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Gravitational and collective effects in an output coupler for a Bose-Einstein condensate
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A three-component vector quantum field theory is developed to describe the electronic-spin-resonance
interaction of a magnetically trapped Bose-Einstein condensate with a radio frequency field. The theory is
directly applied to simulate the recent experiment of Meweal. for an output coupler for a Bose-Einstein
condensate in a magnetic triphys. Rev. Lett78, 582 (1997]. By employing the mean-field approach, we
study the collective dynamics of the multicomponent matter field via the nonlinear dicheo equation.
Including the effect of gravity, we study the spin-resonance Rabi oscillations for the three-component Bose-
Einstein condensate in three ground-state hyperfine levels and simulate the dynamic expansion of the conden-
sate components coupled out of the magnetic fr&{050-294{@8)00602-1

PACS numbes): 03.75.Fi, 05.30.Jp, 32.80.Pj, 67.9

The recent realizations of Bose-Einstein condensation in BEC is prepared in the trapped Zeeman levgi=—1.
magnetically trapped gas of ultracold alkali-metal atomswhen a rf field is applied to the system, by spin-flip transi-
[1-3] have generated both experimental and theoretical intions, the condensate will be coupled to the Zeeman levels
terest in studying the properties of Bose-Einstein condean:() andmg= 1, which are untrapped. The untrapped con-
sates(BEC) and manipulating such coherent matter by elec-densate components will leave from the trapping regime un-
tromagnetic fields. For example, the research on thler gravity. To quantitatively describe the coupling process,
collective excitation of BEG4—6], the weak light scattering e pegin by treating the Bose-condensed atoms in the alkali

of BEC [7-13, quantum dynamics of BECL4], and laser  o0nd staté"=1 as a three-component vector atomic field,
manipulation of BEC[15,16], etc., has explored different

aspects of such coherent atomic samples. Recently, manipu-

lation of BEC by radio frequencyf) fields has been dem- me=1
ons_trated experimentally by Mewes al. [17]. In this ex- W= > zme(F,t)|F=l,mF), (1)
periment, the trapped condensate is coupled to a rf pulse mp=—1

field. The spin-flip transition results in the partial leakage of

the condensate from the trap. As a result, the rf pulse field

can coherently “split” the condensate into three differentwhere the operatogyymF(f’,t) corresponds to the atomic field
pieces: one still stays in the trap and the others may esca%mponent in the magnetic Zeeman lewal. The Hamil-

from the trap and propggat_e a!O'?g the directipn of gravity i.ntonian for the coupling of the atomic field to the rf field can
free space. The operation is similar to an optical beam split;

ter or coupler for photons. The pulsed radio frequency fieIJ)e expressed as
acts as a beam splitter or coupler for the atoms in the trap.
Therefore Mewet al. have achieved an output coupler for
Bose-condensed atoms and regard it as a rudimentary ver-
sion of a pulsed atom laser since the output atomic wave
packets are from a coherent matter source.

The coherent transfer or coupling of BEC has been stud-
ied theoretically for a coherent atomic beam splitt8] and
also for trapped ground-state alkali-metal atoms with two
different hyperfine sublevelgl9,2(. However, a quantita-
tive description including gravity and collective dynamics in
three-dimensiona(3D) space for the coherent coupling of
BEC with multihyperfine sublevels has not yet been done. In
this paper, our purpose is to develop such a quantitative
theory for the multicomponent coherent matter field interact-
ing with a rf field. We then employ the theory to give a
realistic simulation of processes in the output coupler experi- F|G. 1. (a) Schematic diagram for coherent coupling of the
ment done by Mewest al. A schematic diagram in Fig. 1 trapped condensate component to the untrapped condensate compo-
displays the system considered in this paper. Figus@ 1 nents by a rf field(b) The pencil-shaped condensate where differ-
shows the hyperfine manifold fdf=1 ground-state alkali ent spatial positions in the axial direction correspond to different
atoms in a static magnetic field. We assume that initiallydetuning due to gravitational inhomogeneities.
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5 h2v2 - ) due to the interatomic interaction, which has the simple form
fd r lﬁT(f)( m~ #tHo= i Br () in the pseudopotential approximati1,22
1 ~ R 4wh2as N R 47Tﬁ2a'|' N N
+= fdsraj dgrblﬁT(Fa)lﬂT(Fb)\A/(Fa V(Fg—ry) = m 5(ra_rb)Ps+T5(ra_rb)PTa
? ®
— o) (M) Y(Fa), (2) wherea, and a; are thes-wave scattering lengths for the

singlet- and triplet-state atomic collisions, respectivedy.
and Py are the corresponding projection operators on the
Palldfree I;amntonlan f(l)rf ﬂ;e atomshm the trapplgg rlnagnen singlet and triplet subspaces. In terms of B2}, we have the
ields and gravitational fieldzy is the magnetic dipole Mo~ ¢510wing nonlinear Schidinger equations for the coherent
ment of the atoms, anBR the rf magnetic field. The second coupling of the vector atomic field to the rf magnetic field in
term in Eq.(2) describes the collective excitations of atomsthe interaction picture

whereu is the chemical potential of the gady is the inter-

ﬁﬁ—wl—[—hzvz— +hAw+V ] R R+ g —2hxy! +hxyl 0

| om M 0+ V(7)1 s otk p(F)+ gyihr Jehr = 20 x Y-y h_ahr T x 145,
alﬂo ﬁZVZ R ﬁwR . + + +

iiW: ~Zm — p+Vo(F) lﬂo—f(l//1+¢71)+7“<[P(r)+%lﬂo]lﬂo_2ﬁX¢o¢o¢o+2ﬁX¢o¢1¢—1,

ﬁ‘w‘l—(—hzvz —hAw+V ] R B+ — 2hx Lo+ 2Ry
o om M o+V_ (N, 5 botfiklp(N)+d_ 1 1] X111 X¥1boto,
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whereAw is the detuning of the radio frequency field from sate to the rf pulse field. The second is to simulate the free
the atomic resonance at the center of the tragy  expansion and propagation of the output condensate compo-
= ug0eBr/24 is the rf Rabi frequency, which describes the nents including the collective interatomic interactions and
spin-flip transitions between Zeeman levels. The nonlineathe external potentials given in Eq®). The initial conden-
terms in Egs(4) describe the collective effects due to inter- sate chosen for our simulation is the pencil-shaped conden-
atomic interactions with the nonlinear coefficients defined agate used in the Mewet al. experimen{see Fig. 1b)]. The
k=hm(3as+13ar)/(4m) and y=%m(ar—as)/(4m). The  condensate is prepared in the trapped state= —1 by a
total density operator of the gas is denoted @8)  trapping potential, which is cylindrically symmetrical with
== 14" ¢;(7). The external potentials in Eqel) due  an axial trapping frequency 18 times less than the radical
to the trapping magnetic field, the gravitational field, and thetrapping frequency4]. The condensate has a length in the
compensation magnetic field for gravity have the expressionaxial direction (gravity direction that is about 20 times
larger than its width in the radical directi¢d]. In the output

V_1=me?(x?+y?) 12+ mw’z?/2, coupler experiment, Meweet al. studied two different
cases. In one they realized the coherent transfer of the ini-
Vo=—mgz (5  tially trapped condensate to the untrapped components by
sweeping the rf field through resonance. In the other they
Vi=—mw?(xX>+y?)[2— mw?z?/2— 2mgz used monochromatic rf pulses to achieve the coherent trans-

fer. We limit our discussions to the latter case with a single rf
Equations(4) and (5) determine the coherent coupling dy- pulse. The rf pulse used in the experimglif] has a duration
namics of the Bose-condensed gas in the rf field. In generafibout 6.6us, which is short enough to ignore the quantum
it is difficult to solve these nonlinear coupled quantum fielddispersion due to the kinetic energy term during the interac-
equations even by numerical methods. Here we employ th&on of the condensate with the rf pulse field. This enables us
mean-field approach to these quantum field operators in Eq# adopt the standard Runge-Kutta method to numerically
(4) so that they can be treated as macroscopic wave functiorsolve the nonlinear coupled wave equatiédsfor different
for the condensate components. In this case, Bfjsare  spatial-temporal pointsr(,t;). In Fig. 2 we present the nu-
simplified to the nonlinear coupled wave equations for themerical result for the Rabi oscillation of the trapped fraction
condensate wave functions. We employ these nonlineasf the condensate for the same conditions as given in Ref.
coupled wave equations to simulate the output coupler fof17] for different amplitudes of the rf pulse. The frequency
the BEC demonstrated by Mewesal.[17]. The numerical of the rf pulse is chosen to be resonant with the center of the
simulation is divided into two steps. The first step is to studytrap (Aw=0). The precision of the experimental data is in-
the Rabi oscillation in the coherent coupling of the conden-sufficient to allow us to distinguish between the numerical



1250 WEIPING ZHANG AND D. F. WALLS 57

12 T T T T T T 1 T
b
1 J \
0.8 |
\\‘
Sost . 5 .
<06 1 < AN
@ @ 'y
=% a /
a a0.4 N
Saal _ © \ /
=04 = .
A
0.2 | 0.2f
0 1 ~ O, ﬁo (o 2l 1 1 1 0 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 0.2 0.4 0.6 0.8 1
Rf Amplitude [Gauss] Rf Amplitude [Gauss]

FIG. 2. Comparison of the numerical simulation for the Rabi  FIG. 3. Dependence of the Rabi oscillations of the trapped frac-
oscillations of the trapped fraction in state-=—1 with the ex-  tion in statemz= —1 on the gravitational inhomogeneity: the solid
perimental data of Mewest al.: the solid curve corresponds to the curve is the single-atom resonant Rabi solution, the dashed-dotted
numerical result, the circle to the experimental data, and the dashedurve corresponds to an initial condensate with an axial length 10
dotted curve to the single-atom resonant Rabi solution. um, the dashed curve to 20m, and the dotted curve to 3@m.

curve(solid line) and the resonant single-atom Rabi solution potentialmw§z§/2~ 1582 nK, and the radical trapping poten-
cos(wgt/2) (dashed-dotted lineTo understand the deviation tjq| mw?r3/2~1239 nK. Hence the spatially dependent de-
of both the experimental data and the numerical result fromyning due to the inhomogeneous gravitational field is the
the resonant single-atom Rabi solution, we seek approXimain reason for the fluctuations of the experimental data in
mately analytic solutions for Eqs4) by assuming that the  the regime of the small amplitudes of the rf pulse. To further
nonlinear terms slowly vary with time. This yields the ap- confirm our conclusion, we numerically calculate the Rabi
proximate solution for the population of the trapped hyper-ogcijiations for different lengths of the initial condensate in
fine state the axial direction. The results are shown in Fig. 3. We see
that the longer the initial condensate, the larger the effect
from the gravitational inhomogeneity, and the larger the de-
viation of the Rabi oscillations from the single-atom resonant
) solution. In addition we also see that the deviation can be
] ® reduced by increasing the amplitude of the rf pulse, which

8(F)?+ wat

NT(t):f d3r pO(F)’cosz( 3

gives a large Rabi frequency. When the Rabi frequency is so
large that the gravity-induced detuning can be ignored, the

where po(F) denotes the density distribution of the initial R@bi oscillations are approximately close to the resonant
condensate ands(F)~[ Mw2(x2+y2)/2+ mw222/2+ mgz Rabi solution as shown in Fig. 3. On the other hand, for
+hik(|b_1|2— | b1|2)/2)/h is the spatially dep«zandent detun- Comparison, we plot the Rabi oscillations of the populations

ing induced by the trapping magnetic field, the gravitationalg1 tshﬁnﬁgilr aﬁ’ﬁ:d rhgvpi)teartfiltr)]r?aﬁ?wtr?(;&n:oo eetlneoilthh;i ;nlzilgé of-
field, and the collective interatomic interaction. We see tha}éct on thg Rabigoscillations in the rr—? ime)gf the smaglll am-
if 8(r)=0, Eq. (6) is identical to the resonant single-atom litud f the rf oul 9

Rabi solution. The spatially dependent detunifi@) can plitudes ot the rt pulse.
account for the deviation of the experimental data from the
single-atom resonant Rabi solution for small amplitudes of
the rf pulse field. Generally speaking, the contribution from
the collective interatomic interaction is time dependent and 0-8f

sF? ( 5(F)2+ wit
52+ ws > 2

can be observed in the Rabi oscillatii??]. However, for  §
the initial pencil-shaped condensate in the experiment of §4
Mewes et al,, the gravitational potential is dominant over 5
other termgsee Fig. )]. This is easily seen by the follow- §04_
ing numerical example. In terms of Ref&l,17], the axial g '

and the radical trapping frequencies for the trap are
~27X18 Hz andw~ 27X 320 Hz, respectively. This leads 02r |
to an axial lengthzyp~300um and a radical widthrg ‘
~15 um for the pencil-shaped condensate. The peak density . . .
for the condensat@,~3x 10 cm 3 and the interatomic 0 : - 06 08

. . 2 . Rf Amplitude [Gauss]

interaction energyy4h“a/m~ 385 nK. By using these nu-

merical values, we evaluate the gravitational potential with a FIG. 4. The Rabi oscillations of the untrapped output conden-
magnitude~8000 nK for sodium atoms, which is far larger sate components: the dashed-dotted curve corresponos 40
than the interatomic interaction energy, the axial trappingand the solid curve tong=1.
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So far we have studied the Rabi oscillations of the popu- 5 5
lations in the hyperfine states during the duration of the rf
pulse. After the rf pulse has passed through the sample, th
output condensate components will experience expansiow o * N0 .
and propagation, which is affected by both gravity and the
collective interatomic interaction. To simulate the temporal-
spatial evolution of the condensate components after the r 5
pulse, we must numerically solve the three-dimensional non-(a)'5t >y y 5 O c5ms ¥ d
linear coupled wave equations including the quantum disper- =ems -
sion due to the kinetic energy term. The three-dimensional 5 5
simulation with nonlinear coupling is technically very diffi-
cult. However, in the present case with a pencil-shaped con
densate gravity plays a dominant role in the motion of atomsw~ o é N0 ‘
in the axial direction over the interatomic interactions as dis-
cussed above. Hence we can seek approximately axial
radical separated solutions of Eqg&l) with the forms 5 . 5 - .

Pi(F.1)=(x.y,t)uj(z,t); (j=-1,0,1). By ignoring the

j U= : . d) s y
effect of the collective excitations on the motion of atoms in @ t=20ms

’5
©t=14ms VY

the axial direction, the wave functiong(z,t) for different 5 5

condensate components can approximately be determined t

the single-atom Schdinger equations with only gravita-

tional and trapping potentials considered. In addition, consid- o N0 l

ering the cylindrical symmetry of the initial condensate, we

only need to simulate the expansion of radical wave func- o
tions due to the trapping potentials and collective interaction 5

by reducing Eqs(4) to two dimensionsi(= yX?>+y?,t). The (e)"”t Co5ms ¥ s 0 fosams ¥ >

initial radical wave functions for this simulation are chosen

to be the Rabi solutions excited by the rf pulse. The param- FiG. 5. The absorption imaging of the three-component conden-
eters Used in the simulation are chosen tQ be the same asdgte after the rf pulse interaction. The dynamic expansion of the
the experiment of Mewest al. To make a direct comparison atomic cloud quantitatively agrees with the experimental observa-
with the experiment of Mewest al., we simulate the absorp- tion.

tion imaging by using the numerically calculated density dis-
trlbut!ons. The absorption imaging directly reflects _the EX-simulation also shows that the output condensate in state
pansion of the condensate components as shown in Fig.

. . X =0 finally vanishes just as that in statg =1 due to the
F
Figure §a) corresponds to the image of the atomic cloud atcomplete expansion. This case is similar to the propagation

t= 2ms afte(; thfe rr]f pulse |nteract|on.T\£]Ve s;]ae that the 'Tag%f a coherent optical pulse in free space. If one hopes to keep
IS composed of three components. The sharp center line 5. output condensates for a longer propagating distance or
the remaining condensate component in the trapped StaF8nger time, one must employ some techniques such as

mg=—1, which overlaps with two output condensate com-5,mic waveguide or laser beams to compress the expansion
ponents in untrapped stateg=0 andmg=1. The conden- of the output condensatéss,16,23.

sate component in state:=1 experiences a faster expan- |, concjusion, we have developed a nonlinear coupled

sion than that in statens=0. This is due to the repelling y4ye theory for the interaction of the multicomponent coher-
force from the radical antitrapping potential in EGS). NU- ot matter field with a rf field. We have applied this theory to
merical analysis shows that the radical width of the condengy, 4y the Rabi oscillations and collective dynamics in the
sate in statemg=1 exponentially depends on the radical ot coupler for Bose-condensed atoms demonstrated by
trapping frequency» and timet. The rapid ballistic expan- - \eweset al. The numerical results quantitatively agree with
sion of the condensate in statg-=1 results in a rapid de- he experiment. Furthermore the numerical simulations also

crease of the peak atomic density with time. As a result, thgeyeq| the roles played by gravity and the collective inter-
condensate component vanishes in the absorption image g&mic interaction in the output coupler.

shown in Fig. %b), which corresponds to the image of the

cloud att=5 ms. From Fig. fb) we see that the output con-  The authors thank S. M. Tan, Craig Savage, and Muarry
densate in state==0 continues expanding due to the quan-Olsen for their helpful discussions. W.Z. is grateful for the
tum dispersion and the collective interatomic interaction. Insupport of the Australian Research Council and the hospital-
Figs. 5c¢)-5(f), we simulate the dynamic expansion for ity of the Physics Department of University of Auckland
longer times. These results show very similar features taluring his visit. D.F.W. is grateful for the support of the
those obtained in the experiment of Mewatsal. [17]. Our  Marsden Fund of the Royal Society of New Zealand.
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