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Enhanced harmonic generation in extended molecular systems by two-color excitation
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Numerical simulations of high-order harmonic generation in the molecular ions H2
1 and H3

21 show that
two-color intense (I .1014 W/cm2) short (,1-psec) laser pulse excitation produces harmonics at large inter-
nuclear distances with larger efficiencies~intensities! at 6Up , 8Up , and 10Up energies than in single-atom
single-frequency excitation. The two-color excitation scheme creates efficient high harmonics by first ionizing
electrons with a high-frequency laser pulse and accelerating them with lower frequency towards neighboring
atoms. Such two-color schemes should be useful for enhancing high-order harmonic generation in clusters.
@S1050-2947~97!50310-6#

PACS number~s!: 42.50.Hz, 42.65.Ky
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Generation of high-order harmonics has been achie
recently in several laboratories with orders exceeding 100
exciting rare-gas atoms with short~subpicosecond! intense
(I>1014 W/cm2) laser pulses@1,2#. Recent quasiclassical in
terpretations of such high-order harmonic generation~HG!
rely on a simple classical model wherein the electron fi
tunnels from the ground state of the atom, through the bar
formed by the Coulomb potential and the laser field, and t
is rescattered towards the ion by the changing phase of
intense electromagnetic field@3–6#. Thus after tunnelling out
of the atom, the electron moves under the influence of
oscillating electric field and, neglecting Coulomb intera
tions, the equation of motion becomes~in a.u.!

Z̈~ t !5E0cos~vt1w!,

Ż~ t !5~E0 /v!@sin~vt1w!2sin~w!#,

Z~ t !5~E0 /v2!@cos~w!2cos~vt1w!2vt sin~w!#, ~1!

with the initial condition Ż(0)5Z(0)50. A recollision
between the ionized electron and its parent ion occ
whenever Z(t)50 or equivalently tanw5(cosvt21)/
(sinvt2vt). Maximizing the velocityŻ(t) with the above
phase condition gives the field-induced maximum kinetic
ergy in atomic units,

Emax5uŻu2/253.17Up , Up5E2/4v2, ~2!

i.e., Z̈(t)50 with the phasew defined above. Thus high
order harmonic generation results in a well-defined cutof
a maximum harmonic orderNmax,

Nmax5~ I p13.17Up!/\v, ~3!

whereI p is the ionization potential andUp the ponderomo-
tive energy.

High-order harmonic generation opens possibilities a
source of coherent radiation in the extreme region, and re
applications of such coherent sources are now in prog
@7–9#. Thus there is interest in extending the limiting cuto
law ~3! to higher order. Our previous exact calculations
561050-2947/97/56~4!/2537~4!/$10.00
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HG in the molecular ion H2
1 @10,11# have shown enhance

HG intensities at large critical distancesRc , where molecu-
lar ions tend toward charge-resonance-enhanced ioniza
~CREI!. Thus for H2

1, Rc is predicted to be 4/I p58 a.u.@12#
and for H3

21, Rc55/I p510 a.u.@13#. At these critical dis-
tances the molecular ions exhibit large ionization rates du
field-induced Coulomb-barrier suppression effects@12,14#
and also electron localization@11#. These large ionization
rates exceed those of the neutral atom by one or two or
of magnitude~see Fig. 1! thus leading to efficient high-orde
HG with intensities exceeding those of the atom by at le
one order of magnitude@10#. Yet previous measurements o
HG in molecular gases have shown results very similar
those obtained in atomic gases@15,16#, i.e., the same cutoff
law ~3! was found to apply to molecular gases. The m
obvious explanation is that HG occurs on a time scale m
shorter than molecular dissociation, so that the distancesRc
of enhanced ionization and enhanced HG are never reac

FIG. 1. Ionization rates of 1D H2
1 for l51064 nm, I

51014 W/cm2 laser excitation as a function of internuclear distan
R.
R2537 © 1997 The American Physical Society
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i.e., the molecules emit HG at their equilibrium distance.
Returning to Eq.~1!, one observes that the velocityŻ(t)

is maximum wheneverZ̈(t)50, which occurs for (vt1f)
5(2n11)p/2. For this condition one obtainsŻ(t,max)5
62E0 /v andEmax58Up with the initial phaseufu5p/2. The
resulting electron distance from the nucleus isZ5pa0 from
Eq. ~1!, wherea05E/v2 is the ponderomotive radius. Suc
maximum kinetic energies of 8Up have been previously pre
dicted theoretically to occur in atomic above threshold io
ization ~ATI ! spectra, but have been shown to be of neg
gible intensity @17# as they correspond to minima of th
usual Bessel functions of multiphoton ATI theories@18#. In
previous unpublished calculations of HG in H2

1 we had ob-
served 6Up and 8Up maxima in HG~see Fig. 2! at large
internuclear distanceR.a0 , but these were of uninterestin

FIG. 2. Harmonic generation spectra forl51064 nm, I
51014 W/cm23 laser excitation:~a! H atom; ~b! H2

1 at R546
5pa0/2 a.u.; ~c! H2

1 at R5915pa0 a.u.
-
-

low intensities. The source of this low-intensity HG can
obtained by perusal of Eq.~1!: 8Up energies are obtained fo
Z5pa0 when the initial fieldE(t50)50, sinceufu5p/2.
Thus not enough electrons are produced att50 to be accel-
erated later by half cycles (vt
5np), towards neighboring atoms. Recently Morenoet al.
have suggested that energies higher than 8Up can be ob-
tained at large distances in molecules, provided the ini
velocity Ż(0)Þ0, and this should occur in the multiphoto
ionization regime@19#. As pointed out above, the critica
problem in obtaining efficient high-order HG beyond th
3Up cutoff law ~1! is usually the low ionization rates o
electrons.

In the present paper we show that the combination of t
laser fields can result in high-order HG producing harmo
energies up to 10Up . Thus the field combination

E~ t !5E0@cosvt10.5 cos~3vt1f!#, ~4!

used before by us to control electron localization@20#, pro-
duces the desired effect, withf being the phase differenc
between the two fields. Previous two-color experiments h
been reported for ionization and HG in atoms only@21,22#.
The basic physics is that the high-frequency field 3v ionizes
the electrons initially with little ponderomotive energ
@Up(3v)!Up(v)#. The preionized electrons are then acc
erated by the lower-frequency fieldE(v) to obtain the maxi-
mum attainable kinetic energy 8Up . Thus for the phasef
53p/2 in thev13v excitation scheme, the net field is pos
tive and large when theE(v) field is minimum. This ensures
large ionization of the electrons when theE(v) field is
weak, but it is to be noted that the sum of the fields ad
constructively at the zeros ofE(v).

We show this effect by numerical integration of the tim
dependent Schro¨dinger equation ~TDSE! for one-
dimensional ~1D! H2

1 and H3
21, following a numerical

method previously described in@23#. This allows us to ob-
tain, with high accuracy, ionization rates and HG spectra a
function of internuclear distanceR, as shown in Figs. 1–4
The calculations are performed for the wavelengthl
51064 nm and intensityI 51014 W/cm2 for H2

1 ~Fig. 3! and
for H3

21 ~Fig. 4!. Results are presented for a 1D model„with
regularized Coulomb potentials,2@11(x6R/2)#21/2

@12,13#…. The initial state for H2
1 and H3

21 is the completely
delocalizedground 1sg orbital. Figure 1 shows large en
hanced ionization of H2

1 at the distanceRc58. This peak
corresponds to charge-resonance-enhanced ionization@10–
12#. A minimum occurs also atR5pa0/2546 a.u., where
a05E/v2529 a.u., the ponderomotive radius of the ele
tron in the electromagnetic field. The H atom ionization ra
1.331011 s21, is much less than the molecular ion atRc , as
emphasized above, but becomes the molecular rate aR
.pa0 .

In Fig. 2 we illustrate the corresponding single-field ex
tation HG spectra for H and H2

1 obtained by calculating the
power spectrum from the laser-induced acceleration@10#.
The maximum HG law~1! gives Nmax.45, as seen in Fig
2~a! for the H atom. Figure 2~b! shows the HG spectrum fo
H2

1 at R5pa0/2546 a.u. A maximum is visible beyond th
3Up law: 6Up with N.70. Figure 2~c! shows the HG spec
trum for R5pa0591 a.u. There is a maximum around 8Up
(N.90) and a new cutoff arundN.107 for 10Up energy,
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consistent with theoretical ATI spectra@18#. The 6Up maxi-
mum at aroundN.70 still dominates the higher-orde
maxima and is always a new cutoff atR5pa0/2. Similar
effects have been obtained in numerical simulations of
two-electron extended system H2 and H3

1 @24#. Using Eq.
~1!, one obtains forZ5R5pa0/2 that Ż(t)562Up

1/2@1
1sin(sinvt)# with the condition sinvt5vt2p/2. The solu-
tion of the latter relation isvt.3p/4. The corresponding
kinetic energy isŻ2/256Up , in agreement with Fig. 2~b!.
Thus Fig. 2 illustrates the increased energy available to e
trons scattered by atoms separated at large distances re
to the single-atom case. The greater intensity of the 6Up
spectra with respect to 8Up in Fig. 2~b! results from the fact
that 8Up kinetic energy is acquired forvt5p, with initial
Ż(0)50 at ufu5p/2. This implies that 8Up electrons are

FIG. 3. H2
1 harmonic spectra atI 51014 W/cm2, l51064 nm at

R5915pa0 a.u. for E(t) @Eq. ~4!#. ~a! f53p/2; ~b! f5p; ~c!
f50.
e

c-
tive

created when the field is nearly zero. 6Up energy requires
only that vt53p/4, so that these electrons can be crea
when the field is nonzero, with resulting increased HG e
ciency due to a high number of such electrons.

In order to increase HG efficiencies beyond 6Up , we use
the combinedv and 3v fields with variable phasef ensuring
increased ionization when theE(v) field is weakest. The
resulting HG spectra are illustrated in Fig. 3 atR5pa0
591 a.u. The 3Up and 6Up intensities are now enhance
over that of the single-fieldE(v) excitation, Fig. 2, since
ionization rates have been increased by at least one ord
magnitude. The 8Up region (N.90) is also clearly en-
hanced when compared to Fig. 2~c!, the single laser excita
tion. A new region, 10Up (N.110) with the two-color ex-
citation scheme, also becomes prominent forf53p/2
~ionization rateG i5931012 s21!, f5p(G i5331012 s21)
andf50(G i5731012 s21). Thef50 case, Fig. 3~b!, has a
large ionization rate due to the coincidence ofE(v) and
E(3v) peaks, but nevertheless produces less harmonics
this particular case, there is no preionization at the zero
E(v). The net field@E(v)1E(3v)# is very narrow around
the peak value 1.5E0 . Only 6Up electrons seem to be en
hanced in this case. We show next in Fig. 4 results for
one-electron extended systemH3

21 at the distance betwee
outer protons 1 and 3,R5915pa0 a.u. At short R56
~equilibrium distance!, the 3Up law givesNmax.45, similar
to Fig. 2~a!, whereas atR5pa0 , single-laser excitation
gives further maxima, Fig. 4~a!. As seen from Fig. 4~b!, the

FIG. 4. H3
21 harmonic spectra atI 51014 W/cm2, l51064 nm

at R5pa0591 a.u. ~a! single field; ~b! v13v @Eq. ~4!#, f
53p/2.
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v13v two-color excitation atf53p/2 doubles the maxi-
mum number of harmonics with efficiencies only 1022 lower
than the 3Up harmonics. Thev12v schemes give very
similar results, i.e., there is general overall enhancemen
harmonic spectra intensities at 3Up, with the appearance o
6Up and 8Up photons comparable in intensity to the 3Up
photons at single excitation@24#. In both two-color excita-
tions of H2

1 and H3
21, high-order HG spectra are doubled

length and overall efficiency is increased by one or two
ders of magnitude with respect to single-frequency exc
tion. We have found that thev13v two-color scheme gives
the best efficiencies.

In conclusion, our numerical results based on the TD
show that electrons accelerated by a short intense p
should produce higher and more intense harmonics in p
atomic media such as molecules and clusters. Using a h
frequency prepulse ensures sufficient ionized electro
which are then accelerated by a lower-frequency pulse
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order to extend high harmonics beyond 3Up up to 8Up and
10Up ~see Figs. 3 and 4!. Such a two-pulse technique shou
be particularly useful for the creation of high-order harmo
ics in rare-gas clusters@25#, where the interatomic distance
are alreadyR;627 a.u., the critical distance for CREI dis
cussed above@10–13#, and distant neighbors can be foun
abundantly at distancesR5pa0/2 and pa0 , which are
reached by electrons with kinetic energies 6Up to 10Up . For
molecules, such an effect should be observable by first
sociating the molecule, letting the nuclei propagate toR
5pa0/2 or pa0 , and then ionizing with a second intens
pulse@26#.

We thank the Natural Sciences and Engineering Rese
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