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lon dynamics in perturbed quadrupole ion traps
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We use the results of a Lagrangian formulation of the dynamics of ions in a Penning trap to calculate the
motional frequencies of the ions as a function of the trapping parameters. We then add realistic perturbations
to the ideal trapping fields in the formalism and deduce the effects of these perturbations on the ion motion. For
an ideal trap there exist values of the applied trapping fields that result in a degeneracy in the ion oscillation
frequencies associated with different types of motion. We show that this motional frequency degeneracy is
lifted by the inclusion of the effect of a tilt of the trap axis with respect to the axis of the applied magnetic field,
leading to an “avoided crossing” between the oscillation frequencies. We calculate typical ion orbits for trap
parameters that give oscillation frequencies near the avoided crossing between the axial and modified cyclotron
frequencies. We generalize the analysis to include the motion of ions in a comBierding-Paultrap and
perform an experiment to test the predictions of the theory for a degeneracy between the modified cyclotron
frequency and the axial frequency for Mdpns held in a tilted combined trap. The oscillation frequencies are
measured for a range of tilt angles using a photon-photon correlation technique. There is good agreement
between the experimental results and the theoretical predictions. The method we describe may prove to be a
useful means by which trap imperfections can be identified and subsequently removed.
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[. INTRODUCTION depending on the applied voltages and drive frequenoy
stable motion means that the ion’s orbit expands rapidly until

lons can be trapped and held at a well-localized positiorit hits one of the electrodgsThe stable motion of the ions
using a number of different schemes. The most populagan be viewed as being made up of two components: a rela-
schemes are based on the formation of a quadrupole electrityely slow harmonic oscillation about the center of the trap
potential using a set of three e|ectr0(ﬂé3;l One of the elec- (the secular motio)ﬁmodulated by a fast oscillation at the
trodes(the ring is similar to the form of the inner surface of drive frequencythe micromotion. The micromotion ampli-
a toroid, while the other twdend-cap electrodes are like tude increases with increasing distance from the center of the
hemispheres above and below the plane of the ring. Ideallyjfap. A simpler, approximate mathematical treatment of the
the surfaces of the electrodes are hyperboloids of revolutiorinotion can be obtained by considering the oscillating poten-
following the equipotential surfaces of an ideal quadrupoletial to set up a three-dimensional pseudopotential in which
potential. In reality, simpler shapes are often used when th#1e ions move. The secular motion is then just the harmonic
resulting small deviations from a pure quadrupole potentiamotion of the ions in the pseudopotential. The Paul trap has
can be tolerated. The electrostatic quadrupole potential on i@!s0 been widely used in precision experiments and spectros-
own only acts as a trap in one dimension along an axis becopy.
tween the end capi¢hez axis); the motion in the radial plane A third kind of trap can be formed using the same ar-
is unstable. rangement of electrodes by applying all of the fields of the

One method by which three-dimensional trapping may bébenning and Paul traps SimultaHEOUSIy. The equations of mo-
achieved is to include a magnetic field along thaxis that
forces the ions into cyclotron loops if they move away from
the center of the trap. The inhomogeneous electric field in
the trap results in aik X B drift motion (magnetron motion
around the center of the trap and a shift of the cyclotron
frequency(yielding the modified cyclotron frequengysee
Fig. 1. This configuration, called the Penning trap, has been /
used for a wide variety of high-precision experiments using

ions and electrons. o FIG. 1. Radial orbit of a single particle in quadrupole traps.

A completely different method for achieving three- (i eft) penning trap with a magnetron radius larger than the modi-
dimensional trapping is the Paul or radio-frequency trap. Inyeq cyclotron radius(Centej Same, but with the magnetron radius
this variant the magnetic field is absent and an oscillatingmaller than the modified cyclotron radiu®ight) Radial orbit in
radio-frequency potential is applied to the electrodes alonghe pseudopotential approximatigthe micromotion is neglected
with the usual dc potential. The equation of motion of ions inof the combined tragPaul sidé with the amplitude of the modified
such a trap is a Mathieu equation and the resulting motioryclotron motion (clockwis@ smaller than the amplitude of the
for a particle of given mass can be either stable or unstablmagnetron motioricounter clockwise
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tion for the resulting trap, known as the combined trap, have We begin, in Sec. Il, by describing the motion of ions in
been derived both classicall2,3] and quantum mechani- a Penning trap. The motion of a single ion has been studied
cally [4]. Initial experiments using this trap were performedin some detail by several group8—10. We then calculate
by Fischer2]. The motional frequencies for a combined trapthe motional frequencies of the ions as a function of the
have been calculatefb] and experiments have been per- trapping parameters. In Sec. lll we discuss field imperfec-
formed to verify the calculations over a wide range of traptions (_)f various sorts concent_rating in particular on Fhe effe_ct
parameter§5,6]. Interest in this trap is now increasing since Of @ tilt between the trap axis and the magnetic-field axis.
it has been suggested as an ideal environment in which tbhe effect of field imperfections on the motion of a single
store simultaneously antiprotons and positrons in order td°n has been studied in the context of high-resolution mass
create antihydrogef#t]. The reason for its appropriateness is SPectroscopy by Brown and Gabrielg11]. Kretzschmar
that it has the unique ability to store oppositely charged parbas studied the effect of harmonic and anharmonic perturba-
ticles of widely differing masses in the same volume at thefions on the motion of a single ion using a perturbative ap-
same time. The combined trap has been used recently to tr&s0ach[12]. Winelandet al. have studied the effect of some
simultaneously ions and electrons, demonstrating this advaflPerfections on the conservation of angular momentum of
tage[7]. trapped particle$13]. In Sec. IV we generalize the formal-
The motion in a combined trap can be understood by firstS™ to encompass the motion in a combined trap using the
considering a Paul trap to which a small axial magnetic fielg°Seudopotential approach. Finally, in Sec. V we describe an
is applied. The magnetic field has the effect of splitting the€Xperiment that sets out to test some of th.e predictions of_the
radial oscillation frequency into two components andw_ theory for the motion of ions in a combined trap. In this
(the upper and lower radial frequendiegescribing clock- Paper we study only the motion pf a single ion or the center-
wise and counterclockwise rotation in the trap, respectively®f-mass motion for a cloud of ions. A study of effects in
As the magnetic field is increased the splitting becomeslouds of ions, in particular the formatl_on of crys_tals, will be
larger andw_ approaches zero. If the magnetic field is thenPresented elsewhefd4]. The calculation we will present
held constant and the rf field is decreased, hothand w here is exact for quadrupple perturbgtlons, whereas the work
decrease until a point is reached at which the lower fredone by Kretzschmdrl2] is perturbative.
guencyw_ becomes zero. Further decreasing the rf ampli-
tude results in a change of sense of rotationdar such that Il. MOTION OF A SINGLE ION
the associated motion is now also clockwise. Finally, reduc-

ing the rf amplitude to zero results in the Penning trap Witha Penning trap. In this arrangement confinement is achieved
becoming the modified cyclotron frequency aad be- ' : : i
@+ by the use of an electric-quadrupole potential, to provide

coming the magnetron frequency. The region of the param-’ _. ) )
. . ) 9 .. confinement along the symmetry axis of the tr@paxis),
eter space in whiclw_ describes a rotation in an opposite

sense tav, is termed the “Paul side” of the combined trap. with a homogeneous magnetic field along thaxis provid-

When the rf amplitude is small enough that both motions ardd confinement in the radial plane_. For a p_arn_cle .Of Mass
d chargey the quadrupole electric potential is given by

in the same sense the combined trap is being operated on thE
“Penning side” (see Fig. 1 M2

In _Ref. [5] it was shown that for particular value_s o_f the D(X,y,2)= _z (222—x2—y?), (1)
trapping parameter&@pplied rf voltage and magnetic figld 4q
the axial frequencyw, and the upper radial frequeney.,
should become degenerate. Essentially this comes about b¥Pere
cause, for a fixed value of the rf potentidaul side, in-

We first turn our attention to the motion of a single ion in

creasing the magnetic field has no effect on the axial motion. w§:_42Uo_q2_ 2
The axial frequency therefore remains constant, while the m(rg+22p)

upper radial frequencw , increases with increasing mag- ) _ )
netic field. Eventually, a point is reached where the two fre-andUo, the potential of the end caps with respect to the ring
quenciesw, and w, become degenerate. In R§6] it was glectrode, is positive for trapping posmv'ely' charged par-
experimentally demonstrated that as the position of the caficles. We write the homogeneous magnetic field alongzthe
culated degeneracy is approached an “avoided crossing” deiXIS as

velops such that the two frequencies never become exactly
degenerate. A possible explanation for this behavior was put
forth. It was suggested that the avoided crossing arises fro
a coupling between the axial motion and the radial modifie
cyclotron motion(in an ideal trap these motions would be B
completely independentlt was suggested that this coupling wC:q__
could arise from a misalignment of the trap symmetry axis m
with respect to the applied magnetic-field axis. The main
purpose of this paper is twofolda) to present a calculation
of the effect of such a misalignment afio) to describe an
experiment we have performed to verify that this misalign-
ment is responsible for the coupling between the radial and P .

axial motions. Yy=3w3y— ocX, (6)

B=Be,, B>0. 3
e define the cyclotron angular frequency
4

From the Lagrangian for the systdsee Ref[12]) we obtain

5(=%w§x+ wcy, (5)
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2: — wZZ' (7) 600 T T T T O)C
Writing the radial motion in terms of the complex variable 500 - O .
u=x+iy, the equation of motion in the radial plane be- g »
comes 400 | i
3
U:%wfu—iwcu. (8) §.300 ~‘91/2 1 0f2
Using the ansatm=e€'“r!, we obtain g 200 b ;
Re} o,
C‘)rz_ Wew,+ %w§=0, C) g 100 - © -
whose solutions are, = — w. with o L= } ‘ ‘ , .
0 5 10 15 20 25
w,=3 (v.+w;) (modified cyclotron frequengy frap voitage (V)
(10

FIG. 2. Oscillation frequencies for a single i¢ar the center-
w_=3 (w,—w;) (magnetron frequengy (11 of-mass motion of a cloud of iohé a Penning trap as a function of
trap voltage. The frequencies are plotted fkg™ ions in a trap
where we have defined with R2=5.40x 10 ° m? andB=0.9412 T.

wi=wi-202. (120 We will return to this feature when we discuss perturbations

. N - to the ideal trap. The other oscillation frequencies at the
The two frequencie®_ andw ., are positive quantities. For crossing are

our configuration of fields and a positively charged particle,

the circular motions associated with these frequencies of the cross. cross. 2

trapped particle are clockwisgsee Fig. L As Eq. (8) is Wy TWz T3 We, (16)

linear, the general solution for the motion in the radial plane

is given by a linear combination of the two particular solu- coss b cross 1

tions WwITES w5 W 17)
u(t)y=r e (ortrerpr_gllo-tre), (13 The time-dependent Hamiltonian for a particle in this con-

figuration of fields can be derived from the Lagrangian given

wherer ., r_, ¢, ande_ are arbitrary real constants de- in Ref.[12]. We obtain

termined by the initial conditions. The motion along the axial
direction is simple harmonic and is given by

1
H=H(X,y,2,py.Py.p,) = 5— (pZ+P;+p32)
Z(t):rz COint-i- (Pz) (14) x 1My Pz om X y ;

For typical trapping parameters the oscillation frequencies ! M 2024y + 1 252
yp PP gp . a _Ewc(xpy_ypx)"_gwl(x +y )+szz .
of a trapped particle satisfyw,>w,>w_, although
w,, w.>w_ is always verified.(Typical parameters for (18
2%Mg™ ions held in our trap arB=1T andU,=10V, giv-
ing w,=27X572kHz, w,=27X274kHz, w_=2= If we substitute the solution of the equations of mot(ds)
X66 kHz, w,=27x637kHz, and w,;=27x457kHz) and(14) into this Hamiltonian, we obtain the single-particle
Figure 2 shows a plot of the oscillation frequencies forHamiltonian as a function of the radius or amplitude of the
2"Mg* as a function of the electric potentibl, for a fixed  various degrees of freedofi5]
value of the magnetic field. Trapping requires that all oscil-

i i : H/m=% r2—-1 r2 +1w?r? (19
lation frequencies are real. For the axial degree of freedom, 201041 720101 T 3W;0 5.
this simply implies that the produgtU, must be positive. In
the rzadlql plane, the r_eqllty condition OBy, 1€, o angular momentuntas defined in Ref.13]) as a function of
>2w5, gives an upper limit on the trapping potential for a - :

Loz I~ . ) . < the various radi[15]

given value of the magnetic field. The radial motion consists

Similarly, we can write thez component of the canonical

of a superposition of two clockwise circular motions: the l,=—3imw(r2 —r?). (20)
modified cyclotron motion and the magnetron motighe

magnetron motion is simply théx B drift). The result is an Equations(19) and (20) deserve some comments. The
epicyclic orbit as plotted in Fig. Ueft and center. Hamiltonian of Eq.(19) has nearly the form of a sum of

One interesting feature visible in Fig. 2 is the crossing ofthree harmonic oscillators. Importantly, the sign of the con-
the axial and modified cyclotron frequencies. These two ostribution from the magnetron motion is negative. This means
cillation frequencies become degenerate for that if the radius of the magnetron motion is increased, the

total energy decreases. Therefore, the total energy associated
(15) with the magnetron motion must be increased in order to

2
cross_ —
z reduce its amplitude. This fact is also clear from the canoni-

(0] we.
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cal angular momentum. For a stationary ion_.&r_=r, O° p\!
=0), the total energy and the canonical angular momentum D(p,0)=Dy+ CI>2+VOI E C'(R_) P/(cos ), (23
=4,even 0

are zero; however, these two quantities can also individually

be zero without all radii being zero, the cyclotron and ax'alwhere P?= P, are the usual Legendre polynomials. The

contributions being compensated by the magnetron Contribudominatin terms of the nonlinear contributions depend on
tion. Therefore, contrary to a “normal” three-dimensional 9 b

harmonic oscillator where the total energy has a minimumthe actual trap geometry. For example, in a trap where the

g S : ideally hyperbolic electrodes are approximated by electrodes
reduction in the total energy of an ion in a Penning trap doe%f spherical section, the main nonlinear term isltkel term
not necessarily imply a reduction in kinetic energy. (octupole [3]. For a cylindrical trap, the electrodes can be

designed such as to minimize the octupole and then the

IIl. FIELD IMPERFECTIONS dominating term is thé=6 term[17].
Field imperfections can be divided into two categories: )
harmonic and anharmonic imperfections. Imperfections of A. Quadrupole perturbations
the first category will leave the motion harmonic, imperfec- 1. Constant force terms

tions of the second category will render the motion nonlinear . o )

and in particular the oscillation frequencies will depend on 1he effect of the linear ternd, is simply to displace the
the amplitude of the motion. Imperfections can arise fromactual center of the trap. If the potential is perfectly har-
electrostatic perturbations, magnetic field inhomogeneitiednONiC, this has no effect on the motion of trapped ions,

and misalignment between the magnetic and the quadrupoﬁaxcept for a sp_atial tran;lation. However, when.o_perating at
electric fields. low trap potentials the displacement can be sufficiently large

Relativistic effects on the ions’ motion are negligible in t0 make trapping impracticfl8]. The main sources of terms
our case. These effects are of importance only for highOf this sort are contact potentials and external stray fields.
resolution spectroscopic measurements; they have little eflne latter may arise from charge buildup on ceramic com-
fect on the dynamics of trapped clouds. For a'Mgn ina  Ponents away from the immediate trapping region. Care was
1-T field, the maximum possible angular velocity is the Cy_taken in designing our trap to keep ceramic surfaces to a

clotron frequency and if we assume a maximum orbit radiugninimum and to keep any exposed ceramic surfaces far from
of 100 um we havew r =327 ms ~10-Sc. the trapping region. We were not aware of any appreciable

Electrostatic perturbations have three origins: nonhypereffeCtS of stray external electric fields. Given our method for
bolic electrodestruncated electrodes and access holes in théPading the trap(using a beam of neutral Mg atomshe
electrodel machining errors and mounting misalignment; 9€neration of localized contact potentials, on the other hand,
and contact potentials and external stray fields. The muliWas unavoidable.

ole expansion of the trapping field in spherical coordinates
E (see F; 9.[16)) pping P 2. Elliptical electric field
If the electric quadrupole field is not perfectly cylindrical,
_S | am the dominant term will be the quadrupole contributi@?2).
®(p.0.¢)= ~ amp P’(cos #)cosme, (21 If we assume that the field is symmetric with respect to the

x-y plane @,;=0) we obtain

where P[" are the associated Legendre polynomials with 0
=m=l|.

The first term of this expansiohy=agis a constant that ith
has no physical importance. The two linear termbg
=a, Z+a, ;X give rise to a constant force that would simply 3a2,2R(2)
result in a displacement of the trap center. The quadrupole VA (25
terms can be written as 0

V(X,y,2) = smo 22— 3(x>+y?) + 3e(x*—y?)], (24

L s o . In the radial plane the equipotentials are ellipses and the
®y=38,d 22°— X"~y ]+ 3ay Xz + 3a I X~y potential along the axis is still harmonic. The equations of
motion in the radial plane are

Here the first term is the perfect quadrupole potential. Addi- x=1(1— E)ng+wcy, (26)
tion of the second term results in a tilted quadrupole poten-
tial with respect to the axis. Finally, the third term, when y=1(1+ e)ng_wc)'(_ (27)

added to the perfect quadrupole, results in an elliptical elec-
tric field in the radial plane. Since all three terms are qua-The presence of the ellipticity leads to new values of the
dratic, the motion remains harmonic despite the perturbatioroscillation frequencies, which far<1 can be shown to be
All higher-order terms will introduce nonlinearities in the

. g . 4
equations of motion. By careful design, most of these terms - € w,
can be made negligible. If the electrodes are symmetrical “’izw—ig w00 (28)
with respect to thez=0 plane, alla, ,, terms with| odd -
vanish. Cylindrical symmetry implies tha, ,=0 for m In a real quadrupole trap, we expect some electric-field
#0. We are then left with ellipticity. The presence of holes in the ring electrode, ma-

N
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chining errors, and an inhomogeneous contact potential Ofa¢p =, —w4w2—w21wz[3w _wc 3% cOS 29]—20)6
the electrode surfaces are the most likely origins of a field

ellipticity. It has been estimated that the presence of the two =0. (35)
holes for the laser beam in the ring electrode of a trap similar
to the one used in this work results in a valueeobf ap- This equation of third order im? has three solutions,,

proximately 0.01[19]. The presence of another two holes in w,, (wheret andb signify “top” and “bottom” ), and@_,

the ring, which partially compensate for this effect, meanswvhose exact expressions are too complicated to be displayed
that the actual value o€ is smaller. Machining errors are here, but can easily be computed using a mathematical soft-
likely to be less significant. Contact potentials can causevare package. The most interesting result is (gnepected
much larger values that depend on the trap potentiath- removal of degeneracy at the crossing between the modified
creasing for smaller applied potentials. A simple calculationcyclotron and axial frequencies. As is clearly visible on Fig.
for a contact potential associated with a coating of magne3, the coupling between the radial and the axial motions
sium on the copper electrode gives a maximum valuefufr  introduced by the tilt between the magnetic-field direction
about 0.05 for a potential of 10 V, and about 0.3 when theand the symmetry axis of the quadrupole field leads to an
trap potential is equal to the contact potential. Althoughavoided crossing. This removal of degeneracy complicates
these are maximal values, we see that we can expect ttsomewhat the notation of the frequencies; we now have
contact potential to be the dominating contribution to the

electric-field ellipticity. For typical trapping parameters a 0~ w,;, wy—w,, o_—o_ for 0,>w., (36
value of 0.3 fore is unrealistically large; nonetheless, even

when e=0.3 we only expect a 0.07% changedn and a 0= 0., 0p—0, o_—o_, forw,<o,.
5.0% change inv_ . (37)

For small values of the angle of tilt, an approximate expres-

i . sion for the oscillation frequencies at the avoided crossing
As seen earlier, the addition of tlag ;xz term to the pure -5 pe found:

qguadrupole terms results in a tilted quadrupole. The equa-
tions of motion with this quadrupole tilted in thez plane 0= w,(1+3v20),
are

3. Tilted quadrupole field

. . 0y ®=w,(1-3v26),
X=+%aw§x—§yw§2+ wcy, b A
. L o : %= w,3(14+367). (39
y=tiwy— oKX,
The oscillation frequencies of the tilted trap are shown in

=— %ﬁwgz—gywix, (29 Fig. 3. Also plotted is the magnitude of the avoided crossing

as a function of the angle of tilt. As will be shown, there is a

where we have defined swap between the axial and the modified cyclotron motions
as the electric potential is increased across the avoided cross-

a=cosh—2sirtd, a—1 as §—0 (30 ing. We expect a dramatic change in the orbit of two strongly
coupled motions as the trap potential is swept across the

B=2codh—sirts, B—2 as 6—0 (31  avoided crossing. We now calculate the orbit of all three

motions.
y=sin 6 cosf, y—0 as 6—0. (32) As for the case of the elliptical electric field, the motion

will consist of an ellipse, but this time the ellipse can also

take any orientation in space. The size of the ellipse is de-

termined from the initial conditions. By symmetry we expect

the ellipse axigperpendicular to the ellipse plant rotate
33) in the plane defined by the magnetic field and the electric-

field symmetry axis. In addition, the orientation of the ellipse
principal axes will remain parallel and perpendicular to the
plane of tilt. We start with an ellipse in they plane with
principal axesXy andY:

As before, we look for solutions of the form

x(H)=xpe ', y(t)=ye ', z(t)=zpe 'l

Substituting these into the equations of motion results in

—w’-jaw;  iwo $yw; Xo
— oo, —wz—%wg 0 Yo + X COS®@ .t
2 yw? 0 —w?+1iBw?) \ 2 ~Yosinw.t | (39
0
Xo
=M| Yo |=0. (34  Arotation of this ellipse by an angl@ in thex-z plane gives
Z
+Xp SiNO cosw-t +Xp COS@~t
The oscillation frequencies are given by the solutions of the —Yp sinw.t =| —Yosinw.t|. (40

characteristic equation +Xp €0SO cosw-t +25 cCoOsSw-t
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FIG. 3. (Left) Oscillation frequencies in a tilted Penning trap as a function of the trap voltage; the angle of til{Ridtf) Magnitude
of the avoided crossing as a function of the angle of tilt. The dotted line corresponds to the linear approximatio(88y. Eq.

The ellipse obtained is defined by three parameters, one to

define its orientation in spac@®), one for its aspect ratio X()= X Xo; Coswit= > Yo;A(w;)Coswit,
(Xo/Yo), and finally one to determine its siz¥, or Yo). In I=th. =th (48)
our case this last parameter will be defined by the initial

conditions. Substituting Eq40) into Eq. (29) and equating

the cosine and sine coefficients leads to the relations y(H)= 2 Yoj Sin wjt=— 2 Yo; sin wit, (49)
1=t,b0,— I1=t,0,—
2,1 2
Xg W+ 505
e Aw), (41 _ coswt= ) e
Yo ww; z(t) P Zy; COsS wjt P Yoi Blw;,0) cos wjt.
(50)

XO wz_%ﬂwg
7= 2 =B(w,0), (42 Figure 4 shows the orbit of each degree of freedom of a

o, 3

0 2@zY single ion as the electric potential is varied from well below
the avoided crossing to above the crossing.

X0=YoA(®) = YoA(w), (43 g g

Vo=VYo. (44) | 4 Invariance theorer'n |
From consideration of the properties of E§5) we find
_Xo A(w) A5 that
20=g =Y08(4p.0) (45

wt2,+ wtz-l—’(f)z_:a)g. (51

The ellipse’s aspect ratio is This equation is the invariance theordmil]. It gives the

X, A(0) VB (w,0)+1 exact cyclotron osciIIation. frequency ir_1 a Penqing trap in
Nw,0)== (46)  terms of the measurable eigenfrequencies of an imperfect but
Yo B(w,6) harmonic trap. This relation is routinely used in experiments
where the cyclotron frequency must be measured to high
accuracy, in particular for the determination of tdactor
tan(0)=B(w, 6), (47) of the electron and for high-accuracy mass spectroscopy
(e.g.,[20]). The above analysis could be used to determine
whereYj is the initial condition that determines the size of the ellipticity of the electric field and the misalignment
the ellipse. angle. In this way the necessary correction could be made.
Finally the orbit of the motion of a particle is given by a However, as we have shown, the effects of the misalignment
linear superposition of the three eigenmodes: are strongest at the avoided crossing. By measuring the mag-

and its orientation is given by
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of this term on the motional frequencies of a single ion. This
gives small frequency shifts proportionaldg. For example,
for the trap used in this work, for an orbit of radius 2fn
andc,=0.17[3], we obtain frequency shifts of the order of
108, typically less than 1 Hz.

The effect of higher-order terms can be reduced by cool-
ing the trapped particles such that the amplitude of their
motion becomes very small. The same results can be ob-
tained by increasing the trap dimensions. As we are inter-
ested in relatively small clouds of ions, we expect the effect
of nonlinearities to be much smaller than the effect of quad-
rupole imperfections. In particular, we expect the effect of a
misalignment between the electric and magnetic fields to be
more important than that due to an elliptical potential. The
effects of these imperfections on small crystals formed in
qguadrupole traps will be presented elsewhdr.
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FIG. 4. Orbit in a trap whose magnetic and electric fields are at Ideally, the magnetic field of a Penning trap is spatially
an angle of 2° to each other. From top to bottom, the orbits of eaclhomogeneous. However, it is of course impossible to create a
degree of freedom are, wp, andw_. The trap potential in- perfectly homogeneous field. Although superconducting
creases from left to right: below the avoided crosdiiimgt column, magnets produce much more homogeneous fields than con-
at the avoided crossingsecond colump and above the avoided ventional electromagnets, their inhomogeneities are still eas-
crossing, at the stability limi¢third column). ily measurable. In the case of a conventional electromagnet,

] ) ) ) .the main inhomogeneity will probably be a linear variation
nitude of the avoided crossing the electric and magneticyf the field intensity in space. For superconducting magnets,
fields can be accurately aligned. The accuracy of this alignghich usually have cylindrical symmetry, the dominant term
ment is only limited by the resolution of the measurement ofg the quadrupole terrfmagnetic bottle

the oscillation frequencies. Once the fields have been | he magnetic field is not homogeneous then the oscilla-
aligned, the oscillation frequencies measured away from thgg, frequency will depend on the ion’s position. To a first

crossing will always be within the experimental resolution Ofapproximation, a linear variation of the magnetic field simply
the true oscillation frequencies if other perturbations can bejgs4s to a broadening of the oscillation frequency linewidths.

neglected. o _ A magnetic quadrupole term will have a similar effect to the
If there is no misalignment, the two frequencies become,jectric octupole term.

degenerate. If the electric field in the radial plane is not per-
fectly symmetrical, the axial frequency is unmodified but the
modified cyclotron frequency is shifted to larger val{Es|. IV. THE MISALIGNED COMBINED TRAP
(28)]. Therefore, the crossing is moved to higher trap poten-

tials where the relationw“°*= w3 does not hold. Devia-

2. Magnetic-field inhomogeneities

In this section we calculate the oscillation frequencies of a
tions from this relation ;;rovide a means of measuring thefsingle particle trapped in a combined trap whose electric
' R : : ield axis is not parallel to the direction of the magnetic field.
ﬁelq ellipticity and if possible, through the use of compen-We show that tf?e effects of a misalignment in thge combined
sation electrodes, a way to compensate for it. trap are essentially the same as in the Penning trap. Since
solving the “tilted” Mathieu equation exactly is probably

B. Anharmonic effects impossible, this calculation is done using the pseudopotential

1. Effect of the octupole on the motion approach.
The octupole contribution to the electric potential can be
written in the form A. The pseudopotential of the ideal combined trap
Vo In the combined trap all three fields of the Paul and Pen-
d,=c, = (82%—247%r2+3r%). (52)  ning trap are simultaneously present:
0

- . Ug+Vg cosOt 5
If the coefficient of the quadrupole term is denoted then o(r,z)= — R (re—2z%)
in a well-designed quadrupole trap, we expect to haye 0
<C, with ¢, very nearly unity. For the trap used for the Uo , .,  VocosQt _
experiment reported in this paper, electrodes of spherical -2 (re=2z HT (re—=2z9)
cross section were used instead of hyperbolic ones. Bate has 0 0
calculated the octupole contribution from the electrodes and = ¢o(r,2)+ by (r,z)cOS O, (53)

has foundc,=0.17[3]. The equations of motion cannot be
solved analytically when an octupole potential is also
present; however, we can perturbatively estimate the effect B=Be,. (59
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A particle in a combined trap is therefore subjected to two Note that thew; defined here for the combined trap is
time-independent forces and one oscillating force. It is welldifferent from that defined in Eq12) for the Penning trap,
known that the effect of a rapidly oscillating force on a par-though they play analogous roles in the equations. If the
ticle of massm can be approximated by the pseudopotentialamplitude of the oscillating field goes towards zero, one re-
(see, e.g.[21]) trieves the Penning trap oscillation frequencies. Figure 5 is a
plot of the combined trap oscillation frequencies calculated

_ f(r)-f(r) using the pseudopotential approach and also the exact calcu-
ef(1)= 4mQ) (59 lation. We see that the pseudopotential calculation is essen-
tially the same as the exact one, with the exception that the
if the high frequency force is given by axial frequency shows significant deviation from the exact
calculation as the rf amplitude increases to large valties
F(r)="f(r)cogQt) (56)  is not surprising as the pseudopotential approach is only

. ) . . . . strictly valid for low rf amplitudg. The consequence of this
andf(r) is derivable from a potential. This result is equiva- ig that the position of the crossing is displaced. The value of
lent to averaging the effect of the oscillating field over onewd at which the axial and modified cyclotron frequencies

period. . . become degenerate is
We can apply this result to the oscillating part of the
electric potential. We have WSS 1 m (70
f(r)=—qV¢a(r). (57 where
The pseudopotential is then w?=4wi— 902, (71)
Vosd D)= ( 290 )2(X2+y2+ 42%) (58) B. The tilted combined tra
4 \mRQ p

The oscillation frequencies of the tilted combined trap can
m o, . o, ) now be found in the same way as for the tilted Penning trap.
=2 wg(X“+y +4z°). (59) For a tilted quadrupole potential the pseudopotential be-
comes
The equations of motion for a single particle are then

m
Vs wczj[yz-i— X2( a’+ 972) + Zz(ﬁz-l— 9y2) +6yxZ],

X= 43 (w5 = wg)x+ oy, (60 4
(72)
o 1,2 o
y=+zlosmwgy= e, G wheree, B andy were defined in Eqg30)—(32). The equa-
5o _(w§+2w§)z’ 62) tions of motion are

X=+ %[awg—(az-i- 972)w§]x+%y(w§+ wﬁ)z—l— oY,

wherewg andwy are defined below. Substitution of solutions (73)

of the forme™'“! in these equations results in a set of three

homogeneous algebraic equations. The solutions of its char- V=1+3(02— 0d)y— X, (74)

acteristic equation give the three oscillation frequencies
v_ 1 2_ 2 2y 2 3 2 2

w,=3(w.+w;) (modified cyclotron frequendy z= =3[ Bos— (B +9y) wglz+ 3 y(ws+ wy)x. (79

63 The oscillation frequencies are given by the characteristic

w_=3(w,—w;) (magnetron frequengy (64 equation
6_ 4 2, 2 21 4, 2 2_ 2
w,=Jwl+2w3 (axial frequency, (65) o~ w30t o]t 09wyt wy(Swg—6ws

+ 3w§COS )+ wga)g— 3wg+ 3w§w§COS Y- %wg

where
+%w3w§—%wg=0. (76)
w%=w§—2w§+ w(zj, (66)
As for the Penning trap, the three solutions, wy,, andw,
2qVy are too complicated to be displayed here but again can be
wd:mﬁv (67) computed easily using a mathematical software package. In
the pseudopotential approximation the effect of a misalign-
4qU, ment between the electric-field axis and the magnetic-field
ws= , (69) direction is qualitatively the same as for the Penning trap.
mRS The main feature is a removal of the degeneracy between the
axial and modified cyclotron oscillation frequencies. Con-
© E (69) trary to the situation in the Penning trap, if the confinement
 m’ from the rf field is strong enough, there is no limit to the
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FIG. 5. Oscillation frequencies in the combined trap with a constant magnetic (fieff) Comparison between the pseudopotential
calculationgdotted lineg and exact calculationsolid lineg for a perfect trap(Right) Oscillation frequencies in a misaligned combined trap
calculated in the pseudopotential approximation. The angle of tilt between the electric-field axis and the magnetic field is 5°. The dotted lines
give the oscillation frequencies for the ideal trap in the pseudopotential approximation.

misalignment, i.e., the motion can be stable even with theroven very useful in allowing us to cross-check the validity

magnetic field perpendicular to the electric-field axis. Nu-of our analytical results. In particular, using the simulation

merical investigation shows that to a first approximation theprogram, it has been checked that the amplitude of the
amplitude of the avoided crossing is proportional to the anglewvoided crossing gap in the “real” combined trap is indeed

of tilt and to the amplitude of the magnetic field, the propor-proportional to the angle of tilt.

tionality factor being a complicated function ef; and w :

G=w— wp,=F(wq,05)0.0, 0<1, (77 V. EXPERIMENT

){/;/]h(tardeG IS éhe size ogthe g‘l?lhp arﬁ(“l’tdr’]wS)b's somtt)at fgctgr_ We now present an experimental verification of the pres-
thz seeFL%r:) So?e??izlna wsrbxirrlmztriﬁflu Hosvsev:re?/v(; CZ'RZX'Z %nce of an avoided crossing in misaligned quadrupole traps.
P P Pprox " : PE€Sur initial intention was to measure the amplitude of the
these results to be qualitatively valid even when the full ef'avoided crossing as a function of the anale of filt in the
fect of the rf field is taken into account. . 9 . 9 :
Penning trap. However, it was found that the trapping and

As a part of our general investigation into the dynamics 01‘I i £ louds at hiah d it i the Penni
ions held in quadrupole ion traps a comprehensive simulg:2S€r cooling ot 1on clouds at high dc voltages in the Fenning

tion program has been developed. This program computetéap was difficult and attempts_ to increase the fluoresce_nce
the individual trajectories of ions in ion clouds and is capablecOunt rate would often result in a loss of the trapped ion
of taking into account the effects of laser cooling, including€loud. Horvath and Thompsdi22] present a discussion of
the dependence on laser-beam position and detuning. It caaser cooling in quadrupole ion traps in which they explore
also deal with the trap perturbations discussed above. W#e parameter space spanned by the detuning of the cooling
have primarily used the program to follow the evolution of laser from resonance with the ion and the offset of the laser
the motion of small numbers of ions. Interesting effects suctbeam focus from the trap center. They demonstrate that this
as crystallization can take place at the low temperatures thalifficulty in operating the Penning trap at high dc voltages is
can be reached using laser cooling. The program has alsexpected since the cooling regiofi® the space of laser
been used to investigate the dynamics of larger clouds corbeam offset vs detuningpecome much smaller as the trap
taining up to 50 ions. A complete description of the programvoltage increases. In addition, despite several attempts, even
and results obtained using it will be presented elsewherahen a sufficient fluorescence count rate was obtained, no
[14]. photon-photon correlation data could be observed. It was
The program was developed to deal with situations whergherefore decided that this experiment should be carried out
a full analytical solution is not possible; however, it has alsoin the combined trap where the photon-photon correlation
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method had been successfully used for the measurement optical table. It was assumed that the angle of misalignment
the oscillation frequencies and an avoided crossing had beén the plane perpendicular to the optical table would remain
observed[18]. The presence of the micromotion in large constant. Therefore, we measured only the angle in the plane
clouds in the combined trap limits the lowest achievable temparallel to the optical tableaf,p,). This was done by fixing
peratures to much larger values than in the Penning trag small mirror on a flat surface on the vacuum casing, with
Since a higher cloud temperature leads to stronger modulas face in a plane parallel to the magnetic field and perpen-
tion in the fluorescence from the cloud, we would also expecljicylar to the optical table. The angle of the normal to the
to observe more modulation in the photon-photon correlationnirror surface with the optical table edge was measured,

spectrum. using a helium-neon laser beam, to an accuracy of about
0.1°. This means that we measured the orientation of the
vacuum casing and not of the trap axis. However, it can be
safely assumed that the trap orientation with respect to the
The experimental setup used has been described in detgihcuum chamber remained constant. As a consequence, the
elsewherd6]. We use a conventional quadrupole trap with jeasured angle with respect to the optical talbigyf) is
hemispherical end caps and a ring with a semicircular crosgs|ated to the actual angle between the trap and the magnetic

section. The i_ntemal radius of the rin_gri§:5_ mm and the  feq1q (6) through two constantéx, and 8,), such that in the
end-cap spacing isZ=7 mm. Two diametrically opposed |;

holes are drilled in the ring electrode to allow the passage o#mlt of small angles we have

the laser beam used for cooling. A further hole is drilled in ) s o

the ring to allow the fluorescent light to be gathered at 90° to 0°= (et o)+ Bo. (78)

the direction of laser propagation. In order to improve the

signal-to-background ratio a blind hole is drilled into the

interior surface of the ring electrode directly opposite the In order to verify the proportionality of the angle of filt
light gathering holdthis also partially negates the asymme- with the magnitude of the avoided crossing, the oscillation
try in the potential created by the viewing hpléig™ ions  frequencies at the avoided crossing were measured for five
are loaded into the trap by simultaneously heating a filamentlifferent angles of tilt. For each angle of tilt, it was necessary
to provide electrons, and a small oven packed with Mg fil-to realign the detection optics and the laser-beam steering
ings, which provides a beam of Mg atoms. lons are createdptics.

in situ at the center of the trap. The trap is housed in a |t was found to be easier to load the trap while running it
vacuum chamber held at less tharx 207 '®mbar. The in the Penning configuration than with it running as a com-
vacuum chamber is located between the pole pieces of gined trap. We therefore adopted the approach of first load-
conventional electromagnet capable of providing a magnetigyg 3 Penning trap and then turning on the rf drive. The cloud
field of up © 1 T at theminimum usable pole piece separa- yas first laser cooled in the Penning mode until the scatter-
tion. ing rate reached at least a few thousand counts per second.

The light used for laser cooling is produced by a-|pa (f amoli ; ; :
! . plitude was then increased in steps of approxi-
frequency-doubled Spectra-Physics 380D ring dye laser. Thﬁ‘]ately 10 V. As the rf amplitude increases, the magnetron

gﬁzﬁgﬁjmﬂggﬁtﬂgﬁ% _Ciﬁ:b:lansgefrg;f,?tl 'Sz;r?gartggﬁ'ggr requency decreases towards zero. At the zero magnetron
y y yfrequency point, as explained by Dholaké al. [6], the

produces~ 100 W of light at 280 nm. The fluorescent light resence of a contact potential results in a displacement of
is collected using a two-lens imaging system. The first lend potent uits | ISP
nr1he actual trap center. This displacement can be large enough

has a focal length of 35.1 mm and is held inside the vacuu ; . ] .
chamber 28.5 mm from the center of the trap. A second len? Make laser cooling and even trapping impossible. This

outside the vacuum chamber brings the light from the ions t§€9i0n was avoided by stepping the rf amplitude from a
a focus on the photocathode of a photon-counting photomulvalue slightly below the zero crossing to a value slightly
tiplier tube. A UGS filter is placed between the second lens@bove it. This corresponds to a change from the Penning side
and the photomump”er to discriminate against any back1t0o the Paul side of the combined trap. In fact, it is rather
ground visible light reflected from the trap electrodes. Thesurprising that such a “jump” could be successfully
experiment is performed by passing the resulting photorachieved since the direction of rotation of the trapped cloud
count train to a time-to-amplitude converter followed by achanges from clockwise on the Penning side to counter-
multichannel analyzer. The result is a histogram of the timeclockwise on the Paul side. Indeed, such a change means that
delays between consecutive photon counts. By taking ththe whole cloud has to abruptly change its direction of rota-
Fourier transform of the data produced in this way the osciltion. However, if we assume that the ion motion is domi-
lation frequencies of the ions in the trap can be measured. nated by the magnetron motion, the cloud canonical angular

In order to allow for an angle between the trap and themomentum is relatively smalbecause of the small rotation
magnetic field, the pole pieces of the magnet were pulledrequency of the magnetron motipand this jump corre-
slightly apart. In this way it was possible to tilt the whole sponds in fact to a relatively small change in angular mo-
vacuum chamber by as much as 1@hile keeping the mag- mentum. From there, the rf amplitude was increased until the
netic field at about 0.91)T In the trap region, the magnetic avoided crossing vicinity was reached. At that point the os-
field is oriented parallel to the optical table. To vary thecillation frequencies of the cloud were measured using the
angle of tilt between the trap axis and the magnetic field axiphoton-photon correlation technique. This was done at small
the vacuum casing was rotated in a plane parallel to théntervals across the avoided crossing.

A. Method
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FIG. 7. Plot of the measured oscillation frequencies in the vi-
FIG. 6. (Top) Photon-photon correlation data obtained from the Cinity of _the avoided crossing. The uncertqinty in the oscil_lation
fluorescence of a cloud confined in a tilted combined trap. A weaKréguencies corresponds to the size of the circles. The amplitude of
modulation is clearly visible for short delay§Bottom) Fourier ~ the gap corresponds to an angle of tilt between the magnetic and

transform of this photon-photon correlation data. The two peakglectric fields of 4.1%0.2°. The fitted solid curves are the oscilla-
around 700 kHz correspond ta, and o, . tion frequencies calculated using a simulation program described in

Ref.[14].

The presence of a relatively dense cloud giving a photon
count rate of several thousand counts per second did not

always mean that the photon-photon correlation spectrum _. _
Y P P P Figure 7 shows a plot of the measured oscillation frequen-

would exhibit a modulation from which the oscillation fre- . . . . .
. . ) cies around the avoided crossing and a fit to the frequencies
guencies could be obtained. In fact, quite often only compo- . ) ) )
. . o . calculated using the simulation program. From such a plot it
nents of the micromotion oscillation frequencies could be. : ! .
. is possible to calculate the angle of tilt between the electric
observed. In other cases, only one secular oscillation fre: o . .
I . _and magnetic fields. However, the proportionality factor be-
guency was present. Both relevant oscillation frequenC|e§

; g . ween the angle of tilt and the amplitude of the avoided
(axial and modified cyclotrognwere simultaneously observed .
S . L . crossing depends on the actual trap parameters such as the dc
usually only at their minimum separation. This is not surpris- C :
. . L . and ac voltages, the magnetic field, and the geometric trap
ing since this is when the coupling between the two degrees ani2. M t of th il ilation f
of freedom is strongest. When no peak appeared in the Fofonstantz. Vieasurement ot tne axial oscillation frequency

rier transform of the photon-photon correlation data, the lasel! th? Penmng.trap asa f“”C‘QO” of the applied dﬁcspo;ennal
detuning and/or the laser-beam offset were modified. WheRrovided us with a value oRy=(5.34+0.04)x 10> m".

this failed, the cloud was ejected and another cloud of &10WeVer, as we saw in Sec. IV, the amplitude of the avoided
different size was loaded. The real-time Fourier transfornfr0SSing is, to a good approximation, simply proportional to
feature of our data analysis program proved to be extremel§'® trué cyclotron frequency, which is proportional to the
useful, as it allowed us to determine immediately whethefadnetic field. The magnetic field can be determined by fit-

the photon-photon correlation data contained the frequenciddd the data with a curve of the calculated modified cyclo-
of interest. tron oscillation frequency for the perfect trap. Although the

It was found that, in general, medium size clouds showednedified cyclotron frequency goes not only depend on the
a modulation in the photon-photon correlation spectrummagnetic field, uncertainties iRy and the dc and ac voltages
more easily than small or large clouds. From the size of th@re much smaller than the uncertainty in the magnetic field.
cloud, which is estimated by scanning the laser beam acrosso to first order the uncertainty in the amplitude of the
it, it is possible to estimate the number of ions to within anavoided crossing will come from the uncertainty in the mag-
order of magnitude. Our “medium” clouds would typically netic field. The proportionality factor between the angle of
contain between a hundred and a thousand ions. tilt and the amplitude of the gafsee Eq.(77)] was deter-

Figure 6 shows an example of a photon-photon correlamined numerically using the simulation program.
tion spectrum with its Fourier transform. Note that although The amplitude of the avoided crossing was determined by
little modulation is visible in the photon-photon correlation fitting a low-order polynomial to the difference between the
data, its Fourier transform clearly shows two peaks that cameasured values @§; andw, . The amplitude of the avoided
be associated withy; and wy, . crossing was taken as the minimum of the fitted curve. In

B. Results and discussion
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fact, we have defined the amplitude of the gap as the differ- Vacuum casing angle

ence betweemw,; andw, taken at such trap parameters where

this difference would be zero if the trap were perféste FIG. 9. Plot of the angle of tilt as calculated from the amplitude
Fig. 8. This is not necessarily the minimum value of the of the avoided crossing versus the angle of the vacuum casing.
difference frequency. The difference is of course due to the

fact that the crossing is not symmetric. This means that thgyis of the trap and have performed an experiment to verify
minimum we measure is not exactly the amplitude of thegne of the predictions of the theory: that the degree to which
gap. However, we see from Fig. 8 that for small values of thghe degeneracy between motional frequencies is lifted by the
angle of tilt, this error is negligible. _ _ coupling introduced by the tilt is proportional to the angle of
The angle corresponding to the avoided crossing was simne tjit. For practical reasons we were forced to perform the
ply given by dividing the amplitude of the crossing by this experiment in a combined trap rather than in a Penning trap.
calculated proportionality factor. The uncertainty on thenonetheless, our experiment demonstrates a means by which
angle originates from un;ertainties_in the magnetic field and Penning or combined trap could, in principle, be accurately
the amplitude of the avoided crossing. aligned with respect to the externally applied magnetic field.
Figure 9 shows a plot of the angle of tilt calculated from Ap ajternative method for doing this has been demonstrated
the measured avoided crossing versus the measured angletgj Heinzenet al. [23]. They used two laser beams: one to
tilt of the vacuum chamber. As expected, the value of the;gg| the ions and the other to apply a torque to the ion cloud.
avoided crossing does not go to zero, meaning faadf Eq.  wiith this arrangement they were able to control the rotation
(78) is nonzero, i.e., the trap is also misaligned in a plangrequency of the ion cloud as a whole. In particular they were
perpendicular to the optical table and parallel to the magnetigpe to spin the cloud up to frequencies nearato= w,
field. F_itting the data points with the function giverj by Eq. _,, They found that if the misalignment between the trap
(78) gives ap=2.0°+0.1° and Bo=2.0°+0.1°. This as- axis and the magnetic field axis was greater than 0.1°, a
sumes thaty, and3o are constant. In fact, it was observed in heating resonance was reached at a moderate rotation fre-
the latest stages of the experiment tjggtcould vary by up  quency that prevented further increase of the rotation fre-
to half a degree when the angle of tilt of the trap wasquency. The highest rotation frequencigsear w.— w_)
changed. The dotted lines in the plot of Fig. 9 correspond tQuere only attainable if the trap was aligned more accurately
the fitted curve with values g8, increased and decreased by ith the field. By searching for an alignment for which the

half a degree. Ay test confirms that the fit is satisfactory. heating resonance was negligible they were able to make the
It is clear from Fig. 9 that a misalignment between themjsalignment angle less than 0.01°.

trap electrode axis and the magnetic field results in an
avoided crossing between the axial and modified cyclotron

frequencies. Despite the variability ¢f,, the data fit the ACKNOWLEDGMENTS
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