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Effective Sommerfeld parameters in the three-body Coulomb continuum problem
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The three-body Coulomb continuum wave function as a product of three two-body Coulomb wave functions
is modified by the introduction of anAnsatzfor effective Sommerfeld parameters corresponding to the modi-
fication of a particular two-body Coulomb interaction by the presence of the third particle. The triple-
differential cross sections for electron-impact ionization of atomic hydrogen at incident energies of 54.4 and
150 eV in asymmetric geometry are calculated. We generally find that this approach gives good agreement
with experiment, though some small quantitative discrepancies remain.@S1050-2947~97!50110-7#

PACS number~s!: 34.80.Dp
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The process of electron-impact ionization of atoms h
attracted wide interest both experimentally and theoretic
for many years. The experiment determines the incident
ergyE0 , the final-state electron energiesE1 andE2 , and the
corresponding momentak1 andk2 . As a result, the kinemat
ics of each ionizing event is fully determined and the m
detailed information, i.e., the triple-differential cross secti
~TDCS! is provided. For theorists, the challenge has been
develop a theory capable of explaining these observati
For energies greater than about six times the ionization
ergy, several different approaches are in reasonable ag
ment with the existing data. However, the problem of t
low-energy ionization process is still one of the basic u
solved problems of atomic physics, although a number
theoretical studies have been devoted to this problem.
ticularly noteworthy are the pseudostate close-coup
~PSCC! calculations of Curran and Walters@1#, the three-
body distorted-wave Born approximation~3DWBA! calcula-
tions of Joneset al. @2#, the convergent close-couplin
~CCC! calculations of Brayet al. @3#, and the work of
Berakdar and Briggs@4#.

It is well known that a significant advance in the theory
electron-impact ionization was achieved by Brauner, Brig
and Klar @5# ~hereafter to be referred to as BBK!, who per-
formed the first calculation for electron-atom ionization u
ing a final-state wave function that satisfied the asympt
three-body Schro¨dinger equation exactly. Unfortunately, th
BBK model is not in agreement with the measurements
low energies. As can be seen in Ref.@4#, the major limitation
of the BBK work lies in the fact that influence on th
strength of the interaction of any two particles by the pr
ence of a third one has not been taken into account.
Berakdar and Briggs corrected the deficiency of the B
wave function, while still maintaining the philosophy, by th
introduction of effective Sommerfeld parameters in the tw
body factors in the BBK wave function@4#, and the results
turned out to be in good agreement with experimental fi
ings over a wide range of collision geometry@4,6#. Note that
the modification performed by Berakdar and Briggs@4# is
limited for the case in which the escaping electrons h
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equal energies. Based on the same consideration, Bera
has successfully derived an approximate analytical solu
of the quantum-mechanical three-body Coulomb contin
problem@7#. However, this work is not very practical.

The goal of the present paper is to advance the w
of Berakdar and Briggs@4# by formulating the effect-
ive Sommerfeld parameters for any case to modify
BBK wave function. For convenience, now the BBK wav
function is referred to as 3C because it is a product
three Coulomb wave functions. The Sommerfeld parame
a5ZaZbmamb /kab is a measure of the strength of the Co
lomb interaction between particles of chargedZa and Zb ,
reduced massmab , and relative momentumkab5mabuka
2kbu conjugate tor ab5ura2rbu. Because the strength of th
interaction of any two particles is affected by the presence
a third particle, the new Sommerfeld parameters introdu
here are functions of all three relative momenta. The mo
fication of the strength of a particular two-body Coulom
interaction depends on the momenta of the two particles r
tive to the third one in question, which represents a dyna
screening~DS! of the three two-body Coulomb interaction
and hence the new wave function will be designated
DS3C. As can be seen in Ref.@4#, the new momentum-
dependent Sommerfeld parametersb i are introduced simply
by a linear transformation from the original seta i , i.e.,

b i5(
j 51

3

Ai j a j , ~1!

where the nine coefficientsAi j PR and i 51, 2, or 12 desig-
nate the two-body interaction of the two electrons with t
residiual ion and the electron-electron interaction, resp
tively; and the condition

b11b21b125a11a21a12 ~2!

should be satisfied. The original two-body Sommerfeld p
rameters are

a152
Z

k1
, a252

Z

k2
, a1252

1

2k12
, ~3!e,
R2514 © 1997 The American Physical Society



nts

RAPID COMMUNICATIONS

56 R2515EFFECTIVE SOMMERFELD PARAMETERS IN THE . . .
FIG. 1. TDCS for electron-impact ionization of hydrogen at incident energyE05150 eV. The circles are the experimental measureme
of Ehrhardet al. @10#. Theories: solid curve, DS3C of this work; broken curve, CCC of Ref.@3#; dotted curve, 3C of Ref.@5#.
-
ec-
whereZ is the charge of the residiual ion.
For the symmetric casek15k25k, the new Sommerfeld

parameters are readily given by Berakdar and Briggs@4#, as

b15b252
Z2sinu/4

k
, ~4!
b125
12sin2u

2k sinu
~5!

whereu5(cos21k̂1• k̂2)/2 varies fromp/2 to zero. It is easy
to find that whenu5p/2, b1250. The classical interpreta
tion is that when the residiual ion is between the two el
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trons the electron-electron interaction is subsumedcom-
pletelyin an effective electron-ion interaction. However, th
is only true for the symmetric case considered in Ref.@4#.
For the asymmetric casek1Þk2 , the electron-electron inter
action cannot be subsumed completely by the effec
electron-ion interaction whenu5p/2 and henceb12Þ0. On
the other hand, for the two outgoing electrons, the effec
charge of the ion registered by one electron reduces as
momentum of this one increases due to the screening o

FIG. 1. (Continued).
e
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other electron. Then the effective charge of the ion register
by the two outgoing electrons should be in the rang
Z21,Zeff<Z, andZeff

i →Z askj→` ~iÞ j ; i , j 51,2!. Based
on this consideration, we finally arrive at the representatio
of the new Sommerfeld parameters for any geommetry ca
as

FIG. 2. TDCS for electron-impact ionization of hydrogen a
incident energyE0554.4 eV. The circles are the relative measure
ments of Brauneret al. @11#. Theories; solid curve, DS3C of this
work; broken curve, CCC of Ref.@3#; dotted curve, 3C of Ref.@11#.
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b152

Z2
k1

4k12
~sin2u!S 12

uk12k2u
4k12

D
k1

, ~6!

b252

Z2
k2

4k12
~sin2u!S 12

uk12k2u
4k12

D
k2

, ~7!

b125

12~sin2u!S 12
uk12k2u

4k12
D

2k12
. ~8!

Note that whenk15k2 , the above representation is identic
to those of Ref.@4# @Eqs.~4! and ~5!#.

In an earlier paper@8#, we have calculated the TDCS fo
electron-impact ionization of helium in a symmetric coplan
energy-sharing geometry at incident energies from 45 to
eV and an angle of 45° using the DS3C wave function p
sented by Berakdar and Briggs@4#, and found excellent
agreement with the absolute measurement@9#. In this work,
we apply the present DS3C wave function to the calcula
tion of TDCS for electron-impact ionization of hydrogen
asymmetric geometry. To our knowledge, the latest lowe
incident-energy measurements available for hydrogen
asymmetric geometry are due to Ehrhardtet al. @10# and
Brauneret al. @11#.

In Fig. 1 the present TDCS results for a projectile ene
of 150 eV together with the 3C@5# and CCC@3# results are
compared with the experiment. The experimental data
relative measurements for three angles of the fast elec
and three energies of the slow electron normalized exp
mentally @10#. It can be seen that the present results are
very good agreement with the CCC results and experim
The 3C underestimate of cross sections in the binary pea
corrected by the DS3C. However, the DS3C still undere
mates the cross section in the recoil peak for small scatte
angles of 4° and 10°. The fact that the two significantly d
ferent theories are in good agreement with each other bu
with the experimental data for these cases is striking
difficult to explain. Further experimental investigation wou
be very helpful.
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In Fig. 2 are shown the 54.4-eV results. The measu
ments of Brauneret al. @11# are not absolute and have bee
normalized using the best visual fit to CCC theory using
single multiplicative constant@3#. The present DS3C calcu
lations also show the improvement over the 3C results
obtaining better magnitudes and shapes, and continue t
in agreement with the experimental data and the CCC ca
lations, while neither the PSCC nor the 3DWBA predict t
qualitative shape of the experimental data at this energy~the
results of PSCC and 3DWBA are not shown in this paper
can be seen in Refs.@3,2#!, although both the approaches a
in good ageement with experiment at an energy of 150
The location of the binary peak predicted by the 3DWBA
shifted by about 20° from experiment@2#. The 20° shift in
the binary peak for 54.4 eV might stem from the fact that t
asymptotic form of the final-state electron-electron corre
tion factor is used in the 3DWBA. Furthermore, although t
3DWBA has used the distorted wave for the initial state,
results of 3DWBA are not in better agreement with expe
ment than those of the present DS3C. So, it may be dedu
that employment of the distorted wave for the initial state
not very helpful for electron-atom collisions, provided th
the correct wave function for the final state is used.

Recently, Joneset al. @12# have also performed the calcu
lations for electron-impact ionization of hydrogen at 150 a
54.4 eV using the DS3C model proposed by Berakdar@7#.
However, their results turned out to be in worse agreem
with experiment than the present results.

In summary, a different approach to the three-body C
lomb continuum, in which new Sommerfeld parameters
introduced for both symmetric and asymmetric cases, gi
good agreement with the experiment and the CCC calc
tions and hence shows the improvement over the BBK
sults in obtaining better magnitudes and shapes of cross
tions. This modification of the BBK wave function ha
removed its major deficiency.
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