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Heisenberg-limited spectroscopy with degenerate Bose-Einstein gases
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We propose an experiment that exploits the quantum interference between two noninteracting ensembles of
spatially degenerate Bose-Einstein atoms to measure phase shifts of atomic coherences at the Heisenberg limit.
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PACS numbsdr): 03.75.Dg, 03.75.Fi

The recent experiments demonstrating Bose-Einstein con- In order to motivate our method, which requires two con-
densation(BEC) in alkali-metal vapord1-3] have opened densates at the interferometer inputs ports, we will begin by
the possibility of studying the phase properties of degeneratghowing that interferometry with a single condensate is not
atomic samples. For example, one might look for spatial in-capable of providing enhanced spectroscopic resolifioh
terference fringes between two freely evolving condensate§onsider a condensate of two-level atoms that is driven with
[4,5] or study the atom-counting statistics for two conden-2 Single resonant excitation pulse. We assume throughout
sates overlapped at a beam splif} Given the coherence that the_ atpms are nonmter_actmg, and we n_eglect spontane-
properties of Bose-Einstein condensed sources, one migRUS emission from the excited level. The initial condensate
hope to develop high-resolution spectroscopic techniqueState is taken to be the Fock state
that exploit the quantum degeneracy of these samples to en- N
hance measurement precision. _ Iny=T1T [#g(x)), )

In this Rapid Communication we propose a scheme that is =1
capable of detecting small phase shifts of atomic coherences o .

P 9 P where the subscripg indicates the ground electronic state,

with a precision _that scales inversely with th(_a n_umber .Oin is the spatial coordinate of thdh atom, andN is the
atoms N used in the measurement. In principle, this

. o Lo .~ number of atoms in the condensate. The evolution of this
Heisenberg-limited method could afford significant gains in tem is described by the SéHinaer i n|:||
precision over standard techniques, where the shot-noise Iirr?_—y_sffj /Sd egch ﬁ Hy i e. r‘hme ebqua 0 2
ited precision scales as\z]ﬁ. Our method uses two degen- =ind[y)/dt, _W't the ) aml tqn(lg given by a §um over
erate ensembles of Bose-Einstein atoms as inputs to € free particle qogtnbAqunBIi and the coupling terms
Ramsey-type atom interferometgf]. We show that phase Vi: '-e-vH_Ei=1(Hi(. )+Vi)- To be explicit, one might con-
shifts introduce fluctuations in the number of atoms detectedider a magnetic dipole interaction that resonantly couples
at the interferometer output ports, and that these fluctuatior@iomic hyperfine levels of atoms confined in the ground state
can then be used as a signature for a phase imbalance gd.a harmonic potential. Substitution of the product state

tween interferometer arms. N

The Ramsey technique uses a sequence ofii#qulses | )= H | (X)) 2
separated by an interrogation tiriieto probe the time evo- =1
lution of an atomic coherence. This separated oscillatory

fields configuration is analogous to a Mach-Zehnder interferito Schralinger's equation yields an equation of motion that

ometer in optics when the evolution of the ground and exSeparates into equations of motion for the individual par-
cited electronic states is viewed as the two arms of the interticles: Hi| ¢(x)) =i#d| ¢ (x;))/dt, with H;=H®+V; . Spe-
ferometer. It is used in many experiments as a method t6ializing to the Fock statgEq. (1)], we find that the time
detect small shifts in the relative phase between an atomigvolution of this state is identical to that bf nondegenerate
coherence and the driving field. These shifts, for exampleatoms.
may arise from a small detuning of the driving field from the =~ We can immediately apply this result to a Ramsey-type
atomic resonance or from the presence of an external pertugxperiment. For nondegenerate ensembles of atoms, the
bation. phase sensitivity is shot-noise limited. Following the argu-
The proposed method is related to previous work onment of the preceding paragraph, we then conclude that the
quantum noise reduction. Optical interferometry with Focksensitivity obtained with a Bose-Einstein condensed source
states has been shown to enable Heisenberg-limited phageust also be shot-noise limited.
detection[8]. For atoms, Winelanekt al. have shown that One might be led to conclude that all interference with

Ramsey interferometry with maximally entangled spin state$30se condensed sources would be shot-noise limited; how-
can achieve the Heisenberg linp@]. ever, we note that only a restricted class of states can be

factored into products of single-particle staf&s). (2)]. For
example, the initial state consisting pg‘ degenerate atoms
*Permanent address: Groupe d'Optique Atomique, Institun the electronic ground statg) andng' atoms in the elec-
d’'Optique, BP 147, 91400 Orsay Cedex, France. tronic excited statée) cannot be factored in this form.
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FIG. 1. (a) Probability distribution forAn
=ng"'~ng obtained by numerical diagonaliza-
tion the matrix defined by Eq$3) and(4). The
input is a dual Fock state with 100 atoms in each
condensate. Open bars indicate the distribution
10 20 resulting from a phase shift @¢=0.05 rad dur-
ing the free evolution interval. For comparison,
the solid bar indicates the distribution A for
A¢=0. (b) Probability distribution for a single

/ Fock state input with 200 atoms, with phase
10 10} shifts A¢=0.05 rad(open barsandA¢=0 (solid
R ’ ban. (c) Variance of the distributions fakn as a
N function of the phase shith¢ for the input state
5 5 |100,100. (d) Variance of the distribution for
A ! An for the input staté200,0.
(©) e T (d)
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We next consider interferometry with this nonfactorizableeshift A¢=0.05 rad. We parametrize these distributions by
state consisting of two condensates. The initial system isheir variance varf)=(n%)—(n)2. Figures 1c) and Xd)
taken as the dual Fock stafg)=|ng,ng). All atoms are show the scaling of vaf{n) with the phase shiff¢ for both
assumed to occupy identical center-of-mass states, and ftine dual Fock state and single Fock state inputs.
simplicity we neglect recoil effects in driving the transitions.  We now show how observation of these fluctuations can
In the interaction picture, after making the rotating-wave ap4ead to Heisenberg-limited sensitivity. To do this, we exploit

proximation, the Hamiltonian matrix elements are the result that var§n) is proportional to the phase shifor
- small A ¢) to estimate the phase shifté,,;, that results in a
(ng.nelH|ng,ng)=—%ned (3)  variance of one atom. The idea is that the presence of a phase

imbalance ofA ¢, in principle is likely to lead to a nonzero
value for the measured number differente for any given
A 50 measuremept. On_ the other hand, the presence of a shift
(ng,NglH|ng—1ne+1)= 99W7 (4 A@<Adminis not likely to result in a fluctuation away from
2 An=0 after a single measurement, and is thus considered
unresolvable. The scaling df ¢, for different atom num-
wheredis the laser detuning ard. is the single-atom Rabi  persN is shown in Fig. 2. For the dual Fock stat®e,,
frequency associated with the coupliig The scaling of the ~1/N when N>1, while for the single Fock stat ¢mi,
matrix elements with the number of ground-state atorys
and excited-state atonm, follows directly from the proper-
ties of the condensate wave functidid]. For an interaction 15 ‘ ' -
time 7 such that).q7= /2 (7/2 pulse, the excitation pulse P
creates a coherent mixing of the ground stae and the -
excited statée). For =0 (resonant excitationwe note that -,
the evolution of the internal states can be described by a 10T i
unitary operator that is equivalent to the operator describing _ 7
a beam splitter in quantum optics.

We are now in a position to investigate the state of the
system following the twar/2 pulse sequence. First, we note 57
that if the detunings is zero, there is no phase shift during
the free propagation interval between pulses, and the number
of atoms exiting in the excited statad”, is equal to the —
number of atoms initially in the ground stgmig”. A phase 00 5'0 10‘0 150
shift inserted during the free propagation interval manifests
itself as fluctuations at the output ports. We characterize N

these fluctuations by %ﬁtlcul?tmg the probability distribution FIG. 2. Variation of the minimum detectable phase shift

for the quantityAinnEne i?g?' This i_S illustrated for the 54 with the total numbem of atoms for a dual Fock state
dual Fock statgng'=100,ng'=100 [Fig. 1(a)] and for the  |N/2,N/2) (solid) and a single Fock statfN,0) (dashedl at the
single Fock statgng'=200,ng'=0) [Fig. 1(b)], and a phas- input.
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~1/JN. The 1N scaling for the dual Fock state is the sig- It is interesting to consider the experimental sensitivities
nature of a Heisenberg-limited phase measurement. that might be achieved using these methods. For example, if

Insight into this result can be gained by analyzing thea dual Fock statén,n) (n=10°) is used in a Cs atomic
state of the system after the first beam split@®2 pulsg, as  fountain clock with interrogation tim& =1 s, the quantum-
shown in Fig. 3. After the beam splitter, the system is in anoise-limited short-term stability is of the order of
state characterized by a large uncertainty in the number ofp-16/\/[Hz. For spectroscopy in traps, interrogation times
atoms in each arm of the interferometer. One might expecyreater than 100 s might be achieved. This could lead to a
that this large uncertainty in number, then, would allow pre-egqytion better than 10 nHz in a single shot. Such gains
cise definition of the phadd.2]. In fact, it can be shown that 414 pe significant in, for example, searches for a perma-
a simultaneous measurement of the phase of each output PEnt electric dipole momerEDM experiments We note

results in a He|senberg-l|m|ted_ correlation between théjn that recently Myatet al.[14] have experimentally realized a
The Ramseyor Mach-Zehnderinterferometer geometry ex-
dual condensate source.

loits these correlations to measure small phase shifts with- . .
P P To conclude, we have shown that under certain conditions

out requiring an explicit measurement of the absolute phas% : . ;

of each interfering beam. For comparison, we have alsd"€ Use of degenerate Bose'-Emstem ensembles as input
shown the much narrower output distribution for a singleStates t @ Ramsey-type interferometer can lead to

Fock state input. Heisenberg-limited phase measurements. Although we stud-

In the examples above we have assumed an equal numbigd the case of nuclear magnetic resonance spectroscopy us-
of atoms in each input port. In practice it is unlikely that suchind the Ramsey method of separated oscillatory fields, these

a state could be prepared. It is important, therefore, to exdguments apply to any system of coupled Fock states, in-
plore the phase sensitivity to the initial balance of ground-cluding, for example, tunneling between wells in a double-
and excited-state atoms. Figure 4 shows that in fact the phad¢e!l potential.
sensitivity is only weakly sensitive to an imbalance over a  Thjs work was supported by grants from the National Sci-
broad range. As in the balanced input case above, the phagice Foundation and Office of Naval Research. P.B. ac-
sensitivity A ¢y is inferred from the phase shift that pro- nowledges support from DREContract No. 9381148@nd
duces a variance of one atom in the distribution Aar. the French government.
The method presented above provides an algorithm for
determining the presence of a small phase shift. In practice
one may want to measure a larger phase ghiff. This can 15
be accomplished by application of a compensating phase
shift ¢.. The shift ¢, would then be adjusted to minimize
the observed fluctuations at the output ports, so dihat
+ ¢sig~ 0. This method requires single-atom detection reso- 10 ©
lution at the output port. If some technical noise occurs dur- £
ing the detection process, the precision of the measurement '2
is reduced tA ¢,i,= Sn/N, where én is the atom number 2
resolution of the detection process. 5¢1
In order to implement this scheme, it is necessary to mea-
sure the initial number of atoms in one of the condensates as
well as the number of atoms at the output q@r.g.,ng‘ and
n"). The output atom number can be measured with stan- 0 : ‘ ‘
dard fluorescence techniques. On the other hand, knowledge - 05 , 0 0.5 1
of the number of atoms at the input port requires a nonde- n;" -n, /N
structive number measurement just before the interferometer F|G. 4. variation of the minimum detectable phase shift
sequence. Such a measurement might be accomplished withy, ;. with the initial balance of ground- and excited-state atoms
dispersive light scatterinpl3]. (ng—ng)/N for a total number of atoml=50.
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