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Radiative level shifts of an accelerated hydrogen atom
and the Unruh effect in quantum electrodynamics
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The contribution of vacuum fluctuations and the radiation reaction to the energy-level shifts of a hydrogen
atom, moving with uniform acceleration and interacting with the electromagnetic field, is considered. It is
found that the reaction field contribution is not affected by the acceleration, whereas the vacuum fluctuations’
contribution depends on the acceleration. The differences with previous results for an accelerated two-level
atom interacting with a scalar field are discussed in detail; in particular, it is shown that the effect of electro-
magnetic vacuum fluctuations on atomic level shifts, contrarily to the scalar field case, is not totally equivalent
to that of a thermal field. It is argued that this lack of equivalence should be observable.
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[. INTRODUCTION that from the point of view of an accelerated observer, scalar
and electromagnetic fields behave quite differently. In par-
The physical origin of the radiative level shifts of atoms ticular, the vacuum correlation functions of the electromag-
has been studied in detail since the beginning of quanturpetic field in an accelerated system are not equivalent to
electrodynamics. Radiative level shifts may be ascribed tghose of a thermal field, contrarily to the scalar field case
vacuum fluctuationg1,2], or to the radiation reaction field [16]; we show that this is indeed relevant to the description
[3], or to a combination of therfd]. This ambiguity in physi-  Of radiative level shifts of an atom in an accelerated system.
cal interpretation is usually considered as a sort of compleS€cond, we may expect different results and different physi-
mentarity which mathematically arises from different pOs_cal interpretations of radiative corrections when a realistic
sible choices of the ordering of commuting operators. Thénululevel sy_stem such as a hydrogen atom is considered in
subject was reviewed many times until very receffly-7]. pla_ce .Of a simple two-level system, _due to the w_eII_- known
In a classic paper, Dalibard, Dupont-Roc, and Cohenlimitations of the two-level model in the description of

. g . vacuum processedl7]. An example of this inadequacy is
Tannoudji[8] showed that the requirement that the contribu that the calculation of the Lamb shift for @ertial) two-

tions of vacuum fluctuations and of the reaction field to ' evel atom does not require mass renormalization because of

diative corrections should be separately represented by, iqenta| cancellation of divergent contributions when en-

Hermitian operators entails the adoption of symmetric orderzargy differences are considerdds]; such a cancellation

ing, thereby resolving the mentioned ambiguity. They alsqyges not occur for a hydrogen atom.
used symmetric ordering in more general cases such as in the

interaction of a(small system with a resevol[9].

More recently, Audretsch and Muller extended the for-
malism of Ref[8] to evaluate vacuum fluctuations and reac-
tion field contributions to the spontaneous emission [rbi, We consider an accelerated hydrogen atom interacting
and to the radiative level shiffs1] of an accelerated two- with the quantum electromagnetic radiation field. For sim-
level atom interacting with a scalar field. Their results areplicity, we assume a linear interaction between atom and
consistent with the Unruh effect, i.e., the spontaneous excifield. The nonrelativistic QED interaction also contains qua-
tation of an accelerated atom detector due to the fact that thdratic terms, both in the minimal coupling and in the multi-
latter perceives vacuum fluctuations as a thermal field with golar coupling schemd#], but we shall neglect them, as it
temperature proportional to its acceleratfd2]. In an accel- is often done in the calculation of radiative shifts.
erated frame the vacuum is populated by the so-called Rin- The Hamiltonian that describes the time evolution of our
dler particles[13,14. The Lamb shift of a two-level atom system with respect to the proper timein the multipolar
interacting with a scalar field in an arbitrary stationary tra-coupling scheme, is
jectory was also studiefd.5].

In this paper, using the general method of Réfl], we H(7) =H giorf 7) + Hsieig( 7) + Hig( 7), (2.1
consider the contributions of vacuum fluctuations and the
reaction field to the level shifts af an accelerated hydroget\“}vh ere
atom interacting with the quantum electromagnetic field.

This is a more realistic system than that considered in Ref.
[11], and we shall show that it displays nontrivial features. _ _
These features are essentially related to two facts. The first is Haton( ™) ﬁ; @n@an(7) - (m=InXnD, - (22

Il. ATOM-FIELD INTERACTION
AND EFFECTIVE HAMILTONIANS
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dt
Hfield(T):hzk: wkalaka_r 2.3 5If—2hJ dr'Cl X(r) x(T)ri(7"),ri(7)],

(2.11)
Hin( )= —er(r)-E(x(r =—e2 Fns ECX(7) e 7),

2
He”=—e—f7dr'xf(x<r> X(T){ry(7"),ri(7)}
(2.9 " 2 4 4 ' J n '
(2.12
wherek denotes the wave vector and polarization of the field
modes.e is the electron electric charger the atomic elec-  where{- - -, - 1 denotes the anticommutator, and we de-
tric dipole momentx=(t,x) the space-time coordinate of fined the statistical functionsymmetric correlation function

the atom, anah denotes a complete set of atomic states withand linear susceptibilityof the field in the vacuum state
energyh o, . We assume thab, includes any direct change

(not radiqtive shift of the transition frequency caused by the CE(X( ), X(7'))=1% <O|{Ei(x(r)),Ej(x(r’))}|O>,

acceleration. (2.13
In the formal solution of the Heisenberg equations for the

field variables, we can separate the “free” and “source”

parts X 0. X)) = - (O, (x(7)) ;6 7)][0).
a,(t(7)=al(t(n) + ax(t(7)), 25 (219

The vacuum fluctuations and the radiation reaction contri-
butions to the radiative shift of the atomic leJél) at order
f _ —iw,(t(r)—t(7g)) e are given by the expectation values of the effective
a,(t =ay(t e ' 0 2.6 L2
()=o) 28 \amiltonians on the statid)

where

ie T ) )
at(n)= 52 rmn'f dr’ e lekt(n—tr")
70

mn

(0Ep) = f d7’ CH(X(7) X(7 ) (Xp(7.7),
X[EX(T)),at(7")]omn(7").  (2.7) (219

An analogous separation can be performed for the atomic A

variables. OEp) = f d7' xi; (X(7) . X(7))(CHp(7,7"),
The equations of motion in the interaction representation (2.16

for an arbitrary atomic observabl@(t), using symmetric

ordering, can now be separated in the vacuum fluctuatio

and the reaction field contributionf8]

dO(T)>
dT rr,

"Where the statistical functions of the atom in sti, i.e.,
symmetric correlation function and linear susceptibility, are
defined as

dO(T):(dO(T) .

dr dr

vf

(CHo(r,7)=3(bl{ri(7),ri(+)}[b),  (2.19)

where
2.1
dom| el ()(m7)= 1Bl (1)), (248
G| = 27| B 2t omi(7),0(7)]
vt It should be noted that, at ordef, all operators appearing in
; the atomic and field statistical functions are free operators.
+ 2 T [0 1), 0(DIE X(7) |, (2.9
Ill. ENERGY-LEVEL SHIFTS
(dO(T)) e(ES( DSt Lo (1.0()] OF THE ACCELERATED ATOM
—| === X(7))- 2, r ,
dr /. 2k T Tmnl Tmal T AT The trajectory of the hydrogen atom, uniformly acceler-
ated along the direction, is[19]
+2 rmn'[O'mn(T)aO(T)]ES(X(T)))- 2
" = “sinh—,  x(r)= —cosh_, y(r)=2()=0
(2.10 t(r)—asm o X(7)= acos o y(7)=2z(7)=0,

(3.1
The average values of the equations of moti@m® and
(2.10 on the vacuum statf), using the same general pro- wherea is the proper acceleration.
cedure as in Ref$9,11] and apart from non-Hermitian terms  The field statistical functions in the accelerated frame can
connected to relaxation, can be expressed in terms of effebe obtained from the general results of Takagi for the field
tive Hamiltonians correlation functior 20]
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, fi a4 E ’ 2i * 3(plo(t—17")
(O[Ei(x(7)E;(x(7"))|0)= &; - , Xij (X(7),X(7"))= = &; —af do w?(e
4qc’ . a .. 3wccJo
smH‘Z—C(T— ' —i€)

3.2 —e (), (3.9
wheree— +0. From Eq.(3.2), we obtain the symmetric cor- It is interesting to compare the symmetric functigh?)
relation function with the analogous function for a stationary observer in a

thermal field at temperature [16],

F ' h a4 1
Cij(x(7),x(1"))= & 4WC7P — (33 L(OH{Ei(x.t),Ej(x,t")}|0)r
sintf —(7—17')
2c 5 % focd . ho
- . ~igpealo OO 2kT
(P denotes the principal pastand the linear susceptibility
X(eiw(tft')_’_efiw(tft’)), (3.9)
F ' 4 " ’
Xij (X(7),X(7))= 6, @5 (r=7"), (3.4 wherekg is the Boltzmann constant. By inspection, the sym-

metric correlation function in an accelerated frame is differ-

ent from the analogous function obtained for an intertial ob-
Whereaﬁ,(’]’) is the third derivative of the Dirac delta func- server in a therma| f|e|d W|th the Unruh temperatu'fe
tion. o . =hal2mckg, due to the term proportional & in Eq. (3.7).

For our purposes, it is convenient to express E83)  The presence of this term is a direct consequence of the
and(3.4) in terms of frequency integrations. In order to ex- a*sinh4[a(7— 7)/2c] behavior of the symmetric correlation
press the symmetric correlation function in such a way, W&ynction in Eq.(3.3), as our derivation of Eq3.7) shows. In
first note that the case of the scalar field the symmetric correlation function

is ~a’sinh Ja(r—7')/2c] and no term proportional ta?

% s ToC| i appears, as it is possible to show from E8.6). Therefore
fo do w”coth —— (e 1*7+e'*") the vacuum of the electromagnetic field in an accelerated
frame is not equivalent to a thermal field, contrarily to the
a’ 3 2 scalar field casgl6].
=— , (3.5 The symmetric and antisymmetric correlation functions
4c sinh“a—T sinhza—T for the accelerated hydrogen atom are easily obtained in the
2c 2c forms
« TwC i i a2 1 A ’ 1 iwpg(7—17")
f do wcoth — | (e '@7+ge7)= - — . (CHp(7,7) =52 [(bri(0)|d)(d]|r;(0)|b)e'“ba
0 a 2¢2 . . ar 243
smhzz _
(3.6) +(b|r;(0)|d)(d|r;(0)[b)e " “pd =],

(3.10
The proof of these equations involves some lengthy but
straightforward algebra: the integrals on the left-hand side, i
after having added an appropriate infinitesimal imaginary (X{?)b(r,r’):—E [<b|ri(0)|d><d|rj(0)|b>eiwbd<f*f’>
part to 7 that provides convergence in the upper integration h*g
limit, yield combinations of the polygamma function, which

— ) ) —iwpg(r—1")
finally lead to Egs.(3.5 and (3.6) [21]. Then, using Egs. (blr;(0)[d){d]ri(0)[b)e""*>a I

(3.5 and(3.6) in Eq. (3.3), we obtain (3.11

. , h % 5 a? Substituting Egs(3.7), (3.9), (3.10, and (3.1)) into Egs.

Cix(nx(7")=6jj=—= | dw w’| 1+ —-— (2.15 and(2.16), and taking the limitsyp— — %, 7—, after
3mcJo C°w

some algebra yields

aca io(t—7") —iw(r—17")
X cot a (e +e ).

e? o a2
OEp)pi=—— brOdZdew31+
(37) ( b) f 3’7TC3§ |< | ( )| >| o C2w2
The antisymmetric correlation functiof8.4) can be ex- ><cotr< mew p( r 1 ) (3.12
pressed as a frequency integration in the following form: a Wt wpg ©O— Wy
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o2 . estimated from the value @@/c?w? in the w integral in Eq.
(8Ep) =~ 32 |<b|r(0)|d>|zf do o® (3.12. For the Lamb shift, the relevant portion of the field
3mc® d 0 spectrum is that around~ oy, Wherewq represents a typi-
1 1 cal transition frequency of the atom. Thus the order of mag-
X P + ) (3.13  nitude of the correction ig?/c?w3. For a ground-state hy-
@t Wpg @ Wpg drogen atom,wo~10' s™1. This shows that thermal and

The vacuum fluctuations contribution can be also written in?onthermal contributions to the level shift are comparable

the form or a~cwo~10?° cm/g. Although this acceleration is
extremely high, it is of the same order of the acceleration
e2 » 2 necessary to observe the Unruh effect in atomic systems.
(5Eb)vf:;§ |(b|r(0)|d)|2fo do ©° )

1+
c3

Therefore, we expect that in the cases in which radiative
effects due to acceleration might be obser¢ied example,
for electrons in large storage rings, as suggested in
( Refs.[11,27)), the “nonthermal” part of the vacuum fluc-
g?mcela_q wtwpg ©—wpg) tuations level shifts should not be negligible compared to the
thermal one.

(3.14 Finally, we mention that the term proportional #&f

Equations(3.12), (3.13, and (3.14) are the main results of discussed above is apparently absent if the Hamiltonian is
this paper. Let first discuss the radiation reaction t@ra3.  taken in the minimal coupling scheme neglecting #&
The same result can be obtained for an atom at(ieshe term in the interaction, due to the different form of
multipolar coupling scheme[9], as expected because the the statistical functions for the vector potential. It is not
linear susceptibility of the field is not affected by the uniform Possible, however, to compare the two cases in the frame-
acceleratiorfsee Eq.(3.8)]; therefore, in our case, similarly Work of the formalism of this paper, since the gauge equiva-
to the case of the two-level atom and the scalar fietd, a  lence of the multipolar and minimal couplings requires
uniform acceleration does not change the part of the energgccounting for the quadratic terms that have been neglected
shift due to radiation reaction. However, contrarily to thein this paper. We shall discuss this point in a subsequent
two-level case[11], this contribution does not cancel out Paper.
when relative energy shiftéhot renormalized are consid-
ered. In a mu!tilevel system, both for iner_tial and accelgrgted IV. CONCLUSIONS
atoms, there is no “accidental” cancellation of the radiation
reaction shifts for energy differences. This is a clear example In this paper we considered, using a symmetric ordering
in which the two-level atom is not a good representationof operators and a multipolar form of the atom-field cou-
of a real multilevel aton{for the accelerated as well for the pling, contributions of vacuum fluctuations and the radiation
inertial casg The radiation reaction part of the shift is, how- reaction to the energy-level shifts of a hydrogen atom inter-
ever, essentially the part that is subtracted when mass rencecting with the electromagnetic field and moving with a uni-
malization is performed, but we shall not discuss this poinform acceleration. We showed that the radiation reaction
here. contribution is not affected by the acceleration, whereas the
On the other hand, acceleration affects significantlyacuum fluctuations’ contribution depends on the accelera-
the contribution of vacuum fluctuation§3.14. For an tion of the atom. We discussed the latter contribution in de-
inertial atom in the multipolar coupling scheme used in thistail, and showed that the effect of vacuum fluctuations on the
paper, energy-level shifts of the accelerated atom is not equivalent
to that of a thermal field, with the Unruh temperature

C2w2

X1 1+

o

inertial_ e? » [ 3 =hal2mwcks. The order of magnitude of the nonthermal
(OEp)yi = ﬁ% (blr(0)]d)| fo do o contribution was estimated in comparison to the thermal one,
& and we argued that it should be observable. These results
1 1 were also compared with recent results in the literature con-
o+ opg - wbd)- (3.19 cerning an accelerated two-level atom interacting with a sca-

lar field.
Comparison with Eq(3.12 shows that, while in the scalar

field case the effect of acceleration is only a “thermal” cor-

rection with the Unruh temperatuiie=ia/2mrckg due to the

factor cothrcw/a) [11], in the present caselectromagnetic The author wishes to thank F. Persico for fruitful discus-
field with multipolar coupling there is an extra correction sions on the subject of this paper and for a critical reading of
proportional toa?. This extra term is not in the form of a the manuscript. Partial financial support by the Comitato Re-
thermal effect. In other words, the equivalence between unigionale di Ricerche Nucleari e di Struttura della Materia and
form acceleration and thermal fields is lost in QED. Theby the Ministero dell'Universita della Ricerca Scientifica e
order of magnitude of the “nonthermal” correction can be Tecnologica is acknowledged.
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