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Radiative level shifts of an accelerated hydrogen atom
and the Unruh effect in quantum electrodynamics

R. Passante
Istituto per le Applicazioni Interdisciplinari della Fisica, Consiglio Nazionale delle Ricerche

and Istituto Nazionale di Fisica della Materia, Via Archirafi 36, I-90123 Palermo, Italy
~Received 29 September 1997!

The contribution of vacuum fluctuations and the radiation reaction to the energy-level shifts of a hydrogen
atom, moving with uniform acceleration and interacting with the electromagnetic field, is considered. It is
found that the reaction field contribution is not affected by the acceleration, whereas the vacuum fluctuations’
contribution depends on the acceleration. The differences with previous results for an accelerated two-level
atom interacting with a scalar field are discussed in detail; in particular, it is shown that the effect of electro-
magnetic vacuum fluctuations on atomic level shifts, contrarily to the scalar field case, is not totally equivalent
to that of a thermal field. It is argued that this lack of equivalence should be observable.
@S1050-2947~98!06203-9#

PACS number~s!: 12.20.Ds, 42.50.Ct
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I. INTRODUCTION

The physical origin of the radiative level shifts of atom
has been studied in detail since the beginning of quan
electrodynamics. Radiative level shifts may be ascribed
vacuum fluctuations@1,2#, or to the radiation reaction field
@3#, or to a combination of them@4#. This ambiguity in physi-
cal interpretation is usually considered as a sort of com
mentarity which mathematically arises from different po
sible choices of the ordering of commuting operators. T
subject was reviewed many times until very recently@5–7#.
In a classic paper, Dalibard, Dupont-Roc, and Coh
Tannoudji@8# showed that the requirement that the contrib
tions of vacuum fluctuations and of the reaction field to
diative corrections should be separately represented
Hermitian operators entails the adoption of symmetric ord
ing, thereby resolving the mentioned ambiguity. They a
used symmetric ordering in more general cases such as i
interaction of a~small! system with a resevoir@9#.

More recently, Audretsch and Muller extended the fo
malism of Ref.@8# to evaluate vacuum fluctuations and rea
tion field contributions to the spontaneous emission rate@10#,
and to the radiative level shifts@11# of an accelerated two
level atom interacting with a scalar field. Their results a
consistent with the Unruh effect, i.e., the spontaneous e
tation of an accelerated atom detector due to the fact tha
latter perceives vacuum fluctuations as a thermal field wi
temperature proportional to its acceleration@12#. In an accel-
erated frame the vacuum is populated by the so-called R
dler particles@13,14#. The Lamb shift of a two-level atom
interacting with a scalar field in an arbitrary stationary t
jectory was also studied@15#.

In this paper, using the general method of Ref.@11#, we
consider the contributions of vacuum fluctuations and
reaction field to the level shifts af an accelerated hydro
atom interacting with the quantum electromagnetic fie
This is a more realistic system than that considered in R
@11#, and we shall show that it displays nontrivial feature
These features are essentially related to two facts. The fir
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that from the point of view of an accelerated observer, sca
and electromagnetic fields behave quite differently. In p
ticular, the vacuum correlation functions of the electroma
netic field in an accelerated system are not equivalen
those of a thermal field, contrarily to the scalar field ca
@16#; we show that this is indeed relevant to the descript
of radiative level shifts of an atom in an accelerated syste
Second, we may expect different results and different ph
cal interpretations of radiative corrections when a realis
multilevel system such as a hydrogen atom is considere
place of a simple two-level system, due to the well-know
limitations of the two-level model in the description o
vacuum processes@17#. An example of this inadequacy i
that the calculation of the Lamb shift for a~inertial! two-
level atom does not require mass renormalization becaus
accidental cancellation of divergent contributions when
ergy differences are considered@18#; such a cancellation
does not occur for a hydrogen atom.

II. ATOM-FIELD INTERACTION
AND EFFECTIVE HAMILTONIANS

We consider an accelerated hydrogen atom interac
with the quantum electromagnetic radiation field. For si
plicity, we assume a linear interaction between atom a
field. The nonrelativistic QED interaction also contains qu
dratic terms, both in the minimal coupling and in the mul
polar coupling schemes@7#, but we shall neglect them, as
is often done in the calculation of radiative shifts.

The Hamiltonian that describes the time evolution of o
system with respect to the proper timet, in the multipolar
coupling scheme, is

H~t!5Hatom~t!1Hfield~t!1H int~t!, ~2.1!

where

Hatom~t!5\(
n

vnsnn~t! ~snn5un&^nu!, ~2.2!
1590 © 1998 The American Physical Society
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Hfield~t!5\(
k

vkak
†ak

dt

dt
, ~2.3!

H int~t!52er ~t!•E„x~t!…52e(
mn

rmn•E„x~t!…smn~t!,

~2.4!

wherek denotes the wave vector and polarization of the fi
modes,e is the electron electric charge,er the atomic elec-
tric dipole moment,x5(t,x) the space-time coordinate o
the atom, andn denotes a complete set of atomic states w
energy\vn . We assume thatvn includes any direct chang
~not radiative shift! of the transition frequency caused by th
acceleration.

In the formal solution of the Heisenberg equations for
field variables, we can separate the ‘‘free’’ and ‘‘source
parts

ak„t~t!…5ak
f
„t~t!…1ak

s
„t~t!…, ~2.5!

where

ak
f
„t~t!…5ak„t~t0!…e2 ivk„t~t!2t~t0!… ~2.6!

ak
s
„t~t!…5

ie

\ (
mn

rmn•E
t0

t

dt8e2 ivk„t~t!2t~t8!…

3@E„x~t8!…,ak„t~t8!…#smn~t8!. ~2.7!

An analogous separation can be performed for the ato
variables.

The equations of motion in the interaction representat
for an arbitrary atomic observableO(t), using symmetric
ordering, can now be separated in the vacuum fluctuat
and the reaction field contributions@9#

dO~t!

dt
5S dO~t!

dt D
vf

1S dO~t!

dt D
rr

, ~2.8!

where

S dO~t!

dt D
vf

52
ie

2\S Ef
„x~t!…•(

mn
rmn@smn~t!,O~t!#

1(
mn

rmn•@smn~t!,O~t!#Ef
„x~t!…D , ~2.9!

S dO~t!

dt D
rr

52
ie

2\S Es
„x~t!…•(

mn
rmn@smn~t!,O~t!#

1(
mn

rmn•@smn~t!,O~t!#Es
„x~t!…D .

~2.10!

The average values of the equations of motion~2.9! and
~2.10! on the vacuum stateu0&, using the same general pro
cedure as in Refs.@9,11# and apart from non-Hermitian term
connected to relaxation, can be expressed in terms of e
tive Hamiltonians
d

h

e

ic

n

ns

c-

Hv f
e f f5

ie2

2\Et0

t

dt8Ci j
F
„x~t!,x~t8!…@r j~t8!,r i~t!#,

~2.11!

Hrr
e f f52

e2

2 Et0

t

dt8x i j
F
„x~t!,x~t8!…$r j~t8!,r i~t!%,

~2.12!

where $•••,•••% denotes the anticommutator, and we d
fined the statistical functions~symmetric correlation function
and linear susceptibility! of the field in the vacuum state

Ci j
F
„x~t!,x~t8!…5 1

2 ^0u$Ei„x~t!…,Ej„x~t8!…%u0&,
~2.13!

x i j
F
„x~t!,x~t8!…5

i

\
^0u@Ei„x~t!…,Ej„x~t8!…#u0&.

~2.14!

The vacuum fluctuations and the radiation reaction con
butions to the radiative shift of the atomic levelub& at order
e2 are given by the expectation values of the effect
Hamiltonians on the stateub&

~dEb!v f52
e2

2 Et0

t

dt8Ci j
F
„x~t!,x~t8!…~x i j

A !b~t,t8!,

~2.15!

~dEb!rr 52
e2

2 Et0

t

dt8x i j
F
„x~t!,x~t8!…~Ci j

A !b~t,t8!,

~2.16!

where the statistical functions of the atom in stateub&, i.e.,
symmetric correlation function and linear susceptibility, a
defined as

~Ci j
A !b~t,t8!5 1

2 ^bu$r i~t!,r j~t8!%ub&, ~2.17!

~x i j
A !b~t,t8!5

i

\
^bu@r i~t!,r j~t8!#ub&. ~2.18!

It should be noted that, at ordere2, all operators appearing in
the atomic and field statistical functions are free operato

III. ENERGY-LEVEL SHIFTS
OF THE ACCELERATED ATOM

The trajectory of the hydrogen atom, uniformly accele
ated along thex direction, is@19#

t~t!5
c

a
sinh

at

c
, x~t!5

c2

a
cosh

at

c
, y~t!5z~t!50,

~3.1!

wherea is the proper acceleration.
The field statistical functions in the accelerated frame c

be obtained from the general results of Takagi for the fi
correlation function@20#
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^0uEi„x~t!…Ej„x~t8!…u0&5d i j

\

4pc7

a4

sinh4
a

2c
~t2t82 i e!

,

~3.2!

wheree→10. From Eq.~3.2!, we obtain the symmetric cor
relation function

Ci j
F
„x~t!,x~t8!…5d i j

\

4pc7
P

a4

sinh4
a

2c
~t2t8!

~3.3!

(P denotes the principal part!, and the linear susceptibility

x i j
F
„x~t!,x~t8!…5d i j

4

3c3
d-~t2t8!, ~3.4!

whered-(t) is the third derivative of the Dirac delta func
tion.

For our purposes, it is convenient to express Eqs.~3.3!
and ~3.4! in terms of frequency integrations. In order to e
press the symmetric correlation function in such a way,
first note that

E
0

`

dv v3cothS pvc

a D ~e2 ivt1eivt!

5
a4

4c4S 3

sinh4
at

2c

1
2

sinh2
at

2c
D , ~3.5!

E
0

`

dv vcothS pvc

a D ~e2 ivt1eivt!52
a2

2c2

1

sinh2
at

2c

.

~3.6!

The proof of these equations involves some lengthy
straightforward algebra: the integrals on the left-hand s
after having added an appropriate infinitesimal imagin
part tot that provides convergence in the upper integrat
limit, yield combinations of the polygamma function, whic
finally lead to Eqs.~3.5! and ~3.6! @21#. Then, using Eqs.
~3.5! and ~3.6! in Eq. ~3.3!, we obtain

Ci j
F
„x~t!,x~t8!…5d i j

\

3pc3E0

`

dv v3S 11
a2

c2v2D
3cothS pcv

a D ~eiv~t2t8!1e2 iv~t2t8!!.

~3.7!

The antisymmetric correlation function~3.4! can be ex-
pressed as a frequency integration in the following form:
e

t
e,
y
n

x i j
F
„x~t!,x~t8!…52d i j

2i

3pc3E0

`

dv v3~eiv~t2t8!

2e2 iv~t2t8!!. ~3.8!

It is interesting to compare the symmetric function~3.7!
with the analogous function for a stationary observer in
thermal field at temperatureT @16#,

1
2 ^0u$Ei~x,t !,Ej~x,t8!%u0&T

5d i j

\

3pc3E0

`

dv v3cothS \v

2kBTD
3~eiv~ t2t8!1e2 iv~ t2t8!!, ~3.9!

wherekB is the Boltzmann constant. By inspection, the sy
metric correlation function in an accelerated frame is diff
ent from the analogous function obtained for an intertial o
server in a thermal field with the Unruh temperatureT
5\a/2pckB , due to the term proportional toa2 in Eq. ~3.7!.
The presence of this term is a direct consequence of
a4sinh24@a(t2t8)/2c# behavior of the symmetric correlatio
function in Eq.~3.3!, as our derivation of Eq.~3.7! shows. In
the case of the scalar field the symmetric correlation funct
is ;a2sinh22@a(t2t8)/2c# and no term proportional toa2

appears, as it is possible to show from Eq.~3.6!. Therefore
the vacuum of the electromagnetic field in an accelera
frame is not equivalent to a thermal field, contrarily to t
scalar field case@16#.

The symmetric and antisymmetric correlation functio
for the accelerated hydrogen atom are easily obtained in
forms

~Ci j
A !b~t,t8!5

1

2(d
@^bur i~0!ud&^dur j~0!ub&eivbd~t2t8!

1^bur j~0!ud&^dur i~0!ub&e2 ivbd~t2t8!#,

~3.10!

~x i j
A !b~t,t8!5

i

\(
d

@^bur i~0!ud&^dur j~0!ub&eivbd~t2t8!

2^bur j~0!ud&^dur i~0!ub&e2 ivbd~t2t8!#.

~3.11!

Substituting Eqs.~3.7!, ~3.8!, ~3.10!, and ~3.11! into Eqs.
~2.15! and~2.16!, and taking the limitst0→2`,t→`, after
some algebra yields

~dEb!v f5
e2

3pc3(d
z^bur ~0!ud& z2E

0

`

dv v3S 11
a2

c2v2D
3cothS pcv

a D PS 1

v1vbd
2

1

v2vbd
D ~3.12!
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~dEb!rr 52
e2

3pc3(d
z^bur ~0!ud& z2E

0

`

dv v3

3PS 1

v1vbd
1

1

v2vbd
D . ~3.13!

The vacuum fluctuations contribution can be also written
the form

~dEb!vf5
e2

3pc3(d
z^bur ~0!ud& z2E

0

`

dv v3S 11
a2

c2v2D
3S 11

2

e2pcv/a21
D PS 1

v1vbd
2

1

v2vbd
D .

~3.14!

Equations~3.12!, ~3.13!, and ~3.14! are the main results o
this paper. Let first discuss the radiation reaction term~3.13!.
The same result can be obtained for an atom at rest~in the
multipolar coupling scheme! @9#, as expected because th
linear susceptibility of the field is not affected by the unifor
acceleration@see Eq.~3.8!#; therefore, in our case, similarl
to the case of the two-level atom and the scalar field@11#, a
uniform acceleration does not change the part of the ene
shift due to radiation reaction. However, contrarily to t
two-level case@11#, this contribution does not cancel ou
when relative energy shifts~not renormalized! are consid-
ered. In a multilevel system, both for inertial and accelera
atoms, there is no ‘‘accidental’’ cancellation of the radiati
reaction shifts for energy differences. This is a clear exam
in which the two-level atom is not a good representat
of a real multilevel atom~for the accelerated as well for th
inertial case!. The radiation reaction part of the shift is, how
ever, essentially the part that is subtracted when mass re
malization is performed, but we shall not discuss this po
here.

On the other hand, acceleration affects significan
the contribution of vacuum fluctuations~3.14!. For an
inertial atom in the multipolar coupling scheme used in t
paper,

~dEb!vf
inertial5

e2

3pc3(d
z^bur ~0!ud& z2E

0

`

dv v3

3S 1

v1vbd
2

1

v2vbd
D . ~3.15!

Comparison with Eq.~3.12! shows that, while in the scala
field case the effect of acceleration is only a ‘‘thermal’’ co
rection with the Unruh temperatureT5\a/2pckB due to the
factor coth(pcv/a) @11#, in the present case~electromagnetic
field with multipolar coupling! there is an extra correctio
proportional toa2. This extra term is not in the form of a
thermal effect. In other words, the equivalence between
form acceleration and thermal fields is lost in QED. T
order of magnitude of the ‘‘nonthermal’’ correction can b
n

gy

d

le
n

or-
t

y

s

i-

estimated from the value ofa2/c2v2 in thev integral in Eq.
~3.12!. For the Lamb shift, the relevant portion of the fie
spectrum is that aroundv;v0, wherev0 represents a typi-
cal transition frequency of the atom. Thus the order of m
nitude of the correction isa2/c2v0

2. For a ground-state hy
drogen atom,v0;1015 s21. This shows that thermal an
nonthermal contributions to the level shift are compara
for a;cv0;1025 cm/s2. Although this acceleration is
extremely high, it is of the same order of the accelerat
necessary to observe the Unruh effect in atomic syste
Therefore, we expect that in the cases in which radiat
effects due to acceleration might be observed~for example,
for electrons in large storage rings, as suggested
Refs. @11,22#!, the ‘‘nonthermal’’ part of the vacuum fluc
tuations level shifts should not be negligible compared to
thermal one.

Finally, we mention that the term proportional toa2

discussed above is apparently absent if the Hamiltonia
taken in the minimal coupling scheme neglecting theA2

term in the interaction, due to the different form o
the statistical functions for the vector potential. It is n
possible, however, to compare the two cases in the fra
work of the formalism of this paper, since the gauge equi
lence of the multipolar and minimal couplings requir
accounting for the quadratic terms that have been negle
in this paper. We shall discuss this point in a subsequ
paper.

IV. CONCLUSIONS

In this paper we considered, using a symmetric order
of operators and a multipolar form of the atom-field co
pling, contributions of vacuum fluctuations and the radiati
reaction to the energy-level shifts of a hydrogen atom int
acting with the electromagnetic field and moving with a u
form acceleration. We showed that the radiation react
contribution is not affected by the acceleration, whereas
vacuum fluctuations’ contribution depends on the accele
tion of the atom. We discussed the latter contribution in d
tail, and showed that the effect of vacuum fluctuations on
energy-level shifts of the accelerated atom is not equiva
to that of a thermal field, with the Unruh temperatureT
5\a/2pckB . The order of magnitude of the nontherm
contribution was estimated in comparison to the thermal o
and we argued that it should be observable. These res
were also compared with recent results in the literature c
cerning an accelerated two-level atom interacting with a s
lar field.
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