931029 a.u. of
calcium ~see Appendix!, where the radiative lifetimet
56.38 ns is much longer than the Kepler periodTcl'20 ps.

FIG. 2. Population of the wave packet~full curve! and total
population of the lower Rydberg series~dotted curve! in the case of
^n&550 andG50.

FIG. 3. Population of the wave packet~full curve! and total
population of the lower Rydberg series~dotted curve! in the case of
^n&550 andG53.7931029 a.u. For comparison, the population o
the wave packet in the casên&550 and G50 is also plotted
~dashed curve!.
e
s

e
is
a-
w
t
-
in
s
n

As one can expect from the small ratioTcl /t'3.131023,
the effect of spontaneous emission is small: the decay of
total population of the Rydberg series is slightly faster th
in Fig. 2, but the wave packet is still stabilized during ma
Kepler orbits.

In contrast, Fig. 4 shows a wave packet with^n&5200,
whose Kepler periodTcl'1.2 ns has the same order of ma
nitude ast and leads to a considerable size of the ra
Tcl /t'0.19. In this case optimal stabilization is obtained f
E052.9331028 a.u. (I 50.12 kW/cm2). The most striking
difference in comparison to Figs. 2 and 3 is that the popu
tion of the wave packet decays much faster as soon as s
taneous emission of the core transition is taken into acco
that is, autoionization is no longer suppressed effective
This result is in good accordance with@2#, where the param-
eters chosen for the numerical example they examined
respond to the caseTcl /t50.2. Additionally, we wish to
focus attention on the fact that in Fig. 4 the structure
collapses and revivals in the total population of the low
Rydberg series disappears after several Kepler orbits
gives way to an incoherent, statistical superposition of
ground and the excited state of the core. This reflects the
that the spontaneous emission of the core transition in
duces a stochastic component, thereby destroying the co
ence between wave packet and core dynamics. There i
longer a fixed phase relation between the Kepler-like mot
of the wave packet and the Rabi oscillation of the core, a
stabilization due to judicious synchronization is no long
possible.

IV. CONCLUSION

We have recast the results of@1#, concerning nondispers
ing radial Rydberg wave packets in core-driven two-elect
atoms, by using the density operator formalism. Start
from this, the spontaneous emission of the core transition
been included. We showed that it destroys in general
coherence between the wave packet and the core dyna

FIG. 4. Population of the wave packet~full curve! and total
population of the lower Rydberg series~dotted curve! in the case of
^n&5200 andG53.7931029 a.u. For comparison, the populatio
of the wave packet in the case^n&5200 andG50 is also plotted
~dashed curve!.
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57 2019EFFECTS OF SPONTANEOUS EMISSION ON . . .
and therefore has a negative effect on the stabilization of
wave packet against autoionization and dispersion. But
saw also that the magnitude of the influence of the spo
neous emission depends strongly on the ratio between Ke
period Tcl and radiative lifetime of the core transitiont. In
our concrete example of calcium, the inclusion of sponta
ous emission has proved to be important only for very h
mean quantum numbers of roughly^n&.100, where the Ke-
pler periodTcl is sufficiently large. It would nevertheless b
interesting to contemplate experiments even in that regi
as they would address a rather novel situation in whic
wave packet interacts with two reservoirs.
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APPENDIX: ATOMIC PARAMETERS

Most of the atomic parameters appearing in our equati
were determined by performing atomic structure calculati
for small and moderate quantum numbers and by extrapo
ing the obtained values to higher quantum numbers via Q
formulas. As we do not want to occupy too much space
listing all the numbers used in our numerical calculations,
confine ourselves only to the extrapolating QDT formulas

En1 S̃n'En1Sn>20.436 278 520.5~n21.84!22,
~A1!

E n̄ 1 S̃n̄'E n̄ 1Sn̄ >20.320 820 020.5~ n̄ 22.00!22,
~A2!

mng5mgn>1.7434~n21.84!23/2, ~A3!

gn
4s>7E0

2~n21.84!23, ~A4!

gn
3d>4E0

2~n21.84!23, ~A5!
K

e
e

a-
ler

-
h

e,
a

nk
r
,
r
e

s
s
t-
T
y
e

g n̄
4s>0.1350~ n̄ 22.00!23, ~A6!

g n̄
3d>0.1247~ n̄ 22.00!23, ~A7!

and the formulas used to determine the remaining ato
parameters

g̃ n'gn5gn
4s1gn

3d , ~A8!

g̃ n̄'g n̄ 5g n̄
4s

1g n̄
3d , ~A9!

G5
4

331373
v3m0

2 , @3#, ~A10!

Ṽnn8'Vnn8505V n̄ n̄ 8' Ṽn̄ n̄ 8, ~A11!

Ṽn̄ n85 Ṽn8 n̄'V n̄ n85Vn8 n̄ 5E0m0

3~21!n82 n̄
sinp~n82 n̄ 10.16!

p~n82 n̄ 10.16!
, @19#,

~A12!

Ṽn1n2

q̃n1n2

'
Vn1n2

qn1n2

5
1

2
~Agn1

4sgn2

4s1Agn1

3dgn2

3d!, ~A13!

Ṽn̄ 1 n̄ 2

q̃ n̄ 1 n̄ 2

'
V n̄ 1 n̄ 2

q n̄ 1 n̄ 2

5
1

2
~Ag n̄ 1

4s
g n̄ 2

4s
1Ag n̄ 1

3d
g n̄ 2

3d
!, ~A14!

Ṽn̄ n8

q̃ n̄ n8

5
Ṽn8 n̄

q̃n8 n̄

'
V n̄ n8

q n̄ n8

5
Vn8 n̄

qn8 n̄

5
1

2
~21!n82 n̄ ~Agn8

4sg n̄
4s

1Agn8
3dg n̄

3d
!, ~A15!

where m052.18. All of the above numbers are given
atomic units. Although we do not claim high accuracy, the
values are reasonably good for calcium, especially for
design of experiments, and are also compatible with exp
mental data where available@20–22#.
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