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Photon correlations in the spectrum of a superradiant system in a strong cavity field
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We investigate correlations among photons from the components of the resonance fluorescence spectrum of
a cooperative system of two-level atoms interacting with a strong field of a single-mode lossless cavity. The
properties of the central band are more closely related to the superradiant effect in free space than the
sidebands. The central band field has reduced fluctuations and the collective dipole has its largest uncertainty
when half the atoms are initially excited. Partial atomic excitation destroys the sub-Poissonian character of the
sideband field and leads to a bunching-antibunching transition in the correlation of a sideband photon followed
by a central band photon.@S1050-2947~98!05402-X#

PACS number~s!: 42.50.Fx, 42.50.Dv
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Superradiance or coherent spontaneous emission is o
the most important problems in physics@1#. It is the enhance-
ment of the spontaneous emission rate of a symmetric
excited atomic system, particularly a half-excited syste
with emission proportional to the square of the number
atoms. It has been studied mainly for a vacuum field in f
space, its most notable features being@1,2# the enhanced de
cay rate in the form of a hyperbolic secant pulse, narrow
with increasing cooperativity; the reduction of the fluctu
tions of the field, approaching that of a coherent state; an
large energy loss per atom. For moderate and high-Q cavities
it has been shown that a large number of atoms increase
Rabi frequency leading to oscillatory behavior@3,4#. We re-
cently showed that when there is a strong field in a loss
cavity an initially half-excited atomic system experiences
averageloss of energy, which remains in the cavity, in co
trast to the free-space case@5#.

Strong fields~average photon numbern̄ much larger than
number of atomsA) strongly modify the atomic response
and the resonance fluorescence~RF! spectrum consists of a
triplet similar to the one-atom Mollow spectrum@6#, plus a
series of small cooperative or extra sidebands@7–9#. In free
space the components of the triplet have an intensity pro
tional to A2 @7,8#, while in a lossless cavity the central ban
intensity changes fromA dependent for all atoms in the sam
state, toA2 dependent for half-atomic excitation@10#. This
suggests considering superradiance from the spectral poi
view, but most of the studies on cooperative emission in
presence of a strong field do not consider the effect of pa
excitation, and, certainly, not every collective radiation p
cess is superradiant. One must analyze the fluctuation
both the scattered field and atoms.

In this Brief Report we investigate the photon correlatio
among the components of the RF spectrum of a parti
excited system of two-level atoms in alosslesscavity with a
strong field. Our aim is to determine the collective and s
perradiant properties of this spectrum. We also analyze
cooperative modifications to the correlations of photons fr
different components of the spectrum, extending previ
results limited to atoms initially in the ground state@11#.
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We consider the interaction ofA two-level atoms with a
strong field of a single-mode loss-free cavity. The atoms a
field have the same frequency, and the spread of the ato
sample is much less than the wavelength of the mode bu
atoms are coupled only by the same field. We use our qu
tum electrodynamic perturbation method@9,10#, whose
lowest-order Hamiltonian isV052VNLX, just like the semi-
classical one,LX is the angular momentum operator in th
x-axis, but the Rabi frequencyVN[gAN2A/211/2 is still
of QED form, whereN5n1m ~number of photonsn plus
number of excited atomsm) is the excitation number, andg
is the coupling constant, assumed equal for all atoms. T
the eigenvalues are

Lp
N5VN~A22p!, ~1!

and uN,p& are the lowest-order eigenvectors. The indicesp,
which span an (A11)-dimensional subspace, 0<p<A, la-
bel the semiclassical dressed states in the manifold withN
quanta.

The relationship between the bare and the dressed bas
given by the unitary rotation matrixa whose elements are
amp5^n,muN,p&,

amp5A m! p!

2A~A2m!! ~A2p!!
(
j 50

min$m,p%
~22! j~A2 j !!

j ! ~m2 j !! ~p2 j !!
.

~2!

The calculation of the spectrum and photon correlation
simpler in this basis, where the collective atomic transiti
operators have the matrix elements

^quL6up&5S A

2
2pD dqp6 1

2 Ap~A2p11!dqp21

7 1
2 A~p11!~A2p!dqp11 . ~3!

Using this basis, we found in Refs.@9,10# that the spec-
trum consists of three bands, each a multiplet with pe
located at the frequenciesvqp

N [Lp
N2Lq

N21 ,
1458 © 1998 The American Physical Society
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57 1459BRIEF REPORTS
vp1kp
N 52kVN1

g2

2VN
~A22p22k!, ~4!

where k521,0,1 denote the left, central, and right band
The absence of the elastic peak gives a doublet envelop
the central band@10#. The separation of two neighborin
peaks isg2/VN , but the fine structure and extra sideban
disappear in the strong-field limit. The integrated intensit
of the bands are

I 61~m!5
A21A

16
2

m~A2m!

8
,

~5!

I 0~m!5
A

4
1

m~A2m!

2
.

The sidebands have anA2 behavior for any number o
excited atoms. Moreover, form50,A andA>4 the intensity
of a sideband is larger than the central band, but form
5A/2 it drops to almost half the intensity it has atm50,A.
The central band is more interesting in this respect. Fom
50,A, the intensity of the central peak is proportional toA
@11#, in contrast to the free-space case@7# where the entire
triplet is A2 dependent. However, whenm5A/2, the central
band also has anA2 dependence, and its intensity is fo
times that of a sideband@10#.

The dependence of the central band on the initial ato
state is reminiscent of superradiance in the absence of a
ing field. But, as the sidebands are alsoA2 dependent, we
must study the fluctuations of both the radiated field at
frequencies of the bands and of the initial atomic state
characterize the cooperative emission further.

In the rotating-wave approximation only transitions b
tween two neighbor manifolds are allowed, and the o
pairs of correlated photons are those of the transitions
consecutive manifoldsN→N21→N22 with frequencies
vqp

N and v rq
N21 . It is clear that the multiplicity of a given

two-photon sequence can modify the statistical propertie
the photon emission.

The probability that a photon of frequencyva is followed
by a photon of frequencyvb is given by

G~2!54uampu2u^N22,r uL2L2uN,p&u2. ~6!

The above expression contains all the allowed two-pho
transition amplitudes, which we calculate using the rota
basis, Eq.~3!,

4^r uL2L2up&

5~A22p!2d rp2~A22p22!A~p11!~A2p!d rp11

1~A22p12!Ap~A2p11!d rp21

2~A22p!A~p11!~A2p!d rp11

1A~p11!~p12!~A2p!~A2p21!d rp12

2p~A2p11!d rp1~A22p!Ap~A2p11!d rp21

2~p11!~A2p!d rp

1Ap~p21!~A2p11!~A2p12!d rp22 . ~7!

These terms correspond to the following photon emiss
orders~first-second!: ~1! center-center,~2! right-center,~3!
.
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left-center,~4! center-right,~5! right-right, ~6! left-right, ~7!
center-left,~8! right-left, and~9! left-left, respectively, for a
total of 9A21 pairs~from the restriction 0<p,r<A). In the
complete spectrum there are 2A11 bands with (A11)3

two-photon transitions grouped into (2A11)2 sets.
However, knowing the difficulty of resolving the cooper

tive fine structure of the bands, we consider the sum of
the two-photon sequences of a given pair of bands, tha
the probability that a photon of frequencyv ā is followed by
a photon of frequencyv b̄ (v k̄52kV̄) is

Ga,b
~2!5 (

p50

A

uampu2^La
1Lb

1Lb
2La

2&, ~8!

whereLk
2 means the emission of a photon of frequencyv k̄,

or, in the normalized form,

ga,b
~2!5

Ga,b
~2!

I aI b
, ~9!

to clearly reveal the statistical meaning of the correlatio
The intensitiesI k are given by Eq.~5!. A very interesting
feature is that the spectrally selected photon correlations
a consequence of the eigenvalue spectrum, and the influ
of the initial photon statistics is small, as long as it is narro
enough so that the spectral bands are well separated.

To obtain the total probabilities of the nine sets of amp
tudes Eq.~7!, we need the moments of the distribution
dressed stateŝpl&p[(p50

Apl uampu2, l 51, 2, 3, and 4, ob-
tained generalizing the treatment in Ref.@10#:

^p&p5
A

2
, ^p2&p5

A~A11!

4
1

m~A2m!

2
,

^p3&p5
A313A216Am~A2m!

8
,

^p4&p5 1
16 @6m4212Am32~6A216A210!m2

1~12A316A2210!m1~A416A313A222A!#.

The exact expresions for the correlations of photons of gi
bands as a function of the initial atomic excitation are

G0,0
~2!5 1

16 @6m4212Am31~6A226A110!m2

1~6A2210A!m13A222A#, ~10!

G61,61
~2! 5 1

256@6m4212Am31~10A212A230!m2

2~4A312A2230!m1A412A325A212A#,

~11!

G61,71
~2! 5 1

256@6m4212Am31~10A212A12!m2

2~4A312A212A!m1A412A313A212A#,

~12!

G0,61
~2! 5 1

64 @26m4112Am32~8A222A110!m2

1~2A322A2110A!m1A32A212A#, ~13!
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G61,0
~2! 5 1

64 @26m4112Am32~8A222A214!m2

1~2A322A2214A!m1A313A222A#.

~14!

It is useful to writega,b
(2) for the particularly interesting

cases of atomic excitationm50,1,A/2, which are actually the
same as form5A,A21,A/2, due to the symmetry the photo
correlations exhibit when the interaction is on resonance~fi-
nite atom-field frequency detunings modify to an importa
degree the results for the on-resonance case, adding
symmetries@12,13#!. Our results agree with more restricte
cases studied by Buzek and Quang for a single atom@14#,
and by Shumovsky and Quang for all atoms in the grou
state@11#.

The correlation of two photons from the same band gi
the fluctuations of the light at the frequencyv ā. For ga,a

(2)

51 emission is Poissonian, as for a coherent state, while
ga,a

(2),1 (ga,a
(2).1) emission is sub-Poissonian~super-

Poissonian!, i.e., the photon distribution is narrowe
~broader! than the Poisson distribution. Thatga,a

(2),1 also
indicates that the atomic system cannot emit two phot
simultaneously~antibunching! @15,16#.

For the central band the normalized correlation funct
gives

g0,0
~2!55

11
2~A21!

A
, m50,A

11
3~A21!~A22!

~3A22!2
, m51,A21

11
A~A12!28

2A~A12!
, m5A/2,

which indicates that emission at central frequencies is P
sonian only forA51 @14#, andA52 with m51. In general,
the emitted photons from the central band are sup
Poissonian~bunched!.

For two photons from the same sideband we have

g61,61
~2! 55

12
2~3A21!

A~A11!2
, m50,A

12
2~A2213A114!

~A22A12!2
, m51,A21

11
A~A12!18

2A~A12!
, m5A/2.

When all the atoms are in the same state the sidebands
to be less sub-Poissonian for increasingA @11#. A small
number of atoms can be used to generate highly nonclas
radiation at the frequencies62V̄. Partial excitation, on the
other hand, spoils the above situation to the level of conv
ing all this emission to super-Poissonian for half-atomic
citation. Form51, 12 atoms are needed to generate a s
Poissonian field.

This incoherence of the bands (ga,a
(2).1) seems to presen

a contradiction to the definition of superradiance as ‘‘coh
t
her

d
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ent’’ spontaneous emission, given theA2 dependence in thei
intensities. To our knowledge, this important point has n
been addressed before. In fact, due to the absence of an
tic peak, our spectrum is fully incoherent to first order in t
limit where there are more photons than atoms and, as
results above show, driven superradiance is not second o
coherent.

Another question arises: What about the relationship
tween the fluctuations of the atomic system and of the s
tered radiation? We will not discuss definitions of atom
coherence@17#, a very interesting problem in itself. Here w
only consider the width of the distribution of dressed sta
uampu2, which is a measure of the uncertainty of the atom
component in thex axis, and reads

Dp5A^p2&p2^p&p
25AA

4
1

m~A2m!

2
. ~15!

For the stateum50,A&, the width Dp5AA/2 is at a mini-
mum, and increasingA the central band becomes more inc
herent (1<g0,0

(2),3), and the sidebands lose their su
Poissonian character (0<g61,61

(2) <1). On the other hand, fo
um5A/2&, Dp5AA2/81A/4 is at a maximum, but the statis
tics of the central band are closer to the coherent behav
1<g0,0

(2),1.5 than in them50,A case, while the sideband
become less super-Poissonian, 2>g61,61

(2) .1.5, for increas-
ing cooperativity. So, in general, forN@A andm5A/2, the
collective emission is not coherent, it is just less incohere

Superradiance in a cavity is, therefore, a consequenc
enhanced atomic fluctuations, while showingreducedfield
fluctuations, even though this is super-Poissonian. Then o
the central band is superradiant. Let us note that, while
perradiance in free space involves significant energy loss
atom @2#, in a lossless cavity there is an average atomic
ergy loss which is taken by the field to keep the total ene
constant@5#.

The cross correlations indicate whether there is a ti
order of emission of the two photons@18#. Two photons from
the opposite sidebands are always bunched:

g61,71
~2! 55

11
2

A~A11!
, m50,A

11
2~3A223A12!

~A22A12!2
, m51,A21

11
A~A12!18

2A~A12!
, m5A/2.

After emission of one photon of frequencyv61̄, with in-
creasingA, there is an enhanced probability of emission o
v71̄ photon, but certainly to a lesser degree than for twov 0̄
photons. The degree of bunching is reduced with increas
cooperativity for anym.

The correlation of a photon from the central band fo
lowed by one of a sideband is
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g0,61
~2! 55

12
2~A21!

A~A11!
, m50,A

12
6~A223A12!

~3A22!~A22A12!
, m51,A21

12
A~A12!28

2A~A12!
, m5A/2.

In the casem50,A there is a small degree of antibunchin
but for A@1 these photons tend to be emitted independe
@11#. For m5A/2, on the other hand, the degree of an
bunching can be as large as1

2.
Finally, the correlation of a photon from any sideba

followed by a photon of the central band is

g71,0
~2! 55

11
2~A21!

A~A11!
, m50,A

12
2~A215A26!

~3A22!~A22A12!
, m51,A21

12
A~A12!18

2A~A12!
, m5A/2,
el

h

,

M

.

e,

M

ly

but now we have a bunching to antibunching transiti
when only one atom orA21 atoms are excited. Actually
there is complete antibunching for a two-atom system wh
only one of them is excited. The large effect of the coop
ativity limit of the previous case also occurs here. We n
that the cross correlations reflect the statistics of the ba
but the properties of the central band~reduction of fluctua-
tions for partial excitation! dominate over those of the side
band.

In conclusion, we have investigated spectrally selec
photon correlations for a system of many two-lev
atoms interacting with a strong cavity field. While emissi
at the frequency of the central band presents signature
superradiance as in free space, the sidebands have coo
tive behavior but not of the superradiant type. Also, par
atomic excitation destroys the sub-Poissonian characte
the sidebands. In the case of an ideal cavity, the role of
large atomic energy loss of the free-space superradiant
cess, is taken by the largest fluctuations of the atomic sys
when this is initially half-excited. The correlation of a sid
band photon followed by a central band photon becom
antibunched when there is partial excitation.
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