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Hyperfine structure of antiprotonic helium energy levels
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We present a theoretical calculation of the fine and hyperfine splittings of the energy levels in the metastable
states of antiprotonic heIiurﬁHe+E performed with the accuracy of 16. We also discuss the perspectives
of obtaining experimental data on the magnetic moment of the antiproton from measurements of the hyperfine
structure of antiprotonic heliuniS1050-294{®8)02802-9

PACS numbes): 36.10—k, 31.15.Ar

I. INTRODUCTION in highly excited bound states with a nearly circular antipro-
tonic orbital. Our quantum-mechanical approach to this par-
Spectacular progress has been achieved recently in tHeular three-body problem is based on the three-body rela-
spectroscopy of antiprotonic heliupi—5]. On the one hand, tivistic Hamiltonian, derived in[11,12 within the instant
Yamazakiet al, Morita et al, Hayanoet al, and Maast al.  form of directly interacting particle dynami¢43,14.
have succeeded in measuring the wavelengths of several In first order of perturbation theory the fine and hyperfine
transitions between various metastable states with an acceplittings of the energy levels are due uniquely to interac-
racy of 510 6. On the other hand, the Coulomb energy tions that explicitly involve particle spin operatogs [The
levels of the antiprotonic helium atom have been calculatedadiative corrections to the Coulomb potential that contribute
with an accuracy 107 [6]. By subsequently taking into ac- by quantities 0ofO(® In a) to the fine splitting of hydrogen
count the leading-order QED and relativistic corrections, theshift the atomic levels rather than splitting thgnip to
discrepancy between theory and experiment has been réerms ofO(a?) the interaction part of the three-body relativ-
duced to only 5—10 pprfi7]. While this remarkable agree- istic Hamiltonian of[11,12 U has the form of a sum of
ment has provided a most convincing confirmation of thepairwise Breit interaction operators, calculated in the one-
Condo mode[8] of the phenomenon of delayed annihilation photon-exchange approximation
of antiprotons in heliunj9], the projects to measure experi-

mentally the fine and hyperfine structure of antiprotonic he- U=Ug+UsgtUzs.
lium atoms in the upcoming yeaf40] are making way for
frontier tests of QED. We keep inUj; only those terms that explicitly involvg,,

We present in this paper the theoretical results for the finglenote by, , p;, m;, z, andu; the position vector of theth
and hyperfine splittings of the metastable energy levels oparticle, its momentum, its mass, electric chafige units

antiprotonic helium atoms, accurate to 10 The hyperfine le|), and magnetic dipole momefin units e#/2m;c) and
structure of antiprotonic helium has already been observegliso ser=r;—r;. In atomic unitse=#%=1 we have, for the

experimentally{10] and the experiments that are now beinginteraction of a pair of spin-1/2 particles,
prepared are expected to boost significantly the accuracy of

the measurements. The situation will become particularly ex-
citing if the experimental precision reaches fGsince the _ 2 _ 8_77( ﬂ)(ﬂ)(& ) 8(r)
data would then provide valuable information on the electro- " 31m/\m, 5

magnetic structure of antiprotons and eventually an opportu-

nity to testCPT. 1 i\ [ mj
—_—— — — . . . —_— 2 . -
rs(mi my | (B 9)~r¥(5-5)]
Il. THEORETICAL CONSIDERATIONS 7 Zi 1
(72— ) —— ). L ). s
A. Three-body Hamiltonian (z 2'“')2mi2r3(r><p') St mimjr3(rXp') S
The antiprotonic helium atoms consist of a helium
nucleus, an electron, and an antiproton. According to the Zj i

Zi
’ L— N——(rXp:)-s —
Condo model, they are formed when the antiprotons, after t(Z 2M1)2m2r3(r P)-§ mm:r

being slowed down in helium, are captured by helium atoms : :

3(rXp) s
@
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2. secular equation and ¥ is the three-body Coulomb wave
Uj=—a?{ (z—2u) ’2 3(rXp)-s function, expressed in terms of the Jacobi coordinates of the
2mer particlesR,r, as calculated ifi6]:

Zj,lLi |

mimjrs“xpj)'s]' @ PR = S DY(@.0,0)FARED). ()

+

It is worth discussing briefly the accuracy df The pair-  Here DAMIm are the symmetrized Wigner functions of parity
wise spin interaatiorUij does not include terms of order A=(—1). The component§”m'(R,§,77) of the variational
h|ghgr than O(a™); however, the only _contrlbutlon of \vave function are taken in the form
O(a”), related to the anomalous magnetic moment of the
particles, has been incorporated in the phenomenological,:nml(R,g,n):Rm[(g_l)
value of the total magnetic momeps [15], so that the in-

accuracy ofU;; is of O(a®). The lowest-order three-body N

interaction terms appearing in the Foldy-Krajcik schdh@ xX(1- Uz)]mlzR'*gl CR&hiple (@ BOR,
are alsoO(a®) since the Foldy-Krajcik Hamiltonian has the
form of a series in 1¢°= a?. Therefore, the spin interaction )

Hamiltonian of Eqgs(1) and(2) is accurate t®(«a®), which
exceeds the accuracy of the Dirac equation for the particul
case of antiprotonic helium by an order of magnitude.

aphere {=(R;+Ry)/R and »=(R;—R;)/R are the prolate
spheroidal coordinates of the electroy® j,, and the factor
R'x is introduced to meet the requirement that the antiproton
is on a nearly circular orbit.
We restrict ourselves to first order of perturbation theory
The classification of the eigenstates of three-body systemisecause the calculation of the effects of the spin interaction
of scalar particles requires a set of six quantum numberg) in higher orders makes little sense if other terms of the
(QNs), e.g., the values of the total orbital momérand its  same order of magnitude have been omitted and also because
projection on the fixed frame axis M (both of them exact the use of the singular operators in E¢B. and (2) beyond
QN9 plus four approximate QNs that are traditionally asso-perturbation theory is not mathematically justified. In first
ciated with the vibrational excitations of particles 1 and 2order of perturbation theory the spin corrections to the en-
and to the motion of the third particle around them; ofergy levelsAE"’F and the amplitudeseg!JF are, respec-
course, the spatial parity is also conserved. In the particu- tjyely, the eigenvalues and eigenvectors of the spin interac-
lar case of antiprotonic helium metastable states, the thirgon matrix in the representation of E¢B):
particle, the electron, is always in the “ground state” and the
energy levels are labeled withand the “radial” excitation , lIE nlIE
QN n, or, alternatively, by the “principal” QN=n,+1+1 2 ((NIIF|U[NI'F)—AE™6,5) By =0.  (6)
andl. Things change if particle spins are taken into account: J
the orbital moment now couples to the electron spi§to  The calculation of the spin interaction matrix involves inte-
produce the intermediate momeht | +s; (which is quite 2 gration overR,r and summation over the spinor variables.
“good” QN because of the dominance of the electron spin-The intermediate results of the averaging.bbver the spa-
orbital interactio; in turn J couples to the antiproton spf3  tja| variables can be represented in the form of an “effective
to give the total angular momerit=J+s, (exactly con-  gpin Hamiltonian”He". By definition, H®" is an operator in
served together with its projectiofi,). The energy levels the finite-dimensional space of the direct product of the rep-
E"VF differ from the corresponding purely Coulombic en- resentations [§® (s,) ®(Ss) of su(2), such that its matrix

ergy levelsE™ by a correction termA E"F, attributed to the  elements coincide with the spin interaction matrix defined
spin interaction Hamiltoniard: E"VF=E"+AE"F; the  earlier:

fine splitting is associated with the dependence of the energy
levels onJ, while the hyperfine splitting is associated with (1JFFJHeMII"FF,) =(nlJFF,JU|n1J'FF,),
the F dependence.
The initial zeroth order approximation for the spin- where, unlikgnlJ’FF,) in Eq.(3), the state vectdiJ'FF,)
dependent wave function of the antiprotonic helium atom isis built up out of constant spinors only:

B. Perturbative calculation of the level splitting

, 3, FF,
wnuFFz(R,r)zg BTN FF,), 5 19FF)= %Z o Cinfs32,Cas, 5,1,/ IMIS282)I83¢3)-
; fo

3y FE The effective spin Hamiltonian is a compact way to represent
InIJ'FF,)= > Cima c CJ,JZ, or the results of the quite nontrivial numerical integration over
{2.43.M.9, T e the spatial variables in terms of a few constants. In the par-

XWM(R [ 5,)]S5L3), ticular case of antiprotonic heliutd®" has the form

HET=E (53 1) + Ep(S- 1)+ (% 83) + E{21 (1 + 1) (-
where C are Clebsch-Gordan coefficient{) are constant 185D+ ol + Ea(- %) + Baf21( /(%)
spinors,B3 are constant amplitud€to be calculated from the =3[(s-D)(s3- )+ (s3:1)(S,- D]} (7)
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TABLE |. Coefficients of the effective spin Hamiltonia#e®™ of Eq. (7), for the range of states EHe+
with 31=<|=<38 andl+1<n=<I+5 (in a.u). Numbers in square brackets indicate powers of 10.

(n,1 E: E, Es E4

(32,3) —0.706761—7] 0.186755—8] —0.767867—7] —0.108287—10]
(33,3) —0.669560—7] 0.164319—8] —0.686551—7] —0.113468—10]
(34,3) —0.626308—7] 0.144741-8] —0.606467—7] —0.116717-10]
(35,3) —0.587130-7] 0.127225—8] —0.535116—7] —0.118388—10]
(33,32 —0.684561—7] 0.148425-8] —0.709382—7] —0.10652{—10]
(34,32 —0.644394—7] 0.130328-8] —0.628579—7] —0.110325-10]
(35,32 —0.600444—7] 0.114521-8] —0.553117-7] —0.112110-10]
(36,32 —0.555291—7] 0.101201-8] —0.477248-7] —0.111748-10]
(37,32 —0.512018-7] 0.881481—9] —0.416257—7] —0.110799-10]
(34,33 —0.659821—7] 0.117790—8] —0.649376—7] —0.104344—10]
(35,33 —0.616417—7] 0.103178-8] —0.569628—7] —0.106717—10]
(36,33 —0.571004—7] 0.903227-9] —0.495197—7] —0.107250-10]
(37,33 —0.524598—7] 0.790858—9] —0.427290—7] —0.106029—10]
(38,33 —0.475612—7] 0.696419—9] —0.365270—7] —0.102946—10]
(35,39 —0.632310—7] 0.932239—-9] —0.588148—7] —0.101698—10]
(36,39 —0.585778—7] 0.814351—9] —0.510324—7] —0.10261{—10]
(37,39 —0.538136—7] 0.711276—9] —0.439229—7] —0.101729-10]
(38,39 —0.490675—7] 0.621686—9] —0.375766—7] —0.992305—11]
(39,39 —0.444559—7] 0.544291—9] —0.320388—7] —0.953829—11]
(36,35 —0.601839—7] 0.734824—9] —0.526124—7] —0.985305—11]
(37,35 —0.552519—-7] 0.640128—9] —0.451341-7] —0.979852—-11]
(38,35 —0.503192-7] 0.557945—9] —0.384595—7] —0.957660—11]
(39,39 —0.455167-7] 0.487128—9] —0.326436—7] —0.921270—-11]
(40,39 —0.409674—7] 0.426476—9] —0.276836—7] —0.874598—-11]
(37,36 —0.568286—7] 0.576101—9] —0.463858—7] —0.947854—11]
(38,36 —0.516768—7] 0.500564—9] —0.393369—7] —0.928261—-11]
(39,36 —0.466511—-7] 0.435656—9] —0.332082—-7] —0.893855—11]
(40,36 —0.418844—-7] 0.380288—9] —0.280014—-7] —0.848296—11]
(41,36 —0.374439-7] 0.333282—9] —0.236650—7] —0.794519—-11]
(38,37 —0.531644—-7] 0.448636—9] —0.402067—-7] —0.904184—11]
(39,37 —0.478774-7] 0.389050—9] —0.337226—-7] —0.871397—-11]
(40,37 —0.428577—-7] 0.338451—9] —0.282440-7] —0.826581—11]
(41,37 —0.382130-7] 0.295747-9] —0.237124-7] —0.773870—-11]
(42,37 —0.337968—7] 0.259496—9] —0.200235—-7] —0.710391—-11]
(39,39 —0.492068—7] 0.346618—9] —0.3416548—7] —0.853995—11]
(40,39 —0.438958-7] 0.300354—9] —0.283814-7] —0.80958p—11]
(41,39 —0.389989—7] 0.261573—9] —0.236406—7] —0.756816—11]
(42,39 —0.344785-7] 0.229034—9] —0.198221-7] —0.696576—11]
(43,38 —0.293648—7] 0.199726—9] —0.167784—7] —0.602641—11]

The values ofg;, ... ,E, for the whole range of excited Having in mind the future spectroscopy experiments, we pay

p?He" states of interest are listed in Table I. The value ofparticular attention to the different possibilities of testing the

the magnetic moment of the antiproton was taken to be extheoretical predictions.

actly the opposite of the protonic magnetic moment:

mp= —2.79285eh/2mi;T). )
A. Hyperfine structure of the energy levels

Il. SPIN EFFECTS IN ANTIPROTONIC HELIUM

Calculating the fine and hyperfine splitting€"”F of the
SPECTROSCOPY

energy levels of the antiprotonic helium atom and the corre-
We present in this section the numerical results of oursponding spin state vecta’,’" from Eq. (6) is straightfor-

calculation of the hyperfine structure of antiprotonic helium.ward. In particular, for F=I£1 we simply have
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TABLE II. Fine and hyperfine splittingsy E"V (in gigahert, of the nonrelativistic energy levels of the
antiprotonic helium atomp*He' and mixing parameters for the range of states with 3d<38 and

I+1<n<I|+5.
JF
(n,1) (1+1/2]+1) (1+1/2)) (1—1/2)) (1—-1/2)—1) P
(32,3) —7.0764 —7.3507 7.6884 7.1916 —0.0219
(33,3) —6.7033 —6.9644 7.2571 6.8405 —0.0215
(34,3) —6.2669 —6.5175 6.7661 6.4211 —-0.0211
(35,3) —5.8725 —6.1123 6.3229 6.0401 —0.0207
(33,32 —7.0965 —7.3268 7.6326 7.2316 —0.0209
(34,32 —6.6769 —6.9000 7.1613 6.8312 —0.0205
(35,32 —6.2172 —6.4335 6.6536 6.3849 —0.0201
(36,32 —5.7437 —5.9559 6.1371 5.9214 —-0.0197
(37,32 —5.2924 —5.4952 5.6439 5.4751 —0.0195
(34,33 —7.0686 —7.2667 7.5396 7.2224 —0.0199
(35,33 —6.5985 —6.7937 7.0230 6.7682 —0.0195
(36,33 —6.1068 —6.2989 6.4884 6.2872 —0.0192
(37,33 —5.6049 —5.7925 5.9466 5.7910 —0.0189
(38,33 —5.0753 —5.2581 5.3805 5.2614 —0.0187
(35,39 —6.9889 —7.1642 7.4035 7.1598 —0.0190
(36,39 —6.4682 —6.6433 6.8406 6.6511 —0.0186
(37,394 —5.9357 —6.1095 6.2695 6.1254 —0.0183
(38,39 —5.4063 —5.5765 5.7042 5.5976 —0.0180
(39,39 —4.8929 —5.0579 5.1585 5.0815 —0.0178
(36,35 —6.8535 —7.0131 7.2184 7.0395 —0.0181
(37,35 —6.2846 —6.4455 6.6112 6.4784 —0.0178
(38,35 —5.7169 —5.8769 6.0084 5.9130 —0.0175
(39,35 —5.1654 —5.3219 5.4247 5.3590 —0.0172
(40,35 —4.6441 —4.7950 4.8745 4.8315 —-0.0171
(37,39 —6.6588 —6.8081 6.9797 6.8575 —0.0172
(38,39 —6.0477 —6.1985 6.3337 6.2494 —0.0169
(39,39 —5.4530 —5.6023 5.7070 5.6525 —-0.0167
(40,39 —4.8902 —5.0355 5.1155 5.0834 —0.0165
(41,36 —4.3673 —4.5063 4.5670 4.5509 —0.0164
(38,39 —6.4026 —6.5457 6.6842 6.6111 —0.0164
(39,39 —5.7585 —5.9021 6.0081 5.9651 —0.0162
(40,39 —5.1486 —5.2896 5.3695 5.3486 —0.0160
(41,39 —4.5857 —4.7214 4.7810 4.7757 —0.0158
(42,39 —4.0521 —4.1794 4.2243 4.2281 —0.0158
(39,38 —6.0843 —6.2236 6.3302 6.2992 —0.0157
(40,38 —5.4208 —5.5588 5.6378 5.6288 —0.0155
(41,38 —4.8105 —4.9441 5.0018 5.0079 —0.0153
(42,38 —4.2490 —4.3753 4.4174 4.4323 —0.0152
(43,38 —-3.6171 —3.7279 3.7616 3.7754 —0.0153
BVJ‘[JF: 83y » while for F=1 the amplitudess can be param- contribution of the various terms o™ can be easily

estimated with the help of Table | by taking into
account that, for I>1, (s,-s3)~1, (lI-s)~I and
(21(141)(82-53) — 3[(2- ) (83- D) +(83- ) (- D)~ 12

Future microwave-induced-transition experiments, the
preparation of which was announced it0], are designed to
measure directly the fine splitting of the levels of antipro-
ting (the F dependenceis suppressed by a facter80. This tonic he_lium, i.e., the sepa_lration between the doublets of
is due to the fact that the spin interaction Hamiltontarof ~ States withi=1=1/2. No estimates of the expected accuracy

Egs.(1) and(2) is dominated by the spin-orbital interaction '€ known, but it will hardly allow for measuring the hyper-
of the electron[the termE (I-s;) in Eq. (7)]. The relative fine splitting. Note that the contribution to the fine splitting

etrized with the single parametes: BSEJ'::sin(ﬁ for

J=1-1/2,3' =1+ 1/2. The numerical results faxE"F and
¢ are presented in Table II.

Table Il shows that the leading spin effect in antiprotonic
helium spectroscopy is the fine splitting of the levels, asso
ciated with the dependence dr-1 = 1/2; the hyperfine split-
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TABLE Ill. Hyperfine structure of the spectral line for the transition (37;3%838,34): spin correction
AEMIRA—MTIF) — AE('1I'F) _ AE(IF) 10 the transition frequenciin gigahertz and probability of the
individual hyperfine components.

(J".F")
(J,F) (I'+1/2)" +1) (I"+1/2)") (1'=1/2]") (I'=1/2)"-1)
0.8783
(I+1/2)+1) 1
1.0392 0.8690
(I+1/2)) 1/2? 1-1/22
—12.017 —12.188 —0.9070
(1-1/2)) 1/2? o(17?) 1-1/22
—11.885 —12.055 —0.7742 —0.8808
(1-1/2)-1) o(17?) 1/212 1/212 1-11?

from the terms that explicitly involve the magnetic momentnately, these measurements, even further refined, would
of the antiproton is suppressed by two orders of magnitudehardly bring new information on antiprotonic magnetic mo-
ment u,since the fine splitting of the main sublinesnot
B. Hyperfine structure of the transition lines sensitive enough to the value pf;> Changing its value by
. L o . 0.5% would affect only the fifth digit of the splitting. Most
While in the nonrelativistic approximation of spinless par- gyitaple for measuring:;” are the two components with
ticles E1 transitions between two bound states of the anti-A j=1, AF=0, for which pa change of 1% of its value shifts

protonic helium atomrfl)—(n’l"), I"=1=1 would be sig- the transition frequency by 0.1%; the suppression factor for
naled by a single spectral line, the spin interactions split thishese components isl#~10 3.
line to 4X4=16 components, depending on which are the

parent and daughter hyperfine stategnIP —(n"1"I'F) C. Discussion of the results

—Egn'VYF _pnliF_ Eml)a(n’l’)+AE(nIJF)H(n’I'J’F’) with Afs pointed out in Sec. Il, the interaction Hamiltonian does

E() (1) _gn't’ _ gl and AEMID—('1I'F) not include higher order QED terms that are expected to
nr.o oo contribute by quantities of relative order 1to the splitting

=AE""7'F —AE"WF. The energy(and, respectively, the AE(NP thus one strict upper limit of the precision follows

frequency of each of these transitions can easily be calcufrom the choice of the theoretical model. The detailed study

lated from the content of Table Il. It is easy to notice that theof the convergence of the numerical values of the coeffi-

spin correctionsAEMIF~(1"I'FY) {5 the “main” transi-  cients of the effective spin Hamiltonian with respect to the

tions between states withF=AJ=Al are suppressed be- number of basis functions in the variational expansion of Eq.

cause the corresponding corrections to the energy of the par-

ent and daughter states cancel each other, but become quite

significant in “crossed” transitions. Unfortunate(from the

experimenter’s point of vieyy the probability for the crossed

transitions is suppressed compared to the main ones. Con-

sider in more detail the example of the transition

(37,35)—(38,34) illustrated in Table Ill and Fig. 1. The

rows of the table correspond to different initial states, while J=1—_§<

F=I

y=r—1

the columns refer to different final states. As long BBk
transitions with|AJ|>1 or |AF|>1 are strictly forbidden,
their cells are empty; the other cells contain the fine and

hyperfine splitingsAEMIP—(M'1"IF) reckoned from the  (37:35) )

frequency of the nonrelativistic valug~™"") (upper
row) and the relative probability of the various open chan-
nels for any of the initial states as a function loflower
row). It is easy to see that the measurement of the splitting of _<:
the transition lines is a difficult task: either the separation of J=l+3
the sublines is too small to be observ#ite four main lines

or their intensity is too strongly suppressed. What was re- F|G. 1. Fine and hyperfine structure of the antiprotonic helium
ported in[10] was the measurement of the fine splitting be-stateg37,35 and (38,34 and theE1 transitions (37,35)>(38,34).
tween the main components with=1+1/2 andJ=1—-1/2  The waved lines denote the main hyperfine components of the tran-
(the upper and lower halves of the diagonal of Tablg the  sition wavelength, while the dashed lines stand for the satellite
hyperfine splitting within them was not studied. Unfortu- wavelength suppressed by a factor of order 30

2.9 GHz

F=1
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TABLE IV. Convergence of the coefficients of the effective spin Hamiltonign i=1, ... ,4 with
respect to the number of basis functions in the variational expansion gbEdNumbers in square brackets
indicate power of 10.

N E, E, E, E,
528 —0.55257—7] 0.640388—9] —0.450608—7] ~0.979187-11]
880 —0.55247{—7] 0.640068—9] —0.451138—7] ~0.979686—11]
1728 —0.552411-7] 0.640148-9] —0.451309—7] —0.97982{—11]
2364 —0.552519—7] 0.640123-9] —0.451341{-7] —0.979852—11]

(5) demonstrateésee Table 1Y that the numerical error does dipole magnetic moment of the antiprotpt6] by an order
not exceed 10* either. Finally, the uncertainty afE("P  of magnitude.
due to the present uncertainty in the value,gf is again

~1.10 %, The conclusion, therefore, is that the overall un-

certainty of the results on the fine and hyperfine splitting is

not larger than 10%.
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paper with the expected spectroscopic data from the futurtNT-9602189, which is gratefully acknowledged. D.B. is
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tivistic guantum mechanical approach to few-body problemdResearch for partial support under Grant No. FI-507. We are
involving antiparticles. If confirmed, this approach will have particularly indebted to Professor T. Yamazaki for many
to be extended further to include the leading-order radiativevaluable suggestions and for his support at all the stages of
correction in a way to provide results accurate to 10A  the work, as well as to all the member of the CERN PS205
comparison with experiment then would reduce the uncerexperiment group and to Profesor K. Szalewicz for the useful
tainty in the experimental value 2.800+ 0.008 (u)) of the  discussions.
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