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Classical underpinnings of gravitationally induced quantum interference

Philip D. Mannheim*
Department of Physics, University of Connecticut, Storrs, Connecticut 06269

~Received 15 November 1996!

We show that the gravitational modification of the phase of a neutron beam@the Colella-Overhauser-Werner
~COW! experiment# has a classical origin, being due to the time delay that classical particles experience in
traversing a background gravitational field. Similarly, we show that classical light waves also undergo a phase
shift in traversing a gravitational field. We show that the COW experiment respects the equivalence principle
even in the presence of quantum mechanics.@S1050-2947~98!03802-5#

PACS number~s!: 03.75.Dg, 04.20.Cv, 04.90.1e
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In a landmark series of experiments@1,2# Colella, Over-
hauser, and Werner and subsequent workers~see, e.g.,@3–5#
for overviews! detected the modification of the phase of
neutron beam as it traverses the Earth’s gravitational field
thus realize an experiment that involved both quantum m
chanics and gravity. A typical generic experimental setup
shown in the schematic Fig. 1, in which a neutron beam fr
a reactor is Bragg split at pointA into a horizontal beamAB
and a vertical beamAC ~we take the Bragg angle to be 45
for illustrative simplicity in the following!, with the subse-
quent scatterings atB andC then producing beams that in
terfere atD, after which they are then detected. If the ne
trons arrive atA with velocity v0 (v0;2.83105 cm sec21 is
typical @4#! and ABCD is a square of sideH (;4.8 cm!,
then the phase differencefCOW5fACD2fABD is given by
2mgH2/\v0 to lowest order in the accelerationg due to
gravity @1# and is actually observable despite the weaknes
gravity, since even though* p̄ d r̄ differs only by the very
small amountm(vCD2vAB)H52mgH2/v0 between the
CD and AB paths, nonetheless this quantity is not sm
compared to Planck’s constant, to thus give an observ
fringe shift (;56.5 rad@4#! even forH as small as a few
centimeters.

The detected Colella-Overhauser-Werner~COW! phase is
extremely intriguing for two reasons. First, it shows that it
possible to distinguish between different paths that h
common end points, with the explicit global ordering
which the horizontal and vertical sections are traversed le
ing to observable consequences. Second, it yields an an
that explicitly depends on the mass of the neutron even w
the classical neutron trajectories~viz., the ones explicitly fol-
lowed by the centers of the wave packets of the quant
mechanical neutron beam! of course do not. The COW resu
thus invites consideration of whether the detected orderin
possibly a topological effect typical of quantum mechan
and of whether quantum mechanics actually respects
equivalence principle. As we shall see, the ordering effec
in fact already present in the motion of classical particles
gravitational fields and even in the propagation of class
waves in the same background, with this latter feature
abling us to establish below that the mass dependence o
neutron beam COW phase is purely kinematic with
equivalence principle then not being affected.

*Electronic address: mannheim@uconnvm.uconn.edu
571050-2947/98/57~2!/1260~5!/$15.00
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To address these issues specifically we have found it c
venient to carefully follow the neutron as it traverses t
interferometer, to find that the two beams do not in fa
arrive at the same pointD or even at the same time, with thi
spatial offset and time delay not only producing the interf
ence effect, but also being present in the underlying class
theory. Quantum mechanics thus does not cause the
delay; rather it only serves to make it observable. Since gr
ity is a relativistic theory we shall need to introduce curv
ture ~which we do below!, but we have found it more in-
structive to consider the nonrelativistic limit first. Since w
can treat the neutron beams as rays, their motions round
ABCD loop can be treated purely classically between
various scatterings. Moreover, the various scatterings th
selves atA, B, C, andD introduce no additional phases, a
energy conserving, and give angles of reflection equal to
angles of incidence@6#. Thus the entire motion of the neutro
is the same as that of a spinless macroscopic particle
undergoes classical mirror reflections.

A nonrelativistic classical neutron that goes up vertica
from A arrives atC with a velocity (0,v02gH/v0). The
neutron AC travel time is t(AC)5(H1d)/v0 ~where d
5gH2/2v0

2) and the standard nonrelativistic classical acti

SCL5*( p̄ d r̄ 2E0dt) (E05mv0
2/2) undergoes a chang

S(AC)5mv0(H2d)2E0t(AC). On scattering atC the
neutron is then reflected so that it starts off towardD with a
velocity (v02gH/v0,0). On its flight it dips slightly to arrive
at the next scattering surface at the pointD1 with coordinates
(H2d,H2d), so that there is a change in the end point
the motion that is first order ing and thus relevant to ou

FIG. 1. COW wave paths.
1260 © 1998 The American Physical Society
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discussion. AtD1 the neutron has a velocity (v02gH/v0 ,
2gH/v0), with the CD1 segment taking a timet(CD1)
5(H1d)/v0 and contributing an amountS(CD1)
5mv0(H23d)2E0t(CD1) to SCL . A classical neutron tha
starts horizontally fromA arrives not atB but at the pointB1

with coordinates (H2d,2d) and with a velocity (v0 ,
2gH/v0). The AB1 segment takes a timet(AB1)5(H
2d)/v0 and the action changes byS(AB1)5mv0(H2d)
2E0t(AB1). After scattering atB1 the neutron sets off to
ward D with velocity (2gH/v0 ,v0) and arrives not atD or
D1 but rather at the pointD2 with coordinates (H23d,H
23d) and reaches there with velocity (2gH/v0 ,v0

2gH/v0). The B1D2 segment takes a timet(B1D2)5(H
2d)/v0 and the action changes byS(B1D2)5mv0(H
23d)2E0t(B1D2).

As regards the neutron’s path around the loop, we
from Fig. 1 that the small vertical dipd during each of the
two horizontal legs causes both of these neutron paths t
an amountd shorter in the horizontal than they would ha
been in the absence of gravity, to thus provide a first orde
g modification to* p̄ d r̄ in each of these legs, even whi
these same vertical dips themselves only contribute to
action in second order. However, for the two horizontal s
tions, each leg is shortened by the same amount in the h
zontal, so that the difference in* p̄ d r̄ between theCD1 and
AB1 legs still takes the value2mgH2/v0 quoted earlier. As
regards the two vertical legs, we note that even though
AC leg is completely in the vertical, since the neutron be
starts theB1D2 leg with a small horizontal velocity, during
this leg the neutron beam changes its horizontal coordin
by an amount 2d, thereby causing it to reachD2 after having
also traveled a distance 2d less in the vertical than it would
travel in theAC leg. Consequently, there is both a spat
offset (2d,2d) between D1 and D2, and a time delay
t(ACD1)2t(AB1D2)54d/v0 between the arrival of the two
beams, with* p̄ d r̄ thus not taking the same value in ea
of the two vertical legs. However, our calculation shows t
all these modifications actually compensate in the ove
loop with there being no difference in* p̄ d r̄ between the
ACD1 andAB1D2 paths. However, even though there is s
a net change in the actionS(ACD1)2S(AB1D2)
52mgH2/v0 because of the net time delay, we cannot ide
tify this quantity with the COW phase\DfCOW since the
beams have not interfered due to the spatial offset betw
D1 andD2.

Before discussing the issue of this spatial offset, it is
structive to ask where the classical neutron paths would h
met had there been no third crystal atD to get in the way.
Explicit calculation shows that the paths would in fact ha
met at the asymmetric pointD3 with coordinates (H
23d,H2d) with theCD3 andB1D3 segments taking time
t(CD3)5(H2d)/v0 and t(B1D3)5(H1d)/v0, respec-
tively, while yielding action changesS(CD3)5mv0(H
25d)2E0t(CD3) and S(B1D3)5mv0(H2d)
2E0t(B1D3). The neutron paths would thus meet atD3
without any time delay and withS(ACD3)2S(AB1D3)
522mgH2/v0. We thus see that for purely classical pa
ticles reflecting off mirrors atB1 andC the quantity* p̄ d r̄
evaluates differently for the two pathsACD3 and AB1D3.
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This is thus a global, path-dependent effect in purely cla
cal mechanics in a background classical gravitational fi
that is completely independent of quantum mechanics@7#.
However, since the classical action is not observable in c
sical mechanics, it is only in the presence of quantum m
chanics that phase differences become observable.~In clas-
sical mechanics what is observable is that the neutron p
meet atD3 rather than on theAD axis.!

Returning now to the COW experiment itself, in order
understand the implications of the time and spatial offs
betweenD1 andD2, it is instructive to consider the Young
double-slit experiment with purely classical light. As show
in Fig. 2, light from a sourceS goes through slitsQ andR to
form an interference pattern at points such asP, with the
distanceDx5QT representing the difference in path leng
between the two beams. Given this path difference, the ph
difference between the two beams is usually identified
kDx, from which an interference pattern is then readily c
culated. However, because of this path difference, theSQP
ray takes the extra timeDt5Dx/c to get toP, to thus give a
net change in the phase of theSQP beam ofkDx2vDt,
which actually vanishes for light rays. The relative phase
the two light rays in the double-slit experiment thus does
change at all as the two beams traverse the interferom
However, because of the time delay, theSRPbeam actually
interferes with anSQPbeam that had left the source a tim
Dt earlier. Thus, if the source is coherent over these ti
scales, theSQP beam carries an additional1vDt phase
from the very outset. This phase then cancels the2vDt
phase it acquires during the propagation toP ~a cancellation
that clearly also occurs for quantum-mechanical ma
waves moving with velocities less than the velocity of ligh!,
leaving justkDx as the final observable phase difference
quantity that is nonzero only if there is in fact a time dela
We thus see that the double-slit device itself actually p
duces no phase change for light. Rather, the choice of p
P on the screen is a choice that selects which time delay
the source are relevant at eachP, with the interference pat-
tern thus not only involving a time delay at the source, but
fact even requiring one.

With this in mind, we now see that we also need to mo
tor the time delay of the neutron in the COW experime
However, since the total energy of the neutron does
change as it goes through the interferometer, the time-d
contribution will still drop out of the final phase-shift expre
sion ~explicitly but not implicitly!. However, for the COW
experiment we noted above that as well as a time delay

FIG. 2. Double-slit wave paths.
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1262 57PHILIP D. MANNHEIM
tween theACD1 andAB1D2 paths, there was also a spati
offset. Consequently, theAB1D2 path interferes not with the
ACD1 path, but rather with the indicated offsetA1C1D2

path, a very close path that in fact is found to lie a distan
2d vertically belowAB, an offset distance that is within th
resolution of the beam@8#. The evaluation of the phase shi
is then exactly as before withS(A1C1D2) taking the exact
same value asS(ACD1) to lowest order ing. Now we noted

above that all the* p̄ d r̄ contributions actually cancel fo
this particular set of paths. However, because of the sp
offset betweenD1 and D2, the AB1D2 path beam has to
travel an extra horizontal distanceA2A52d to first get to the
interferometer~to therefore provide an analog to the distan
Dx5QT in the double-slit experiment, withA1 andA2 act-
ing just like the pair of slitsQ andR). Now in traveling this
extra A2A distance this beam actually acquires yet anot
time delayt(A2A), to therefore impose yet another relativ
phase condition at the source, which then identically can
the associated2E0t(A2A) change in the action. Moreove
in traveling this extraA2A the integral* p̄ d r̄ acquires yet
one more contributionmgH2/v0, and this term then emerge
as the only contribution in the entire circuit that is not ca
celed, to thus yieldDfCOW52mgH2/\v0 as the final ob-
servable COW phase shift.

Turning now to a fully covariant analysis@9#, we need to
look at solutions to the Klein-Gordon equationfm

;m
2(mc/\)2f50 (fm denotes]f/]xm) in the background
field of the Earth, viz.,dt25B(r )c2dt22dr2/B(r )2r 2dV,
whereB(r )5122MG/c2r . First we note that the nonrela
tivistic reduction of this Klein-Gordon equation is straigh
forward, with the substitutionf5exp(2imc2t/\)c then
yielding i\]c/]t1(\2/2m)¹2c5mc2@B(r )21#/25
2mMG/r for slowly moving particles. We thus see that th
inertial massm that is defined via the starting Klein-Gordo
equation thus also serves as the passive gravitational m
that serves to couple massive particles to gravity, so that
particle modes associated with the quantization of the Kle
Gordon field thus automatically obey the equivalence p
ciple, precisely because of quantum mechanics in fact@10#.

As regards the covariant Klein-Gordon equation, it is co
venient to make the substitutionf(x)5exp@iS(x)/\#, so that
the phase then obeysSmSm1m2c25 i\Sm

;m . In the eikonal
or ray approximation thei\Sm

;m term can be dropped, s
that the phaseS(x) is then seen to obey the classic
Hamilton-Jacobi equationSmSm1m2c250, an equation
whose solution is the stationary classical action between
evant end points. We thus establish that in the eikonal
proximation the phase of the wave function of a mate
particle is in fact the classical action just as required for
discussion of the COW experiment we gave earlier. In
eikonal approximation we can also identifySm as the mo-
mentumpm5mcdxm/dt, so that we can setS(x)5*pmdxm,
with the covariant differentiation of the Hamilton-Jaco
equation then yielding@11# pmpn

;m50, which we recognize
as the massive particle geodesic equation.

In order to actually calculate the geodesics in the grav
tional field of the Earth it is convenient to rewrite th
Schwarzschild metric in terms of a Cartesian coordinate s
temx5r sinu cosf, y5r sinu sinf, z5r cosu2R erected at
a point on the surface of the Earth. Withz being normal to
e
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the Earth’s surface, to lowest order inx/R, y/R, z/R, MG/
c2R(5gR/c2) the Schwarzschild line element is then foun
@12# to take the form dt25@12a(z)#c2dt22dx22dy2

2@11a(z)#dz22(4g/c2)(xdx1ydy)dz where a(z)
52g(R2z)/c2. For this metric@13# the nonrelativistic geo-

desics for material particles are given byẍ50, ÿ50, z̈
52g, to thus enable us to completely justify our earli
nonrelativistic calculation@14#.

As regards the purely classical, massless case, on defi
f(x)5exp@iT(x)#, we can this time identify the eikona
phase derivativeTm with the wave numberkm5dxm/dq,
whereq is a convenient affine parameter that can be use
measure distances along trajectories. In the massless cas
Hamilton-Jacobi equation takes the light cone fo
gmnkmkn50 and yields the requisite massless particle geo
sic equationkmkn

;m50 just as in the massive case. Give
these geodesics, the motion of a classical light wave aro
the ABCD interferometer loop is readily calculated, wit
explicit calculation@15# then showing that the ensuing ligh
rays precisely follow Fig. 1 around the interferometer. Ho
ever, even while there is still a spatial offsetA1A2

5gH2/c2 just as before~explicitly because of the gravita
tional bending that the light rays experience!, for light nei-
ther a time delay nor any net phase shift is found between
A1C1D2 and AB1D2 paths. However, just as with the neu
tron case, the spatial offset itself leads to a time delayA2A/c,
so that there is still observable interference. Then, with 2p/l
~wherel is the wavelength of the incident beam! replacing
mc/\ in the normalization of the phase shift, we thus fin
that in traversing the interferometer the two light beams
quire a final observable net relative phase shiftDfcl

522pgH2/lc2, where cl denotes classical light. Now
while H would have to be of the order of 105 cm for Dfcl to
actually be detectable in a Bragg scattering interferomete
the same sensitivity as the COW experiment~actually a quite
conservative requirement sinceDfCOW;56.5 rad! @16#,
nonetheless, we can still identify this phase shift as a,
principle, completely classical effect that reveals the intr
sically global nature of classical gravity.

Now that we have obtainedDfcl it is instructive to com-
pare it withDfCOW. If we introduce the neutron de Brogli
wavelengthln5h/mv0, we may rewriteDfCOW in the form
22pgH2/lnv0

2. A comparison withDfcl thus reveals a
beautiful example of wave particle duality, with th
quantum-mechanical matter wave inheriting its interferen
aspects from the behavior of the underlying classical wa
Thus, even whileDfCOW does depend on the mass of th
neutron@17#, its dependence is strictly kinematic~the time
delay needed for COW interference is independent ofm)
with gravity only coupling vialn ~a quantity whose mea
surement is thus a measurement of the neutron’s pas
gravitational mass!, with the DfCOW formula thus appar-
ently being completely compatible with the equivalence pr
ciple @18#.

Note added. For some recent related studies of atoms
gravitational fields see@19#.

The author is extremely indebted to Dr. H. Brown f
introducing him to the COW experiment and would like



v
ik
or
le

so
is
En-

57 1263CLASSICAL UNDERPINNINGS OF GRAVITATIONALLY . . .
thank him, Dr. W. Moreau, Dr. R. Jones, and Dr. J. Ja
anainen for many helpful discussions. The author would l
to thank the University of Canterbury in New Zealand f
financial support as well as for its kind hospitality whi
ev

ys

ea
ha
in
ic

e
y
tw

tw
ve
,

y
m

.

an

ua
pe
re
in
l
in
qu
re
a

ing

d
el
c

-
e
much of this work was performed. The author would al
like to thank M. Mannheim for preparing the figures. Th
work has been supported in part by the Department of
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the sign of any time delay cannot change, with the fact o
time delay between the two beams at the source~even one as
small as thed/v0.10212 sec one typically associated with th
COW kinematics! thus being a covariant indicator for th
COW effect.

@14# In passing we note that the energy associated with the non
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