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Relativistic dielectronic recombination process: Electron and H-like ions
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We have developed a simplified relativistic configuration-interaction method to calculate the dielectronic
recombination~DR! cross sections and rate coefficients. In this method, the infinite resonant doubly excited
states can be treated conveniently in the framework of quantum defect theory. Here we report a systematic
study of DR rate coefficients of hydrogenlike isoelectronic sequence with atomic number 2<Z<79. The
behavior of the DR rate coefficients along the isoelectronic sequence is studied. The results are compared with
the Burgess formula and other theoretical works. Because of its relativistic treatment, our method can be
applicable for arbitraryZ ions and the validity of the widely used Burgess formula can be examined, e.g., for
the ion withZ>36, the results calculated from Burgess formula would be larger by a factor of 2.
@S1050-2947~98!01902-7#

PACS number~s!: 34.80.Lx, 34.80.Kw, 34.80.Dp
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I. INTRODUCTION

Dielectronic recombination~DR! can be regarded as
resonant radiative recombination process. As a free elec
with a specific kinetic energy collides with an ionAq1, one
of the bound electrons of the ionAq1 is excited from the
initial ni l i orbital into theNL orbital, the free electron is the
captured into an unoccupied orbitalnl and forms a resonan
doubly excited state; subsequently, the resonant doubly
cited state decays into a nonautoionizing state through ra
tive transition processes. Its importance in influencing
ionic balance in high-temperature plasmas, such as a s
corona, has been known for many years@1#. Its radiative
emission is a significant contributor to plasma cooling in h
plasmas in fusion experiments. The dielectronic satellites
hydrogenlike ions have also been used to measure pla
densities in high-density plasmas@2# and the electron tem
peratures in solar flares@3#.

Many theoretical methods have been developed to ca
late the DR process, such as the distorted wave method@4,5#,
close-coupling methods@6,7#, and nonrelativistic single con
figuration @8,9# and relativistic multiconfiguration method
@10,11#. In these calculations, it is tedious work to obtain t
accurate DR rate coefficients since they involve many re
nant doubly excited states. Most calculations either neg
high-lying doubly excited states or simply use then23 law to
treat them@9,12,31,33#. In many applied aspects, such
astrophysics and plasma physics, the Burgess formula@13# is
widely used for its convenience@14#. Based on quantum de
fect theory~QDT!, we have developed a simplified relativi
tic configuration interaction~SRCI! method @15# and have
calculated the DR cross sections of hydrogenlike helium@16#
and argon@17#. Our theoretical results are in good agreem
with the absolute cross-section measurements@18,19# within
10%. In this paper, we report a systematic study of DR r
coefficients of the hydrogenlike isoelectronic sequence.
calculations cover the ions with atomic number 2<Z<79.
The behavior of the DR rate coefficients along the isoel
tronic sequence is studied. Because of its relativistic tre
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ment, our SRCI method is applicable for arbitraryZ ions and
then the validity of the Burgess formula@13# can be exam-
ined, e.g., for the ions withZ>36, the results calculated
from Burgess formula would be larger by a factor of 2.

II. THEORETICAL METHOD

The DR process ofAq1 has the form

e21Aq1~ni l i !→A~q21!1~NLnl!**

→A~q21!1~1snkl k!* 1hn, ~1!

where theAq1 ion in the initial statei (ni l i) captures a free
electron with a specific energye i and forms theA(q21)1 ion
in the resonant doubly excited statej (NLnl). The cross sec-
tions of this resonant capture processes can be treated i
isolated resonance approximation

s i j
c 5

p2\3

mee i

gj

2gi
Aji

a d~e2e i !, ~2!

wheregi andgj are the statistical weight of the statei and j ,
respectively.Aji

a is the Auger decay rate~inverse resonan
capture process!, which can be calculated by Fermi’
‘‘golden rule,’’

Aji
a 5

2p

\ U^C j u(
s,t

1

r s,t
uC i e i

&U2

, ~3!

whereC j andC i e i
are antisymmetrized many-electron wa

functions for the j state andi state plus a free electron
respectively.

We construct the configuration wave functionsf(GJM)
~G denotes the quantum numbersNLnl and parity! as anti-
symmetrized product-type wave functions from central-fie
Dirac orbitals with appropriate angular momentum coupli
@20#. All relativistic single-electron wave functions~bound
and continuum! are calculated based on the atomic se
consistent potential obtained from the ground-state confi
1033 © 1998 The American Physical Society
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1034 57QU, WANG, YUAN, AND LI
ration forA(q21)1 @21,22#. In our SRCI method, the atomic
state function for the statej (NLnl) with total angular
momentumJM is expressed as a linear expansion of
configuration wave functionsf(GlJM) with the same prin-
cipal quantum numbers (N,n), and the same orbital angula
momentum quantum numbers (L,l ):

C j~JM!5 (
l51

m

Cj lf~GlJM!. ~4!

Here m is the number of configuration wave functions; t
mixing coefficientsCj l for statej are obtained by diagonal
izing the relevant Hamiltonian matrixes@20#. We neglect the
configuration interaction between the bound state and
continuum state and the state including a free electron
chosen as the single configuration wave function. Then
have

Aji
a 5

2p

\ U(
l51

m

Cj lMi j l
a U2

, ~5!

where the Auger decay matrix elementMi j l
a is defined as

Mi j l
a 5^f~GlJM!u(

s,t

1

r s,t
uC i e i

&. ~6!

Based on QDT, when (N,L,l ) are fixed andn varies from
bound to continuum state, all the resonant doubly exc
states with the sameJ will form a channel. In the channe
the energy-normalized matrix element can be defined as

M̄ i j l
a 5Mi j l

a ~nn
3/2/q!, ~7!

where (nn
3/q2) is the density of state,nn5n2mn , andmn is

the corresponding quantum defect. This energy-normali
matrix elementM̄ i j l

a varies smoothly with the electron or

bital energy in the channel@15,16#. When M̄ i j l
a of a few

states~including one continuum state! in a channel have bee
calculated, the Auger decay matrix elements of infinite d
crete states of that channel can be obtained by interpola
On the other hand, the mixing coefficientsCj l in Eq. ~4! are
almost unchanged for the states with largen within a channel
@16#. We can use the mixing coefficients of a state with
certain high principal quantum numbern to approximate that
of those states with higher principal quantum number. Fr
the expression~5!, the Auger rates and capture rates~by
detailed balance! of the infinite resonant doubly excite
states can be obtained conveniently.

The resonant doubly excited state may autoionize wit
rateAji

a by emitting an Auger electron or decay radiately in
a lower energy statek with a radiative rateAjk

r , which is
defined as

Ajk
r 5

4e2v

3\c3gj
u^C j uT~1!uCk&u2, ~8!

wherev is photon energy, andT(1) is the electronic dipole
operator@16#. Similar to the expression~4!, the atomic wave
function Ck for the final statek can be constructed as
e

e
is
e

d

d

-
n.

a

Ck~J8M 8!5 (
l851

m8

Ckl8f8~Gl8J8M 8!. ~9!

Then we have

Ajk
r 5

4e2v

3\c3gj
U (

l,l851

m,m8

Cj lCkl8M jk
r U2

, ~10!

where the radiative transition matrix element is defined a

M jk
r 5^f~GlJM!uT~1!uf8~Gl8J8M 8!&. ~11!

For the radiative process with a certain final statek, the
resonant doubly excited states with the fixed (N,L,l ) and
different orbital energy form a channel. In the channel,
energy-normalized radiative transition matrix element is
fined as

M̄ jk
r 5M jk

r ~nn
3/2/q!. ~12!

This energy-normalized matrix elementM̄ jk
r varies slowly

with the electron orbital energy@16,23,24#. When M̄ jk
r of a

few states~including one continuum state! in a channel have
been calculated as benchmark points, all the ener
normalized matrix elementsM̄ jk

r of infinite discrete states in
that channel can be obtained by interpolation@23,24#. From
expression~10!, we can obtain all the radiative rates in th
channel. For a certain initial state, the energy-normaliz
transition matrix element may have nodes, at which the m
trix element is equal to zero@25#. In this case, the interpola
tion should be carried out for the energy-normalized tran
tion elements and not for the radiative rates~i.e.,
proportional to the square of the transition elements!.

The resonance energye i can be calculated under th
frozen-core approximation@26#. Specifically, we can calcu
late the energyE(NLnl) of A(q21)1 andE(NL) of coreAq1

using the same bases under SRCI method. Then,

e i5DEH~NL!1@E~NLnl!2E~NL!#, ~13!

where the energy difference between 1s andNL for hydro-
genlike Aq1 can be calculated analytically, i.e
DEH(NL)5Z2@1/221/(2N2)# ~hartree!.

We can then obtain the DR cross sections for any reson
doubly excited states conveniently,

s i j ;k5
p2\3

mee i

gj

2gi

Aji
a Ajk

r

(k8Ajk8
r

1( i 8Aji 8
a d~e2e i !. ~14!

Here the summationi 8 is over all possible states of theAq1

ion, and the summationk8 is over all possible states o
A(q21)1 whose energies are below statej (NLnl).

We assume that the velocity distribution of the free ele
tron is the Maxwell-Boltzmann distribution, then the diele
tronic recombination rate coefficients can be expressed a

a i j ;k5S 2p\2

mekTD 3/2

e2 e i /kT
gj

2gi

Aji
a Ajk

r

(k8Ajk8
r

1( i 8Aji 8
a , ~15!
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57 1035RELATIVISTIC DIELECTRONIC RECOMBINATION . . .
whereT is the temperature of the electron andk is Boltz-
mann’s constant. And the total dielectronic recombinat
rate coefficients can be expressed as

aDR5(
j ,k

a i j ;k . ~16!

III. RESULT AND DISCUSSION

There are enormous intermediate resonance states
volved in the DR process, which makes explicit calculatio
not practicable@27#. Hence, then23 scaling law is widely
used in the literature to extrapolate the satellite intensity f
tors ~proportional to DR cross section! for higher (n>4)
resonances@9,12,31,33#. Based on QDT, we have develope
the SRCI method, in which all the high-lying resonant do
bly excited states are treated conveniently through interp
tion. When the energy-normalized matrix elementsM̄ i j l

a and

M̄ jk
r of a few states~including one continue state! are calcu-

lated as benchmark points, all the Auger and radiative ma
elements and the corresponding rates of the infinite reso
doubly excited states can be obtained by interpolation w
adequate accuracy and much less computational effor
our calculation all the doubly excited statesNLnl with high
n can be conveniently calculated based on QDT. Then,
the Coster-Kronig transitions~e.g., 2p3/2nl→2p1/21e! that
become energetically possible for a certain highn are in-
cluded in our calculation. We have calculated the DR cr
sections for He1(Z52) @16# and Ar171(Z518) @17#, which
are in good agreement with the recent absolute cross-se
measurements@18,19# within 10%. For He1, the electron-
electron correlations~configuration interactions! are most
important along the H-like isoelectronic sequence. T
agreement shows that our SRCI method includes the m
part of configuration interactions, i.e., the configuration
teractions among the states with the sameNLnl. The other
configuration interactions of states with differentN8L8n8l 8
may affect the individual transition probabilitiesAa andAr .
Anyhow, neglecting the other configuration interactions
anticipated to have an effect of a few percent on the to
cross sections and rate coefficients since there is an ag
ment between the SRCI calculation results and the abso
cross-section measurements. This is owing to that ‘‘the
rors and variations due to approximations introduced in
evaluation of the individual transition probabilitiesAa and
Ar tend to cancel,’’ as discussed in Ref.@34#. Furthermore,
the configuration interactions, including interchannel inter
tions, which will be discussed in the next paragraph, o
result in the redistribution of DR cross section among int
mediate states. The SRCI method can be applied for arbit
Z ions because of its relativistic treatment. We here repo
systematic study of the total DR rate coefficientsaDR of
hydrogenlike isoelectronic sequence with atomic num
2<Z<79 using our SRCI method, as shown in Fig. 1~solid
curves!. The results from the widely used Burgess formu
@13# are also plotted in Fig. 1~dotted curves!. It is obvious,
for the ion with Z>36, that the results calculated from th
Burgess formula would be larger by a factor of 2. AsZ
increases, the peaks of the DR rate coefficientsamax

DR as a
function ofT shift from low T to highT, while amax

DR increase
n
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from Z52 to Z54 and then decrease.
The N dependence of the DR rate coefficients for H1

and Ne91 ions are displayed in Fig. 2. The ratio of the part
DR rate coefficients of 3Lnl intermediate states to the 2Lnl
partial DR rate coefficients is about 0.14 for He1. It de-
creases rapidly with the increase ofZ, e.g., only about 0.06
and 0.04 for Ne91 and Ar171, respectively. Thus, the contri
bution of highN (N>3) double excited states is less impo
tant, especially for the intermediate-Z and high-Z ions. Even
for low-Z ions, we only need to consider the 2Lnl and 3Lnl
contribution to the total DR rate coefficients. In our prese
SRCI calculation, the interchannel interaction is neglect
Thus, the calculated DR cross sections of the specific 3Lnl
intermediate states for He1 are smaller than the experiment
measurement@28#. Nevertheless, this will not affect our ca
culated total DR rate coefficients, since the interchannel
teraction only result in the redistribution of the DR cro
section among 2Lnl and 3Lnl intermediate states, which
will be discussed elsewhere@29#.

FIG. 1. The total DR rate coefficientsaDR vs temperatureT.
Solid curve: present calculation; dotted curve: Burgess formula

FIG. 2. The contribution of 2Lnl and 3Lnl intermediate states
to the DR rate coefficients for He1 and Ne91 ions. Solid curve: total
DR cross section; dot-dashed curve: 2Lnl; dotted curve: 3Lnl.
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1036 57QU, WANG, YUAN, AND LI
The n dependence of the DR rate coefficients with 2Lnl
intermediate states is shown in Fig. 3. The contribution
high-n doubly excited states (n.5) to aDR is 87% for He1,
it decreases to 16% and 7% for Ar171 and Xe531, respec-
tively. Hence, the DR rate coefficients are dominated by
contribution of high-n states for low-Z ions and the low-n
states for high-Z ions. This can be understood as follow
The radiative transition rates increase withZ rapidly ~scaling
asZ4!, while the Auger rates remain nearly the same~scaling
as Z0! @30#. For Z<20, because the autoionizations are t
dominant decay channels,(k8Ajk8

r
!( i 8Aji 8

a , a i j ;k}Ajk
r ,

which depends onn very weakly, then the contribution of
large amount of high-n states is important. On the contrar
for high-Z ions, the radiative processes are the dominant
cay channels,a i j ;k}Ai j

a }n23 @30#, the contribution of high-
n states becomes less important. In the comparison with
absolute cross-section measurement@19#, our calculated DR
cross section of Ar171 @17# is overestimated by about 10%
for n52, and underestimated by about 8% and 5%
n53,4 double excited states, respectively. They are in g
eral agreement with the experimental measurements
n55,6. Thus, our calculated total DR cross section and
coefficients for Ar171 are anticipated to be larger and with
about 8%. In Ref.@16#, our calculated DR cross section o
He1 is overestimated by about 5% forn52 and underesti-
mated by about 5% forn53, and slightly underestimated fo
n54 and overestimated forn55 double excited states com
pared with the measurements@18#. Thus, our calculated tota
DR cross section and rate coefficients for He1 are anticipated
to be larger and within about 6%. Figure 4 shows thek( l )
dependence of the DR rate coefficients for He1, Ar171,
Xe531, and Au781 ions with 2Lnl intermediate states. Th
DR rate coefficients is dominated by the contribution fro
the l 51 doubly excited states, and this contribution increa
with the increase ofZ.

In Table I, the peak values of the DR rate coefficien
amax

DR calculated by our SRCI method are compared w
other theoretical works. In Ref.@31# Karim and Bhalla gave

FIG. 3. The n dependence of the DR rate coefficients. T
curves in the order from top to bottom are the total 2Lnl DR rate
coefficients and partial rate coefficients as follows:~a! with n.5,
n54,3,5,2 for He1; ~b! with n52,3, n.5, n54,5 for Ar171; ~c!
with n52,3, n.5, n54,5 for Xe531.
f
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the DR rate coefficients for several hydrogenlike ions.
their calculation,aDR were obtained explicitly in the nonrel
ativistic intermediate-coupling scheme including spin-or
coupling for n<4, for n5528 a configuration average
scheme was used, and then23 scaling law was employed fo
n>9. In Ref. @32# Karim and Ruesink recalculatedaDR for
hydrogenlike ions withZ514, 20, and 26, including the ef
fect of configuration interaction and spin-orbit coupling f
n<8. The later results by Karim and Ruesink@32# are about
14% larger than the former ones by Karim and Bhalla@31#.
Their new results@32# are still smaller than ours, while ou
results are closer to the results calculated by the Burg
formula @13#, which is widely used for low-Z and
intermediate-Z ions. In Nilson’s work@33#, the relativistic
multiconfiguration wave functions are used and then23 scal-
ing law is adopted to calculate the Auger rates forn.4
states, while we use the interpolation scheme based on Q
which is more reasonable. ForZ536,54~high Z! ions, where
high-n double-excited states are not so important, his res
of amax

DR @33# agree with ours within 5%, and 2%, respe

FIG. 4. Thek( l ) dependence of the DR rate coefficient. Th
curves in the order from top to bottom are the total 2Lnl DR rate
coefficients and partial rate coefficients as follows:~a! with
l 5p3/2,d5/2,s,d3/2,p1/2, f 7/2, f 5/2 for He1; ~b! with
l 5p3/2,p1/2,d5/2,d3/2,s, f 7/2, f 5/2 for Ar171; ~c! with
l 5p3/2,p1/2,s,d5/2,d3/2, f 7/2, f 5/2 for Xe531.

TABLE I. Comparison of theoreticalamax
DR of H-like ions.

Z Ion

amax
DR ~10213 cm3/sec!

Nilson @33#Our work Burgess@1# Karim @32#

2 He1 17.9 19.9
4 Be31 22.5 22.3

10 Ne91 15.3 14.3 9.1
14 Si131 11.1 10.7 9.3 7.6
18 Ar171 8.7 8.4 6.1
20 Ca191 7.2 7.5 6.0
26 Fe251 4.3 5.6 4.0 3.8
36 Kr351 1.9 3.5 1.8
54 Xe531 0.63 1.6 0.64
79 Au781 0.21 0.75
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57 1037RELATIVISTIC DIELECTRONIC RECOMBINATION . . .
tively. For low- and intermediate-Z ions, where high-n
double-excited states are important, his results ofamax

DR @33#
are significantly smaller than ours as shown in Table I.
Fig. 1, the total DR rate coefficients from the widely us
Burgess formula@13# are compared with our SRCI result
The differences ofamax

DR between the two calculations ar
also shown in Table I. For He1 ~low Z!, the amax

DR from the
Burgess formula is about 11% larger than ours, which
anticipated to be 6% larger than the experimental rate c
ficients @18# as discussed above. For the ions with interm
diate Z (10<Z<20), the amax

DR calculated by the Burges
formula agree with ours within 7%, e.g., for Ar171, theamax

DR

from the Burgess formula is about 4% smaller than ou
which is anticipated to be 8% larger than the experimen
rate coefficients@19#. Theamax

DR from the Burgess formula ar
significantly overestimated for high-Z atoms, e.g., 1.8, 2.5
.

rk

do

nd

e,

Li

Li

.
T

n

s
f-
-

,
al

and 3.5 times larger than our present calculations for Kr351,
Xe531, and Au781, respectively. In this case, the relativist
effect should be considered. Thus, it can provide some c
about the validity of the Burgess formula from Table I. B
cause of its relativistic treatment, our SRCI method sho
be applicable for arbitraryZ ions and it can also be applie
to the many-electron atoms, where the matrix elements h
nodes.
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