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Low-lying excitations of double Bose-Einstein condensates

B. D. Esry and Chris H. Greene
Department of Physics and JILA, University of Colorado, Boulder, Colorado 80309-0440

~Received 11 July 1997!

We present the excitation spectrum of a double Bose-Einstein condensate for the JILA time orbiting poten-
tial trap including the effects of gravity. We consider two cases:~i! fixed scattering lengths and equal numbers
of each atomic species as a function of the number of atoms and~ii ! fixed intraspecies scattering lengths and
a fixed, equal number of atoms in each state as a function of interspecies scattering length. The spectra reveal
the rich dynamics of the system and in particular show simultaneous collective excitations of both condensates.
@S1050-2947~98!06302-1#

PACS number~s!: 03.75.Fi, 05.30.Jp
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I. INTRODUCTION

In the two years since the initial achievement of Bos
Einstein condensation in a dilute atomic gas@1#, three groups
have repeated the feat@2–4# and several quantitative studie
have been completed@5–9#. In the course of those two year
an exciting possibility was also serendipitously discover
the ability to simultaneously trap and condense two differ
atomic species@4#. An especially promising result of thi
discovery is the possibility of sympathetically cooling a
atomic species to the point of condensation that would o
erwise be prohibitively difficult to accomplish directly. Ex
periments on double Bose-Einstein condensates have no
progressed beyond creation and observation, but hope
can soon produce the quantitative results that have chara
ized recent single-condensate experiments.

Compared to single condensates, little theoretical w
has been carried out for realistic double condensates
though both the ground state and excited states have
studied in the Hartree-Fock@10# and Thomas-Fermi@11,12#
approximations for model systems. The primary effect
glected in these models is the displacement of the minim
of the effective harmonic trapping potential, which is gen
ally different for each atomic species, due to the atom
gravitational energy. One calculation@13#, however, has in-
cluded this effect for an experimentally realistic geomet
but considered only the ground state. In this paper we ext
that study of the double condensate ground state to a
orbiting potential ~TOP! trap configuration and conside
greater variations in the parameters. We study the TOP
rather than the baseball trap configuration in which
double condensate has been observed because even wi
gravitational shift of the effective trapping potential for ea
species, the system possesses cylindrical symmetry. The
ometry of the double condensate in the TOP trap can
visualized as two pancakes lying on top of one anoth
whereas the picture for the experiment of Myattet al. re-
sembles two parallel, horizontal cigars, one of which lies
top of the other. The TOP trap computation can thus
reduced to two dimensions, which greatly facilitates exp
ration of various parameter combinations. In addition,
results retain direct physical relevance to experiment.

One of the intriguing properties of double condensate
the simultaneous excitation of collective modes of both s
cies. To probe these dynamics, we have calculated the e
571050-2947/98/57~2!/1265~7!/$15.00
-

:
t

-

yet
lly
er-

k
al-
en

-
m
-
’

,
nd

e

ap
e
the

ge-
e
r,

n
e
-
e

is
-

ci-

tation spectrum of the TOP trap double condensate fo
wide range of parameters. We find a rich excitation sp
trum, with states for which both condensates respond equ
to the driving field. There are also states, however, for wh
one condensate responds much more strongly than the o
With the use of nondestructive imaging techniques, it is
tirely feasible that both types of excitations will be observ
experimentally in real time.

The Hartree-Fock and random-phase approximation eq
tions for the double condensate are developed in Sec
while Sec. III discusses our results for the TOP trap. W
summarize in Sec. IV.

II. THEORY

We briefly outline the derivation of the Hartree-Fock a
the random-phase approximation~RPA! equations for the
double-condensate system, following closely the devel
ment in Ref. @14# for single condensates. We make th
independent-particle approximation and assume that
number of atomsN1 and N2 in each species is separate
conserved. The states of the system are then describe
terms of symmetrized products of the single-particle sta
$c i% and $f j% for each species, respectively. The Ham
tonian can then be written as

Ĥ5Ĥ11Ĥ21V̂12, ~1!

whereĤ1 andĤ2 are the intraspecies Hamiltonians andV̂12
is the interspecies interaction term. Explicitly, in secon
quantized form

Ĥ15(
a,b

ĉa
†^cauh1ucb&ĉb

1
1

2 (
a,b,g,d

ĉa
† ĉb

†^cacbuV11ucgcd&ĉdĉg ,

Ĥ25(
a,b

d̂a
†^fauh2ufb&d̂b

1
1

2 (
a,b,g,d

d̂a
† d̂b

†^fafbuV22ufgfd&d̂dd̂g, ~2!

where
1265 © 1998 The American Physical Society
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1266 57B. D. ESRY AND CHRIS H. GREENE
hi52
\2

2mi
¹21

1

2
mi@v ix

2 x21v iy
2 y21v iz

2 ~z2zi0!2#.

In this expression,mi is the mass of thei th species atom,v ia
is the trap frequency along axisa for the i th species (v ix

5v iy5v ir , v iz5A8v ir , and v2a5A2v1a for trapping
the uF51,MF521& and u2,2& hyperfine states of87Rb in
the TOP trap!, andzi052g/v iz

2 is the displacement of the
i th trap center due to the gravitational accelerationg. The
creation and annihilation operatorsĉ and d̂ for each species
are defined in terms of their effect on a number state of
system. That is,ĉa

† ( ĉa) creates~annihilates! an atom of
species 1 in the stateca with the prefactorAna11 (Ana)
while leaving all atoms of species 2 unaffected;d̂b

† (d̂b) is

the analogous operator for species 2. The operatorsĉ and d̂

obey boson commutation relations@ ĉa ,ĉb
† #5@ d̂a ,d̂b

† #5dab

with all other commutators, including the mixed commu
tors of ĉ and d̂, equal to zero.

For indistinguishable atoms, the interspecies interac
term is given by

V̂125 (
a,b,g,d

ĉa
† d̂b

†^cafbuV̄12ucgfd&ĉdd̂g ~3!

using the shorthand notation

^cafbuV̄12ucgfd&5^cafbuV12ucgfd&1^cafbuV12ufdcg&
~4!

for the direct and exchange contributions. Note that this
teraction differs from the intraspecies interaction terms
Eq. ~2! by a factor of 1/2. This factor is not needed sin
there is no double counting in the sum over alla andb, i.e.,
ĉa

† d̂b
†Þ ĉb

† d̂a
† . Additionally, because this symmetry under i

dex exchange is absent, the direct and exchange terms
be explicitly built into the interspecies interaction.

For distinguishable atoms, the construction of direct a
exchange matrix elements is of course not relevant. Thus
matrix element in Eq.~3! is replaced by the unsymmetrize
version

^cafbuV̄12ucgfd&→^cafbuV12ucgfd&.

We approximate all interatomic interactionsVi j by a
Dirac d-function pseudopotential,Vi j 5Ui j d(r i j ), whose co-
efficient is given by

Ui j 5
2p\2ai j

m i j
,

whereai j is thes-wave scattering length between ani spe-
cies atom and aj species atom andm i j 5mimj /(mi1mj ) is
the reduced mass. The justification for this approximat
has been discussed previously@14,15#, although its validity
has been more rigorously examined recently by Prouka
Burnett, and Stoof@16#. In this approximation, the interac
tion matrix elements reduce to
e

-

n

-
n

ust

d
he

n

s,

^cacbuVi j ucgcd&5Ui j E d3xca* ~x!cb* ~x!cg~x!cd~x!

~5!

save for the indistinguishable case~4!, which instead is

^cafbuV̄12ucgfd&5U12E d3xca* ~x!fb* ~x!cg~x!fd~x!.

The Hartree-Fock equations are obtained by minimiz
the total energy with respect to the orbitalsc0* andf0* ,

d

dc0*
^N1 ;N2uĤuN1 ;N2&50,

d

df0*
^N1 ;N2uĤuN1 ;N2&50.

The minimization is constrained by requiringc0* andf0* to
be normalized to unity. Orthogonality is generally ensur
by the orthogonality of the spin states. The equations forcn
andfn are then

@h11~N121!U11uc0u21N2U12uf0u2#cn5«1ncn ,

@h21N1U12uc0u21~N221!U22uf0u2#fn5«2nfn . ~6!

For n50, these are coupled nonlinear~or self-consistent!
equations forc0 andf0, while for n.0 they are uncoupled
linear equations for the single-particle basis states$c i% and
$f j%. Their structure is very similar to the Hartree-Fock~or
Gross-Pitaevskii or nonlinear Schro¨dinger! equation for a
single condensate and up to possible factors of 2@13# are a
relatively straightforward generalization of the singl
condensate result. It should be noted that this is not the o
choice for the single-particle basis, but it is convenient a
includes much of the mean-field effects due to the cond
sate.

The energies determined from Eq.~6! yield an approxi-
mate single-particle excitation spectrum of the condens
In general, however, this approximation will be quite po
@14#. An improved spectrum can be obtained using the RP
which for single condensates has proven successful in
scribing experimentally measured zero-temperature exc
tion energies@14,17#. The RPA has been shown to be large
equivalent to the Bogoliubov approximation@14,18# and to
give essentially the same numerical results@14#. The RPA is
based upon determining an operatorÔ† such that approxi-
mate excited states of the system can be determined fro

Ôn
†uF0

RPA&5uFn
RPA&,

whereuF0
RPA& is the RPA approximation to the exact groun

state of the system. The heart of the RPA approximation
in limiting the operatorÔ to include only single-particle ex
citations. If one makes the further ‘‘quasiboson approxim
tion’’ in which the RPA ground state is replaced by th
Hartree-Fock ground stateuN1 ;N2&, then the operatorsÔ can
be written in terms of another set of operators defined as

Ĉp
†5

ĉp
†ĉ0

AN1

, D̂p
†5

d̂p
†d̂0

AN2

.
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57 1267LOW-LYING EXCITATIONS OF DOUBLE BOSE- . . .
To approximately orderNi
21 , these operators also satis

boson commutation relations@14#. Physically, they create
single-particle excitations from the Hartree-Fock grou
state in one or the other of the atomic species. The exp
form for the operatorÔn

† in terms of these operators is

Ôn
†5 (

pÞ0
XpnĈp

†2YpnĈp1 (
pÞ0

UpnD̂p
†2VpnD̂p .

It must be remembered that the indexp in the first sum refers
to the single-particle orbitals$c i%, while in the second sump
refers to the set$f j%. Requiring theÔn to also satisfy boson
commutation relations leads to the orthonormality condit

(
pÞ0

Xpn8
* Xpn2Ypn8

* Ypn1 (
pÞ0

Upn8
* Upn2Vpn8

* Vpn5dn8n .

The quasiboson RPA to the excited-state energy of the e
system can thus be written as

En2E05
^N1 ;N2u@Ôn ,@Ĥ,Ôn

†##uN1 ;N2&

^N1 ;N2u@Ôn ,Ôn
†#uN1 ;N2&

. ~7!
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The equations forX, Y, U, and V are derived by taking
variations of Eq.~7! with respect to their complex conju
gates. Since approximations have been made in deriving
~7!, however, the energies obtained are not Rayleigh-R
variational approximations to the exact energies of the s
tem. Defining the coefficient matrices

Lqp5
N121

2\
^cqc0uV̄11ucpc0&,

Mqp5
N221

2\
^fqf0uV̄22ufpf0&,

Nqp5
AN1N2

\
^cqf0uV̄12uc0fp&

and recalling the simplification afforded by the pseudopot
tial approximation~5!, the RPA equations for the double
condensate system can be summarized in matrix form a
S V11L L N N

L V11L N N

NT NT V21M M

NT NT M V21M
D S Xn

Yn

Un

Vn

D 5vnS Xn

2Yn

Un

2Vn

D . ~8!
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The entries of the diagonal matricesV i are just the excitation
energies of the basis states,\V iq5« iq2« i0, and \vn5En

2E0 is the excitation energy of the system as a whole. In
limit N→0 (a12→0), these equations reduce to sing
condensate RPA equations for each species@14#.

III. RESULTS AND DISCUSSION

We have solved both the Hartree-Fock equations~6! and
the RPA equations~8! for a wide range of parameters re
evant to trapping theu1,21& and u2,2& hyperfine states o
87Rb in the JILA TOP trap. Throughout the remainder of th
article we will use the notationu1&[u1,21& and u2&[u2,2&.
As a practical experimental matter, excitations of a dou
condensate can be measured just as for single condens
That is, one can perturb the trapping potential by addin
harmonic driving field of the appropriate symmetry to rea
the desired final state. The effective trapping potential
both species will be modulated at the same frequency and
density of one or both of the species@4# can then be observe
as a function of time@5,6#. It may turn out, however, that on
species or the other can respond with a larger amplitude f
given excitation frequency, a situation we discuss in m
detail below.

In a given trap, the ground and excited states of sin
condensates can be characterized by a one-parameter en
passing particle number, scattering length, and one of
trap frequencies. In the same trap, the five parameters f
e
-

e
tes.
a

r
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a
e
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a

double condensate, the number of atoms of each species
the three scattering lengths, cannot similarly be reduced
such a useful parameter~or set of parameters!. This makes
general properties more difficult to ascertain, but it also
lows much richer possibilities for the dynamics of both t
ground and excited states. We have explored a small por
of this parameter space, calculating spectra for two cases~i!
fixed scattering lengths and equal numbers in each hype
state as a function of the number of particles and~ii ! fixed
intraspecies scattering lengths and a fixed, equal numbe
atoms in each state as a function of interspecies scatte
length. For both cases, we chosev2r52p3133 Hz, which
gives for the displacements of the effective harmonic tr
ping potentialsz10523.51 mm andz20521.75 mm.

A. Atom number dependence

In the first case we considered, we fixed the scatter
lengths at their physical values for theu2,2& and u1,21& hy-
perfine states of87Rb. From Burkeet al. @19# ~see also
@20,21#!, these area115108.8 a.u., a225109.1 a.u., and
a125108.0 a.u. In addition, the numbers of atoms in ea
species were taken to be equalN15N25N, as was approxi-
mately the case experimentally@4#. We have previously dis-
cussed the properties of the ground state for this case in
@13# for the parameters of the Myattet al. experiment and
find no significant qualitative differences for the TOP tr
aside from its different geometry. Consequently, our disc
sion here concentrates on the excited-state properties.
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1268 57B. D. ESRY AND CHRIS H. GREENE
Because the TOP trap retains cylindrical symmetry e
for the double-condensate system, the projection of the t
angular momentum on the symmetry axisM is a good quan-
tum number. In Fig. 1 we show several of the lowest R
excitation frequencies forM50,1, and 2 with the frequenc
axis scaled byv2r52p3133 Hz. To aid in the classifica
tion of the states and to show the effects of the interaction
the two condensates we include in the figure the RPA e
tation frequencies for uncoupled condensatesa1250. We
note that the excitation frequencies differ significantly fro
the uncoupled frequencies for essentially all of the sta
shown. We also note that the uncoupled frequencies for
largest number of atoms reported here,N5500 000, agree
well with the analytical results available in the hydrod
namic limit @22,23#. For some of the higher-lying excitation
though, it appears that the hydrodynamic limit has not
been reached byN5500 000 with the numerical frequencie
being up to about 5% higher than the analytical frequenc
The numerical results are, however, uncertain to within a
percent due to basis-set truncation of the RPA equatio
making a definitive statement difficult.

It happens thatv1z5v2r and 2v1r5v2z for the u1,21&
and u2,2& hyperfine states in the TOP trap. These ‘‘accide
tally’’ commensurate frequencies appear ideal for simu
neous collective modes of both species due to the possib
of resonant energy transfer between the condensates.
mean field, however, quickly removes this degeneracy, t
mitigating it as a mechanism for the generation of simu
neous modes.

The lowest two frequencies for eachM in Fig. 1 are pri-
marily due to the response of one or the other of the ato
species. That this is the case can be seen more clearl
considering oscillations in the expectation value of the nu
ber density for the singly excited time-dependent wave fu
tion

uC~ t !&5auN1 ;N2&1be2 ivntuFn
RPA&.

This form of the wave function applies, for instance, af
some period of driving the condensate, although it will mo

FIG. 1. RPA excitation frequencies as a function ofN5N1

5N2 for a115108.8 a.u., a225109.1 a.u., anda125108.0 a.u.
@19#: ~a! M50, ~b! M51, and~c! M52. The coupled condensat
frequencies are indicated by the heavy solid lines, while the
coupled frequencies are indicated by the thin dashed and l
dashed lines for theu1,21& andu2,2& states, respectively. The sym
bols at the right hand side of each plot indicate the frequencie
the hydrodynamic limit@23#: triangles foru1,21& and diamonds for
u2,2&.
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generally also have multiply excited-state contributions. T
observable most often measured experimentally is the n
ber density, and for double condensates the number den
of each species can be measured separately. Thus one re
ing quantity is the expectation value of the species spec
number density operator

n̂1~x!5(
a,b

ĉa
† ĉbca* ~x!cb~x!

@ n̂2(x) has the same form withĉ→d̂ and c→f#. Experi-
mentally, the total number density can also be measu
while theoretically it is calculated as the expectation value
n̂5n̂11n̂2. For the above wave function, the expectati
value is thus

^C~ t !un̂1~x!uC~ t !&

5uau2^N1 ;N2un̂1~x!uN1 ;N2&1ubu2^Fn
RPAun̂1~x!uFn

RPA&

12 Re@a* be2 ivnt^N1 ;N2un̂1~x!uFn
RPA&#.

Since the oscillation in the experimentally measured width
entirely due to the cross term in this expression~and to its
analogy when multiple excitations are present!, the quantity

D^n̂i~x!&5^N1 ;N2un̂i~x!uFn
RPA&, i 51,2, ~9!

provides a convenient way to visualize the qualitative beh
ior of a given excited state. We show in Fig. 2 the dens

-
g-

in

FIG. 2. Density oscillation@see Eq.~9!# for the lowest two ex-
citations with N15N2553105, a115108.8 a.u.,a225109.1 a.u.,
and a125108.0 a.u.:~a! n51 and ~b! n52. The contours are
evenly spaced with negative values indicated by dotted lines
positive by solid lines. The heavy solid line marks the extent
the ground state at the level of the lowest positive contour~see
Fig. 3!. Note that thez axis has been shifted for the upper (u2,2&)
state according to the right-hand axes. Withv2r52p3133 Hz,
b5A\/mv50.935mm.

FIG. 3. Ground-state density for N15N25
53105, a115108.8 a.u.,a225109.1 a.u., anda125108.0 a.u. The
solid line corresponds to theu1,21& state and the dotted tou2,2&.
The heavy lines are identical to those in Figs. 2 and 4. Withv2r5

2p3133 Hz,b5A\/mv50.935mm.
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57 1269LOW-LYING EXCITATIONS OF DOUBLE BOSE- . . .
oscillation~9! weighted byANi for each species, for the tw
lowestM50 states. It is plotted in ther-z plane with thez
axis of theu2,2& state~the upper condensate in the figur!
shifted upward~to make each separate condensate m
clearly visible in the figure! according to the axis on th
right-hand side of the plot. Unshifted, the two overlap
about one-half oscillator unit along the entire length of th
interface as can be seen in the ground-state number de
in Fig. 3. In both figures, the contours are equally spaced
the heavy contours indicate the extent of the ground stat
the level of the lowest positive contour. In Fig. 2~a!, it can be
seen that theu1,21& state~the lower condensate in the fig
ure! is responding much more strongly than theu2,2& state
and in Fig. 2~b! just the opposite can be seen. The same
true to about the same degree for the lowest two excitat
of both theM51 and M52 symmetries. Because of th
distribution of negative and positive density oscillatio
~these are the dotted and solid contours in Fig. 2, resp
tively!, excitations of the lowest two states are seen to ca
oscillations of the clouds that are almost entirely radial.

Higher in the spectra in Fig. 1 several avoided crossi
can be seen as the excitations that are primarily in thz
direction get pushed higher with increasingN by the larger
mean field. AtN→1 the third excited state, for instanc
converges to the (n1r ,n1z ;n2r ,n2z)5(0,1;0,0) harmonic-
oscillator state. AsN increases, its excitation frequency ra
idly increases until it reaches an avoided crossing with
state with (n1r ,n1z ;n2r ,n2z)5(2,0;0,0) character. After the
crossing, the third excited state is mostly thisr excitation,
while the fourth excited state carries then1z excitation. Fi-
nally, at N5500 000, the fourth excited state is most
(n1r ,n1z ;n2r ,n2z)5(0,1;1,0) in character with a large ad
mixture of (n1r ,n1z)5(1,0), where the quantum numbe
nir and niz now count nodes along each coordinate for
nonseparable Hartree-Fock wave functions. It is useful at
point to recall the stacked pancake geometry of the TOP
in which thez axis is the symmetry axis of the system. T
higher energetic cost for excitations along this direction aN
increases is physically reasonable since each condensate
an increasingly hard wall due to the mean field of the ot
condensate. On the other hand, the trend for the excitat
in the radial direction is just the opposite. Again, this
physically reasonable since the condensates grow large
this dimension asN increases, thus increasing the longe
wavelength supported by the system. This is especially

FIG. 4. Density oscillation@see Eq. ~9!# for N15N255
3105, a115108.8 a.u., a225109.1 a.u., anda125108.0 a.u.:
~a! n56 and~b! n57. The contours are evenly spaced with neg
tive values indicated by dotted lines and positive by solid lines. T
heavy solid line marks the extent of the ground state at the leve
the lowest positive contour~see Fig. 3!. Note that thez axis has
been shifted for the upper (u2,2&) state according to the right-han
axes. Withv2r52p3133 Hz, b5A\/mv50.935 mm.
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for the u1,21& condensate as it tends to lengthen by wra
ping around theu2,2& condensate. The state that correspon
to the (n1r ,n1z ;n2r ,n2z)5(3,0;0,0) harmonic-oscillator
state with an excitation energy of 4.2\v2r , for example,
drops from the ninth excited state atN51 to the fifth atN
5500 000 with an excitation frequency ofv552.3v2r . For
the uncoupled condensates, it drops to only the seventh
cited state~counting both condensates! with an excitation
frequency ofv752.8v2r .

Nearly all of the states aboven52 exhibit a simultaneous
response of both condensates to driving. The ratio of
peak amplitudes for each ranges from about 2 to unity. T
more interesting case of approximately equal response is
hibited in Fig. 4. The sixth and seventh excitedM50 states
are shown; similar examples could be drawn from both
M51 andM52 symmetries. Forn56 @Fig. 4~a!# the radial
and axial motions are coupled, albeit weakly, in a man
such that the total time-dependent density appears to tran
from the u2,2& state to theu1,21& state alongz and to a
lesser extent alongr for each. Forn57 @Fig. 4~b!#, the
coupling of radial and axial motions is stronger. This su
gests that the density sloshes in phase alongz for both spe-
cies while also expanding and contracting inr.

B. Interspecies scattering length dependence

In the second case considered, we fixed the numbe
atoms in each species to beN15N25105 and the scattering
lengthsa11 and a22 to be 108.8 a.u. and 109.1 a.u., respe
tively, and left the interspecies scattering lengtha12 free to
vary. This might not be easily realized experimentally for t
present choice of atomic species, but will almost certainly
attainable for some combination of atoms. It is likely, in fa
that the entire range of interspecies scattering length va
could be explored by tuning the molecular interaction pot
tials with an external field@24,25#. One promising combina-
tion is the mixed isotope system85Rb187Rb in the lower
trapped hyperfine statesu2,22& and u1,21& states, respec
tively @26#. In Ref. @13# we briefly discussed some of th
ground-state properties as a function ofa12 for the Myattet
al. experiment@4#. Here we expand on that discussion, f

-
e
of

FIG. 5. Ground orbital energies forN15N25105, a11

5108.8 a.u., anda225109.1 a.u. as a function of interspecies sc
tering length. The solid line corresponds to theu1,21& state and the
dotted tou2,2&.
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cusing on the TOP trap geometry. We show in Fig. 5
ground-state orbital energies. It can be seen thata12'
2110 a.u. is a critical point at which the orbital energi
grow rapidly smaller. In the Thomas-Fermi approximatio
double condensates witha12<2a12

c 52Aa11a22 are, in fact,
unstable~in the present casea12

c 5109.0 a.u.). Ground-stat
instabilities are typically expected to appear in the RPA
citation spectrum as an excitation frequency that beco
identically zero for some value of a parametera12, for ex-
ample @27–29#. Such behavior was explicitly shown b
Dodd et al. @29# for a single condensate of7Li. From the
excitation spectra in Fig. 6, however, we see that the exc
tion frequencies remain strictly positive with no tendan
towards zero at the critical value of the interspecies sca
ing length. It follows that the instability expected for th
double condensate is not of the same character as for s
condensates. While the Hartree-Fock approach shows
symptoms of breaking down, it does not provide for the re
edy nor does it give a clear indication why. As a result,
are currently exploring these questions from a different p
spective@30#.

The qualitative behavior of the excitation frequencies a
function of a12 can be understood in terms of the change
the size of the condensate. Asa12 increases from zero, th
situation is essentially as described above for increasingN:
The excitations inr decrease in frequency, while those inz
increase. Asa12 decreases from zero, though, the cond
sates are getting steadily smaller, forcing the excitation

FIG. 6. RPA excitation frequencies as a function ofa12 ~in a.u.!
with a115108.8 a.u., a225109.1 a.u., andN15N25105: ~a!
M50, ~b! M51, and~c! M52.

FIG. 7. Ground-state density forN15N25105, a115108.8
a.u.,a225109.1 a.u., anda1252108.0 a.u. The solid line corre
sponds to theu1,21& state and the dotted tou2,2&. The heavy lines
are identical to those in Fig. 8. Withv2r52p3133 Hz, b
5A\/mv50.935 mm.
e
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-
es
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quencies higher in energy for bothr andz excitations. That
this is the case can be seen in Fig. 6 with few exceptio
Generally, then, it follows that excitations predominantly
thez direction increase in frequency asua12u increases, while
excitations primarily in ther direction decrease asa12 in-
creases from the value2a12

c .
In Fig. 7 we show the ground state fora1252108.0 a.u.

With an interspecies scattering length so large in magnitu
the mean field for one species due to the other beco
comparable to its own. The attraction is great enough, in f
to overcome the gravitationally induced separation so t
the condensates lie almost completely on top of one anot
Note that each of the condensates are essentially the s
above the first contour in Fig. 7. Furthermore, given that
uncoupled condensates are about 1234.5(r3z) oscillator
units full width at half maximum~FWHM! and 1033.5 os-
cillator units for theu1,21& andu2,2& states, respectively, th
condensates in Fig. 7 are much smaller, in accord with
qualitative discussion above for the behavior of the exc
tion frequencies.

In Fig. 8 we show the density oscillationsD^n̂i(x)& for
the first and thirdM50 excited states corresponding to th
ground state in Fig. 7. In this configuration, the two beha
as essentially a single-species condensate. This is manife
in both Figs. 8~a! and 8~b! ~the u2,2& state has been shifte
upward as for Figs. 2 and 4; compare Fig. 7! since the am-
plitude and topology of each condensate’s response mat
almost completely. It is worth noting that even though t
Hartree-Fock ground state is, in principle, stable for t
value of a12, the lifetime of the double condensate is no
mally severely shortened due to inelastic two- and thr
body processes@13,19,20#. Unfortunately, it is likely that the
lifetime is too short to make experimental observations p
sible for a12 so near2a12

c . If such an experiment were pos
sible, however, the density variations should still be meas
able independently and would show purely radial breath
for the first excited state and purely axial sloshing for t
third.

IV. SUMMARY

We have presented calculated RPA excitation spectra
a double condensate in a TOP trap exploring their dep
dence on the number of atoms and on the interspecies
tering length. Further, since the spatial distributions dep

FIG. 8. Density oscillation @see Eq. ~9!# for N15N255
3105, a115108.8 a.u., a225109.1 a.u., and a1252108.0
a.u.: ~a! n51 and ~b! n53. The contours are evenly spaced wi
negative values indicated by dotted lines and positive by solid lin
The heavy solid line marks the extent of the ground state at
level of the lowest positive contour~see Fig. 7!. Note that thez axis
has been shifted for the upperu2,2& state according to the right-han
axes. Withv2r52p3133 Hz, b5A\/mv50.935 mm.
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on these parameters, we have shown that the excitation
quencies do depend strongly on the overlap of the two s
cies, as could be inferred from Refs.@11–13#. In the process,
we verified numerically the recent analytical singl
condensate excitation frequency results in the hydrodyna
limit of Fliesseret al. @23#. In addition, by directly investi-
gating the variations in the number density, we were able
identify those excitations for which the simultaneous
an
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t.

.

E

n,
ev

E

e

et

hn
re-
e-

ic

to
-

sponse of both atomic species is likely to be experiment
observable.
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