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Transition energy and lifetime for the ground-state hyperfine splitting of high-Z lithiumlike ions
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The ground-state hyperfine splitting values and the transition probabilities between the hyperfine structure
components of high-Z lithiumlike ions are calculated in the rangeZ549–83. The relativistic, nuclear, QED,
and interelectronic interaction corrections are taken into account. It is found that the Bohr-Weisskopf effect can
be eliminated in a combination of the hyperfine splitting values of the hydrogenlike and lithiumlike ions of an
isotope. This gives a possibility for testing the QED effects in a combination of the strong electric and
magnetic fields of the heavy nucleus. Using the experimental result for the 1s hyperfine splitting in209Bi821 ,
the 2s hyperfine splitting in209Bi801 is calculated to beDE50.7976(2) eV.@S1050-2947~97!05412-7#

PACS number~s!: 31.30.Gs, 31.30.Jv
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I. INTRODUCTION

Recently, laser spectroscopic measurements of the gro
state hyperfine splitting in high-Z hydrogenlike ions becam
possible at the electron storage ring@1# and at the electron
beam ion trap@2#. The present status of theory of the hype
fine splitting in high-Z hydrogenlike ions was discussed
Ref @3#. One of the possible directions of further experime
is an extension of the investigations to high-Z lithiumlike
ions. Recently, the hyperfine structure values of lithiuml
ions were calculated in the rangeZ57 –30@4# in connection
with astrophysical search, and for209Bi801 ~without the QED
correction! @5# in connection with experiments in Darmsta
@1#. In Sec. II of the present paper, we refine the calculat
of Ref. @5# for 209Bi801, considering a more accurate trea
ment of the nuclear effects and taking into account the Q
corrections, and extend it to lithiumlike ions in the ran
Z549–83, which are likely candidates for the experimen
In addition, a method based on using the experimental va
of the 1s hyperfine splitting for determination of the Boh
Weisskopf effect in the lithiumlike ions is proposed. Th
method is used to reduce the uncertainty of the ground s
hyperfine splitting in209Bi801 and 165Ho641. It gives a pos-
sibility for testing the magnetic sector of QED. In Sec. III th
transition probabilities between the hyperfine structure co
ponents are calculated.

II. HYPERFINE SPLITTING VALUES

The energy difference between the ground-state hyper
splitting components of a lithiumlike ion is convenient
written in the form@5#
571050-2947/98/57~1!/149~8!/$15.00
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2I 11

2I
mc2

3H @A~aZ!~12d!~12«!1xrad#

1
1

Z
B~aZ!1

1

Z2
C~aZ!1•••J . ~1!

Herea is the fine-structure constant,I is the nuclear spin,m
is the nuclear magnetic moment,mN is the nuclear magneton
andmp is the proton mass.A(aZ) is the one-electron rela-
tivistic factor,

A~aZ!5
2@2~11g!1A2~11g!#

~11g!2g~4g221!

511 17
8 ~aZ!21 449

128~aZ!41•••, ~2!

andg5A12(aZ)2. d and« denote the nuclear charge an
magnetization distribution corrections.xrad is the one-
electron radiative correction. The termsB(aZ)/Z and
C(aZ)/Z2 correspond to interelectronic interaction contrib
tions.

A. One-electron contribution

The one-electron contribution is enclosed in the squ
brackets of Eq.~1!. We denote it bya2s :

a2s5A~2s!~aZ!~12d~2s!!~12«~2s!!1xrad
~2s! . ~3!
149 © 1998 The American Physical Society
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150 57V. M. SHABAEV et al.
To calculate the nuclear charge distribution correctiond, we
used the two-parameter Fermi model with the parame
taken from Ref.@6#.

1. Bohr-Wesskopf effect

The Bohr-Weisskopf correction« is given by the equa-
tions

«5
^IM I uDQS

z1DQL
z1DQSO

z uIM I&

^IM I uQm
z uIM I&

, ~4!

DQS
z5(

i 51

A

gsiFsziKS~r i !1S p

2 D 1/2

@Y2i ^ s i #z
1

3@KS~r i !2KL~r i !#G , ~5!

DQL
z5(

i 51

A

gli l ziKL~r i !, ~6!

DQSO
z 5(

i 51

A

gli

2mp

3\2 Fszi1S p

2 D 1/2

@Y2i ^ s i #z
1Gf~r i !r i

2KL~r i !,

~7!

Qm
z 5(

i 51

A H gsiszi1gli l zi

1gli

2mp

3\2 Fszi1S p

2 D 1/2

@Y2i ^ s i #z
1Gf~r i !r i

2J , ~8!

where

KS~r !5

E
0

r

f g dr8

E
0

`

f g dr8

,

KL~r !5

E
0

r S 12
r 83

r 3 D f g dr8

E
0

`

f g dr8

,

andg and f are the radial parts of the Dirac wave function
the electron defined by

cnkm~r !5S gnk~r !Vkm~n!

i f nk~r !V2km~n!
D .

A is the number of nucleons. The termDQSO
z and the related

term in Eq.~8! are caused by the spin-orbit interaction

VSO~r !5f~r !~s• l!.

Neglecting these terms gives the equations derived in R
@7#. In the case of the single particle nuclear model E
~4!–~8! were used in Ref.@3# for calculations of the Bohr-
Weisskopf effect for the 1s state. We extended these calc
rs

f.
.

lations to the 2s state. The uncertainty due to deviation fro
the single-particle nuclear model was estimated in the sa
way as in@3#. This uncertainty gives a dominant contributio
to the error bars of the hyperfine splitting values. So m
accurate calculations of the Bohr-Weisskopf effect, includ
a consequent procedure for determination of the uncertai
are necessary. Such calculations, based on a dyna
correlation model@8,9#, are under way, and will be publishe
elsewhere. However, the uncertainty of the Bohr-Weissk
effect can be considerably reduced if the 1s hyperfine split-
ting value is known from experiment with sufficient prec
sion. To explain this point, let us consider Eqs.~4!–~8!. As
one can see from these equations, the Bohr-Weisskopf e
depends on the electronic structure only through the fu
tions KS(r ) andKL(r ). Simple approximate expressions fo
these functions were derived in Ref.@10#. As follows from
these expressions and is confirmed by more accurate ca
lations, with high precision (; 0.1% for Z583! the func-
tions KS(r ) and KL(r ) for the 2s state are different from
those for the 1s state only by an overall factor denoted
Ref. @10# by b. „This fact can be easily understood if we ta
into account that the binding energy of the electr
(W5E2mc2) is small in comparison with the nuclear po
tential @V(r )# in the nuclear region. So, the binding ener
gives only a small correction to behavior of the functio
g(r ) and f (r ) within the nucleus.… It follows that the Bohr-
Weisskopf effect for the 2s state can be found by using« for
the 1s state and the values of the overall factors tabulated
Ref. @10# @while the relative precision ofb in @10# is of order
aZR/(\/mc), whereR is the nuclear radius, the precision o
the ratiob(2s)/b(1s) is higher by orders of magnitude#. If the
1s hyperfine splitting is known from experiment, the Boh
Weisskopf effect for the 1s state is derived from the equatio

«~1s!5
DENS

~1s!1DEQED
~1s! 2DEexpt

~1s!

DENS
~1s!

, ~9!

whereDENS
(1s) is the theoretical hyperfine splitting value in

cluding the relativistic and nuclear charge distribution
fects,DEQED

(1s) is the theoretical QED contribution, andDEexpt
(1s)

is the experimental value of the 1s hyperfine splitting. The
Bohr-Weisskopf effect for the 2s state is calculated by

«~2s!5«~1s!
b~2s!

b~1s!
. ~10!

High precision experimental values of the 1s hyperfine split-
ting were found for209Bi821 @l5243.87(4) nm# @1# and for
165Ho661 @l5572.79(15) nm# @2#. Using these experimenta
values and the related theoretical values from Ref.@3# @with
m54.1106(2)mN for 209Bi @11# and m54.132(5)mN for
165Ho @12,13,2##, Eqs. ~9! and ~10! give « (1s)50.0152(2)
and « (2s)50.0164(3) for 209Bi821, and « (1s)50.0095(13)
and« (2s)50.0101(14) for165Ho661. For comparison, the di-
rect calculation, based on the single particle nuclear mo
gives« (1s)50.0118(49) and« (2s)50.0127(53) for209Bi821,
and« (1s)50.0089(27) and« (2s)50.0094(28) for165Ho661.
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2. QED corrections

The radiative correction is the sum of the vacuum pol
ization~VP! and self-energy~SE! contributions. The VP con-
tribution is largely made up of the Uehling term. Calculati
of this term was done in the same way as for the 1s state
@3,14#. As for the Wichman-Kroll term, we calculated on
the electric loop correction to the electron wave functi
expecting that, like the VP screening contribution for tw
electron ions@15#, the magnetic loop term is too small.

To calculate the SE contribution we used a covariant w
based on expansion of the electron propagator in terms o
external field@16,17#. The formal expression for this contr
bution can easily be derived using the Green’s funct
method~see, e.g., Ref.@5#!. The contribution of the diagram
with the hyperfine interaction outside the self-energy loop
divided into irreducible and reducible parts. The reduci
part is the part in which the intermediate-state energy~be-
tween the self-energy loop and the hyperfine interaction! co-
incides with the initial-state energy. The irreducible part
the remaining one. The irreducible part is calculated in
same way as the first-order self-energy contribution. The
ducible part is grouped with the vertex diagram. Accordi
to the Ward identity the counterterms for the vertex and
reducible parts cancel each other and, so, the sum of t
terms regularized in the same covariant way is ultravio
finite. To cancel the ultraviolet divergences we separate
propagators from the bound electron lines, and calcu
them in the momentum representation. The remainder is
traviolet finite but contains infrared divergences, which a
explicitly separated and canceled. The results of our calc
tion for a finite nuclear charge distribution for the 1s and 2s
states, expressed in terms of the functionF(aZ) defined by

DESE5
a

p
F~aZ!DENS, ~11!

are given in Table I. A more detailed analysis of the calc
lation is given in Ref.@18#, which also contains the result
for a point nucleus. In the case of the 1s state the calculation
of the SE contribution to the hyperfine splitting for a fini
nuclear charge distribution was done first in Refs.@17,19# in
a wide interval ofZ. In the case ofZ583 and a point
nucleus, such a calculation was done in Ref.@20# where it
was found thatxSE523.8a. The present calculation fo
Z583 and a point nucleus givesxSE523.94a ~in the case
of an extended nucleus,xSE523.09a). The discrepancy of
the present result with the one of Ref.@20# is caused by a

TABLE I. The self-energy contribution to the 1s and 2s hyper-
fine splitting expressed in terms of the functionF(aZ) defined by
the equation~11!. ^r 2&1/2 is the root-mean-square charge radius
the nucleus@6#.

Z ^r 2&1/2 F (1s)(aZ) F (2s)(aZ)

49 4.598 22.629~5! 22.58~1!

59 4.892 23.293~7! 23.28~2!

67 5.190 23.856~8! 23.89~2!

75 5.351 24.470~9! 24.57~2!

83 5.533 25.141~10! 25.32~3!
-

-

y
he

n

s
e

e
e-

e
se
t
e

te
l-

e
a-

-

spurious term which appears in the noncovariant regular
tion procedure used in Ref.@20#. A comparison of the
present calculation for an extended nucleus with Re
@17,19# also shows some discrepancy. So, forZ583 our re-
sult is F525.14(1), while in Refs.@17,19# it was obtained
that F525.098. This discrepancy results from a small te
in the vertex contribution omitted in Refs.@17,19#. For the 1s
state our results are in good agreement with a recent ca
lation of Ref. @21#, where for Z583 it was found that
F525.1432.

In addition to the nuclear charge distribution correctio
there is also a nuclear magnetization distribution correct
to the QED effect~a combined QED–Bohr-Weisskopf e
fect!. This correction is expected to be negligible compar
with the uncertainty of the first-order Bohr-Weisskopf effe

Comparing the VP and SE contributions for 1s and 2s
states we found that, within a few percent, they are related

xVP,SE
~2s!

A~2s!
'

xVP,SE
~1s!

A~1s!
. ~12!

This means that, like the nuclear corrections (d and«) @10#,
a dominant contribution to the QED corrections to the hyp
fine splitting arises from distances where the binding ene
of the electron is small compared with the nuclear potent

The values of the one-electron corrections to the 2s hy-
perfine splitting, with the Bohr-Weisskopf effect calculate
within the single-particle nuclear model, are listed in Tab
II.

B. Interelectronic interaction corrections

To find the functionB(aZ), we have to calculate the
Feynman diagrams containing, in addition to the hyperfi

f

TABLE II. The one-electron contributions to the 2s hyperfine
splitting. A(aZ) is the relativistic factor,d is the nuclear charge
distribution correction,« is the Bohr-Weisskopf correction calcu
lated within the single particle nuclear model,xVP andxSE are the
vacuum polarization and self-energy corrections, respectively,
xrad is the total QED correction@see Eq.~1!#.

Ion A d « xVP xSE xrad

113In 1.3425 0.0174 0.0048 0.003420.0079 20.0045
121Sb 1.3791 0.0195 0.0053 0.003720.0085 20.0048
123Sb 1.3791 0.0195 0.0014 0.003720.0085 20.0048
127I 1.4188 0.0218 0.0054 0.004020.0092 20.0052
133Cs 1.4620 0.0243 0.0018 0.004420.0099 20.0055
139La 1.5089 0.0271 0.0026 0.004820.0107 20.0059
141Pr 1.5601 0.0302 0.0078 0.005220.0115 20.0063
151Eu 1.6770 0.0379 0.0084 0.006320.0134 20.0071
159Tb 1.7440 0.0424 0.0073 0.006920.0145 20.0076
165Ho 1.8175 0.0477 0.0094 0.007520.0156 20.0081
175Lu 1.9879 0.0603 0.0006 0.009120.0183 20.0092
181Ta 2.0871 0.0679 0.0018 0.010020.0199 20.0098
185Re 2.1973 0.0745 0.0130 0.011120.0216 20.0104
203Tl 2.6141 0.1048 0.0193 0.015220.0278 20.0126
205Tl 2.6141 0.1049 0.0193 0.015220.0278 20.0126
207Pb 2.6994 0.1114 0.0451 0.016120.0291 20.0130
209Bi 2.7904 0.1181 0.0127 0.016920.0304 20.0134
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interaction line, a photon line corresponding to the interel
tronic interaction. Such a calculation for a point nucleus w
an approximate evaluation of the finite nuclear size eff
was done in Ref.@5#. In the present paper we calculate th
function with an accurate treatment of the nuclear cha
distribution effect. For that, formulas from Ref.@5# and the
finite basis set method for the Dirac equation@22–24# are

TABLE III. The function B(aZ) defined by Eq.~1!. B0(aZ) is
the point nucleus value,dB is the nuclear charge distribution co
rection, BNS(aZ)5B0(aZ)(12dB), and BNS,BW(aZ)
5B0(aZ)(12dB)(12«).

Ion B0(aZ) dB BNS(aZ) BNS,BW(aZ)

113In461 23.677 0.019 23.607 23.590
121Sb481 23.788 0.021 23.708 23.688
123Sb481 23.788 0.021 23.708 23.703
127I 501 23.909 0.024 23.817 23.796
133Cs521 24.042 0.026 23.935 23.928
139La541 24.186 0.029 24.063 24.052
141Pr561 24.344 0.033 24.201 24.168
151Eu601 24.707 0.041 24.513 24.475
159Tb621 24.916 0.046 24.690 24.655
165Ho641 25.147 0.052 24.881 24.835
175Lu681 25.687 0.066 25.314 25.310
181Ta701 26.003 0.074 25.560 25.550
185Re721 26.357 0.081 25.841 25.765
203Tl 781 27.711 0.114 26.829 26.697
205Tl 781 27.711 0.114 26.829 26.697
207Pb791 27.992 0.122 27.020 26.703
209Bi 801 28.292 0.129 27.223 27.131
-

t

e

used. Like the one-electron contribution, it is convenient
represent the functionB(aZ) in the form

B~aZ!5B0~aZ!~12dB!~12«B!, ~13!

whereB0(aZ) is the point nucleus approximation ofB(aZ),
dB is the nuclear charge distribution correction to this fun
tion, and«B is the nuclear magnetization distribution corre
tion. The valuesB0 anddB are given in the second and thir
columns of Table III. As one can see from Tables II and I
in agreement with an approximate evaluation of the nucl
size effect forB(aZ) given in Ref. @5#, the valuesdB are
very close to the related one-electron valuesd. It is natural to
assume that the nuclear magnetization correction«B is also
close to the related one-electron value« ~this assumption can
be argued in the same way as the corresponding assum
for d in Ref. @5#!. So, in the last column of Table III we give
the valuesB(aZ) corrected by the factor (12«).

The termC(aZ)/Z2 in Eq. ~1! is small enough, and wa
estimated in the nonrelativistic approximation

C~aZ!

Z2
'

C~0!

Z2
. ~14!

The coefficientC(0) was found from the configuration in
teraction Hartree-Fock~CI-HF! calculation of Ref.@4# to be
C(0)50.8760.05.

C. Complete theoretical values

In Table IV we give theoretical values of the energies a
wavelengths of the transition between the ground-state
perfine splitting components of high-Z lithiumlike ions,
re
n the
TABLE IV. The energies (DE) and the wavelengths (l) of the transition between the hyperfine structu
components of the ground state of lithiumlike ions, with the Bohr-Weisskopf effect calculated withi
single-particle nuclear model.a2s is the total one-electron contribution defined by Eq.~3!. B(aZ)/Z and
C(0)/Z2 are the interelectronic interaction contributions defined by Eq.~1!. h58DE(1s)22s /DE1s . The
nuclear magnetic moments are taken from Refs.@11–13#.

Ion

m

mN a2s

B~aZ!

Z
C~0!

Z2 DE ~eV! l(mm) h

113In461 5.5289~2! 1.3083 20.0733 0.0004 0.11744~18! 10.56~2! 1.0270~2!
121Sb481 3.3634~3! 1.3402 20.0723 0.0003 0.08931~15! 13.88~2! 1.0368~2!
123Sb481 2.5498~2! 1.3455 20.0726 0.0003 0.06473~9! 19.15~3! 1.0369~2!
127I 501 2.81327~8! 1.3752 20.0716 0.0003 0.08620~15! 14.38~2! 1.0468~2!
133Cs521 2.58202 1.4183 20.0714 0.0003 0.08700~14! 14.25~2! 1.0573~2!
139La541 2.78305 1.4583 20.0711 0.0003 0.10749~20! 11.53~2! 1.0681~2!
141Pr561 4.2754~5! 1.4949 20.0707 0.0002 0.1974~5! 6.280~16! 1.0789~2!
151Eu601 3.4717~6! 1.5928 20.0710 0.0002 0.2085~6! 5.946~16! 1.1026~2!
159Tb621 2.014~4! 1.6502 20.0716 0.0002 0.1531~5! 8.10~3! 1.1150~2!
165Ho641 4.132~5! 1.7064 20.0722 0.0002 0.3053~10! 4.061~13! 1.1278~3!
175Lu681 2.2327~11! 1.8577 20.0748 0.0002 0.2142~7! 5.79~2! 1.1562~3!
181Ta701 2.3705~7! 1.9320 20.0760 0.0002 0.2573~9! 4.82~2! 1.1709~3!
185Re721 3.1871~3! 1.9968 20.0769 0.0002 0.407~2! 3.043~13! 1.1857~4!
203Tl 781 1.62226 2.2823 20.0829 0.0001 0.499~3! 2.485~15! 1.2360~6!
205Tl 781 1.63821 2.2821 20.0829 0.0001 0.504~3! 2.461~15! 1.2359~6!
207Pb791 0.592583~9! 2.2775 20.0817 0.0001 0.1887~9! 6.57~3! 1.2427~5!
209Bi 801 4.1106~2! 2.4162 20.0859 0.0001 0.800~4! 1.549~9! 1.2553~5!
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TABLE V. The individual contributions to the ground-state hyperfine splitting in209Bi801 for
DEexpt

(1s)55.0840(8) eV@1# and m54.1106(2)mN @11#, and in 165Ho641 for DEexpt
(1s)52.1645(6) eV@2# and

m54.132(5)mN @12,13,2#. The Bohr-Weisskopf effect is found by using the experimental values of thes
hyperfine splitting~see the text!.

Contribution 209Bi801 165Ho641

Nonrelativistic one-electron value 0.34349~2! eV 0.1868~2! eV
Relativistic one-electron value 0.958 50~5! eV 0.3395~4! eV
Nuclear size 20.1132~2! eV 20.0162~1! eV
Bohr-Weisskopf 20.0139~2! eV 20.0032~5! eV
One-electron QED 20.0046 eV 20.0015 eV
Interelectronic interaction 20.02936~4! eV 20.0134 eV
Interelectronic interaction QED 0.000 16~8! eV 0.00006~3! eV
Total value 0.7976~2! eV 0.3052~1! eV
ca
i

hr

tu
th

ar
i-
is
l-

va
i-

d
-

ct

ec

ha
b

r-
l

c
e

s-

ns

s
the
ual
ns
tal
gh
dius
sent

a
-
d

-

and
based on using the single-particle nuclear model in the
culation of the Bohr-Wesskopf effect. The error bars given
the table are mainly defined by the uncertainty of the Bo
Weisskopf effect discussed in Ref.@3#. As is known ~see
Tables I and II in Ref.@10#!, the nuclear corrections« andd
are weakly dependent functions of the the principal quan
numbern for thes states and, so, cancel considerably in
the ratio of the 2s and 1s hyperfine splitting values. This
means that, if the value« is calculated in the same nucle
model for the 1s and 2s states, the ratio has a higher prec
sion than the individual hyperfine splitting values. In th
connection, in the last column of Table IV we give the va
uesh defined by

h5
8DE~1s!22s

DE1s

5

A~2s!~12d~2s!!~12«~2s!!1xrad
~2s!1

B~aZ!

Z
1

C~0!

Z2

A~1s!~12d~1s!!~12«~1s!!1xrad
~1s!

.

~15!

These values can be useful for comparing experimental
ues of the hyperfine splitting in the hydrogenlike and lith
umlike ions of an isotope. According to Eq.~12!, the one-
electron QED corrections are also considerably cancele
ratio ~15! and, so, the valueh is mainly defined by the func
tions A(aZ) andB(aZ).

More accurate calculations can be done for209Bi801 and
165Ho641 by using the values of the Bohr-Weisskopf effe
found above from the 1s hyperfine splitting experiments. In
addition, a combined interelectronic interaction QED corr
tion can roughly be estimated, assuming

DEint,QED
~2s! ;

B~aZ!

Z

DEQED
~2s!

A~aZ!
. ~16!

This formula can be understood if we take into account t
the interelectronic interaction correction is mainly defined
the direct Coulomb interaction of a 2s electron with a closed
1s shell @5#. Since a dominant contribution to the QED co
rection arises from distances where the Coulomb potentia
the nucleus is to be alone@see the text after Eq.~12!#, the
l-
n
-

m
e

l-

in

-

t
y

of

interaction of the 2s electron with the spherically symmetri
potential of the closed 1s shell almost does not change th
relative value of the QED correction~it mainly changes the
normalization factor of the wave function for small di
tances!. The precision of estimate~16! is taken to be 50%.
Combining these corrections with the other contributio
from Tables II–IV givesDE5 0.7976~2! eV @l5 1.5544~3!
mm# for 209Bi801, and DE5 0.3052~1! eV @l5 4.062~1!
mm# for 165Ho641. The values of the individual contribution
are given in Table V. It should be stressed here that
uncertainty of the total hyperfine splitting values is not eq
to the sum of the uncertainties of the individual contributio
given in Table V. This is caused by the fact that the to
hyperfine splitting value found in this way is stable enou
in respect to possible changes of the nuclear charge ra
and the magnetic moment. For explanation, let us repre
the 2s hyperfine splitting value in the form

DE~2s!5DENS
~2s!1DEint,NS

~2s! 1n~DEexpt
~1s!2DENS

~1s!!1DEQED
~2s!

1DEint,QED
~2s! 2nDEQED

~1s! , ~17!

where

n5
b~2s!

b~1s!

DENS
~2s!1DEint,NS

~2s!

DENS
~1s!

, ~18!

DEint,NS
(2s) is the interelectronic interaction contribution for

finite nuclear charge distribution.@We note here that the the
oretical value of the Bohr-Weisskopf effect is eliminate
completely in Eq.~17!.# Taking, for example, a small varia
tion of the magnetic momentdm, we obtain

d~DE~2s!!5
dm

m F ~DENS
~2s!1DEint

~2s!!S 12
b~2s!

b~1s!D 1DEQED
~2s!

1DEint,QED
~2s! 2nDEQED

~1s! G . ~19!

Because the factor@12(b(2s)/b(1s))# is small ~it constitutes
20.078 forZ583!, the ratiod(DE(2s))/DE(2s) is smaller, at
least, by orders of magnitude thandm/m. Considering in the
same way a small variation of the nuclear charge radius,
taking into account thatd (1s), d (2s), anddB are considerably
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canceled in Eq. ~18! @e.g., in the case Z583,
(d (2s)2d (1s))/(d (1s))50.063 and (dB2d (1s))/(d (1s))50.16#,
we obtain a similar result. As to the small variation of thes
experimental hyperfine splitting value, we fin
d(DE(2s))/DE(2s)5 d(DEexpt

(1s))/DEexpt
(1s) . So the uncertainty

of the total hyperfine splitting value is mainly defined b
d(DEexpt

1s ), and the combined interelectronic interaction QE
term estimated by Eq.~16!.

D. Testing QED effects

One of the main objects of the investigations of the h
perfine splitting of highly charged ions consists in testi
QED effects in the strong electric and magnetic fields
heavy nuclei. As one can see from Table V, the QED c
tributions for the 2s state are larger than the uncertainties
the hyperfine splitting values with the Bohr-Weisskopf effe
found from the 1s hyperfine splitting. However, since th
calculation of the Bohr-Weisskopf effect includes the QE
correction of the 1s state, it is natural to consider, as a val
derived from QED, the sum of the last three terms in E
~17!. „Strictly speaking, division of the contributions int
QED and non-QED parts is not uniquely defined. So, a p
of the interelectronic interaction contribution@the function
B(aZ)# can be considered as a two-electron QED effect@5#.…
We find that the value derived from QED is 0.0002~1! eV for
209Bi801 and 0.0001 eV for165Ho641. Comparing these val
ues with the uncertainty of the complete theoretical val
discussed in the preceding subsection~see also Table V! we
conclude that high-precision measurements of the grou
state hyperfine splitting in hydrogenlike and lithiumlike io
of an isotope would give a possibility for testing QED effec
in a combination of the strong electric and magnetic field

III. TRANSITION PROBABILITIES

As is well known@25–27#, the transition between the hy
perfine splitting components of an atomic level is aM1 tran-
sition. In the hydrogenlike approximation, which corr
sponds to the zeroth order in 1/Z, in the case of one electro
over a closed shell the transition probability is given by t
formula

wF→F85a
v3

c2

~2F811!~2 j 11!3

3 j ~ j 11!

3H j F 8 I

F j 1J
2F E

0

`

g~r ! f ~r !r 3drG2

, ~20!

where v is the transition frequency,j is the electron mo-
ment,F and F8 are the total atomic moments in the initi
and final states, respectively, andg(r ) and f (r ) are the upper
and lower radial components of the hydrogenlike Dirac wa
function. For a point nucleus, using formulas from Ref.@28#,
one simply finds

E
0

`

g~r ! f ~r !r 3dr5
2ke2mc2

4mc2

\

mc
. ~21!
-

f
-
f
t

.

rt

s

d-

.

e

Here e is the one-electron Dirac-Coulomb energ
k5(21) j 1 l 11/2( j 11/2), and l is the orbital electron mo-
ment. For thes states we obtain

wF→F85av3
\2

m2c4

4

27

I

2I 11F 2e

mc2
11G 2

. ~22!

Because the integrand in Eq.~20! is a strongly decreasing
function of r at r→0, the finite nuclear size corrections t
Eqs. ~21! and ~22! can be neglected. To calculate the 1Z
interelectronic interaction correction to the transition pro
ability, we used the technique developed in@29,5#. We found
that this correction is small enough. It increasesw by 0.23%
for 209Bi801, and by 0.17% for165Ho641. We also note that
a calculation of the transition probability for a many-electr
atom, including an approximate treatment of the 1/Z term,
can be done by the formula

wF→F85a
v3

3c2
~2F811!J~J11!~2J11!H JF8I

FJ1 J 2

g2~J!,

~23!

where

g~J!5
^JMJu( i@r i3ai #zuJMJ&

MJ
.

J andMJ are the total electronic moment and its projectio
respectively. Such a calculation, based on the CI-HF met
@4#, confirms the exact~in 1/Z) results.

The results of the calculation of the transition probab
ties and the lifetimes (t51/w), based on using the transitio
energies from Table IV, are presented in Table VI. Acco
ing to Eqs.~20!–~22!, the uncertainty of the transition prob
ability is three times larger than the uncertainty of the tra
sition energy.

More accurate calculation of the transition probability f
209Bi801 and 165Ho641, based on the transition energies fro
Table V, gives w5 12.07~2! s21 (t50.0829(1) s! for
209Bi801, and w5 0.675~1! s21 @t51.481(2) s# for
165Ho641. The errors bars are chosen to include the unca
lated terms.

IV. CONCLUSION

In the present paper we calculated the ground-state hy
fine splitting values and the transition probabilities betwe
the hyperfine structure components of high-Z lithiumlike
ions. We proposed a method which allows one to elimin
completely the Bohr-Weisskopf effect in a combination
the hyperfine splitting values of the 1s and 2s states and, so
gives a possibility for testing the QED effects.

Recently @30,31#, the first experimental result for th
ground state hyperfine splitting in lithiumlike bismuth wa
reported to beDEexpt50.820(26) eV. This agrees with th
theoretical value found within the single particle nucle
model @DE50.800(4) eV#, as well as with the value ob
tained by using the experimental result for the 1s hyperfine
splitting @DE50.7976(2) eV#, although it is close to the
limit of the error bar.
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TABLE VI. The transition probabilities (w) and the lifetimes (t51/w) for the ground-state hyperfine
splitting of high-Z lithiumlike ions calculated with the transition energies from the Table IV.

Ion w ~s21) t ~s!

113In461 0.0404~2! 24.75~11!
121Sb481 0.016 42~8! 60.9~3!
123Sb481 0.006 57~3! 152.3~6!
127I501 0.014 73~8! 67.9~4!
133Cs521 0.015 87~8! 63.0~3!
139La541 0.029 87~16! 33.5~2!
141Pr561 0.1758~13! 5.69~4!
151Eu601 0.206~2! 4.85~4!
159Tb621 0.0733~7! 13.64~13!
165Ho641 0.676~7! 1.479~14!
175Lu681 0.232~2! 4.31~4!
181Ta701 0.401~4! 2.49~3!
185Re721 1.51~2! 0.662~8!
203Tl781 1.65~3! 0.607~11!
205Tl781 1.70~3! 0.590~11!
207Pb791 0.0890~13! 11.24~17!
209Bi801 12.2~2! 0.0820~14!
ul
ef

as
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