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Influence of nonlinearity in one-photon processes on the relationship between field
and dipole squeezing in the two-level thermal Jaynes-Cummings model
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Department of Physics, Atma Ram Sanatan Dharma College, University of Delhi, Dhaula Kuan, New Delhi 110 021, India

~Received 11 November 1996; revised manuscript received 3 February 1997!

This paper describes the influence of nonlinear interaction of a two-level atom with a single-mode field via
one-photon interaction on the squeezing properties of the radiation and the fluctuations of the atomic dipole
variables. The thermal Jaynes-Cummings model nonlinear in occupation number is used.@S1050-
2947~97!04806-3#

PACS number~s!: 42.50.Dv, 32.80.2t
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I. INTRODUCTION

The possibility of generating squeezed states of the ra
tion field in the laboratory have opened new perspective
quantum optics and laser physics with potential applicati
in high-resolution spectroscopy, quantum nondemolition
periments, quantum communications, and low light level m
croscopy@1#. The Jaynes-Cummings model~JCM! in the ro-
tating wave approximation has been a subject of inte
investigations@2–5#. Recently, increased attention has be
paid to the atomic coherent states@6#. It was found that the
JCM initially in an atomic coherent state together with t
vacuum field can generate field squeezing as well as squ
ing of the fluctuations of the atomic dipole variables@3–5#
and it has been shown that squeezed atoms can ra
squeezed light@3,4#. The relationship between the field an
atomic squeezing in the thermal JCM with an initially cohe
ent atom has been discussed by a few authors@4,7#. The
problem of interaction of matter with squeezed light has b
extensively studied for the past ten years@8–10#. However,
the influence of nonlinearity in one-photon process on
squeezing properties of the radiation field and the fluct
tions of the atomic dipole variables has not been stud
earlier. Nonlinear one-photon processes are important for
derstanding the generation of squeezed states in off-reso
fluorescence@11#. One-photon excitation causes significa
attenuation of the incident signal without being saturat
This makes it a better candidate over multiphoton proces
an effective nonlinear filtering process@12#. Consequently, it
will be worthwhile to examine the influence of nonline
interaction of a two-level atom with a single-mode field v
one-photon transition on the relationship between the fi
and atomic squeezing in the thermal JCM for an initia
coherent atom.

II. MODEL

To obtain the nonlinearities in one-photon interaction p
cesses, it is necessary to go one order higher in perturba
theory~Fig. 1!, which is, in fact, a second-order correction
Rayleigh scattering. The Hamiltonian for our system of
terest may be written as
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H5H01Hn , ~1!

where

H05Va†a1
v

2
Sz1g~a†S21aS1! ~2!

is the usual Hamiltonian for the JCM in the rotating wa
approximation and

Hn5la†aa†a ~3!

is the Hamiltonian nonlinear in occupation number~i.e., two
one-photon process!. The nonlinear termHn is actually the
second-order correction to Rayleigh scattering. An exact
lution of Eq. ~1! can be derived if the field is detuned from
the resonance frequency of the atom by an amount equ
the nonlinear parameterl ~i.e., if v2V5l!. The model
now describes the nonlinear interaction of a two-level at
with a single-mode field via one-photon transition.Sz , S2 ,
andS1 are atomic pseudospin inversion, lowering and ra
ing operators, respectively.v is the atomic transition fre-
quency,a† anda are boson creation and annihilation oper
tors. V is the free field-mode frequency. The linear atom
field coupling constantg is retained because the transitio
are still one-photon process.l is a constant describing th

FIG. 1. Second-order correction to Rayleigh scattering.
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56 797INFLUENCE OF NONLINEARITY IN ONE-PHOTON . . .
extent of nonlinearity in occupation number. Throughout
employ\5c51. The density operatorr of the thermal field
is

r5( Pnun&^nu, ~4!

where the photon number distribution functionPn has the
form

Pn5n̄n/~11n̄!n11, ~5!
s

an
th
ewhere n̄ is the initial mean photon number. If the field
initially in a number stateun& and the atom is prepared in
coherent superposition of its ground stateu2& and excited
u1& states, the initial state of the atom field system reads

uC~0!&5sin~Q/2!e2 if/2u2&1cos~Q/2!eif/2u1&, ~6!

hereQ denotes the distribution of the initial atom rangin
from 0 top andf is the phase of the atomic coherent sta
The time-dependent Schro¨dinger equation with the initial
condition ~6! gives the general time-dependent stateuC(t)&
of the system with the detuning factord5v2V5l,
uC~ t !&5 (
n50

`

cos~Q/2! f ne
2 i @~n11/2!V8t1ln2t2f/2#$cos~1/2!Rt2 i ~b/R!sin~1/2!Rt%u1,n&

2 i(
n51

`

sin~Q/2! f ne
2 i @~n21/2!V8t1l~n21!2t1f/2#~R08/R8!sin~1/2!R8tu1,n21&

1 (
n50

`

sin~Q/2! f ne
2 i @~n21/2!V8t1l~n21!2t1f/2#$cos~1/2!R8t1 i ~b8/R8!sin~1/2!R8t%u2,n&

2 i(
n50

`

cos~Q/2! f ne
2 i @~n11/2!V8t1ln2t2f/2#~R0 /R!sin~1/2!Rtu2,n11&, ~7!
nt
whereV85V1l, u f nu25Pn , R andR8 are the quantum
Rabi frequencies of the oscillations of the model given a

R5@4l2n214g2~n11!#1/2, R85@4l2~n21!2

14g2n#1/2, ~8!

and

b52ln, R052g~n11!1/2,

b852l~n21!, R0852g~n!1/2.

The stateu2,n& is coupled with the stateu1,n21& and the
stateu1,n& is coupled with the stateu2,n11&. In order to
investigate the squeezing properties of the radiation field
the atom, we follow the standard procedure of defining
slowly varying operators

a15~1/2!@aeiVt1a†e2 iVt#, a5~1/2!i @aeiVt2a†e2 iVt#,
~9!

S15~1/2!@S1e
2 ivt1S2e

ivt#,

S25~1/2!i @S1e
2 ivt2S2e

ivt#. ~10!
d
e

The above operators follow the commutation relations

@a1 ,a2#5 i /2, @S1 ,S2#5 iSz . ~11!

The corresponding Heisenberg uncertainty relations are

~Da1!
2~Da2!

2.1/16, ~DS1!
2~DS2!

2.~1/4!^Sz&
2,

~12!

III. FIELD AND ATOMIC SQUEEZING

We define the functions

f i5~Dai !
221/4, di5~DSi !

22~1/2!u^Sz&u, i51,2.
~13!

Then field squeezing is defined iff i,0 @13# and atomic
squeezing ifdi,0 @14#. Using the general time-depende
state vector of Eq.~7!, the functions of Eqs.~13! are written
as
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f 15n̄/21~1/2!@cos2~Q/2!2q sin2~Q/2!# (
n50

`

~R0
2/R2!Pnsin~1/2!Rt2~1/4!sin2Q

3H (
n50

`

Pnsin@f2l~2n21!t#@~n11!1/2~R0 /R!sin~1/2!Rt cos~1/2!R8t2n1/2~R08/R8!sin~1/2!R8t cos~1/2!Rt#J 2,
~14!

f 25n̄/21~1/2!@cos2~Q/2!2q sin2~Q/2!# (
n50

`

~R0
2/R2!Pnsin~1/2!Rt21/4 sin2Q

3H (
n50

`

Pncos@f2l~2n21!t#@~n11!1/2~R0 /R!sin~1/2!Rt cos~1/2!R8t2n1/2~R08/R8!sin~1/2!R8t cos~1/2!Rt#J 2,
~15!

d15
1
42 1

4 sin
2Q (

n50

`

Pn
2 cos2@f2l~2n21!t#$cos~1/2!Rt cos~1/2!R8t2~b/R!~b8/R8!sin~1/2!Rt sin~1/2!R8t%2

2 1
2U 12 cosQ2 (

n50

`

Pn~R0
2/R2!~cos2Q/22q sin2Q/2!sin2~1/2!RtU, ~16!

d25
1
42 1

4 sin
2Q (

n50

`

Pn
2sin2@f2l~2n21!t#$cos~1/2!Rt cos~1/2!R8t2~b/R!~b8/R8!sin~1/2!Rt sin~1/2!R8t%2

2 1
2U 12 cosQ2 (

n50

`

Pn~R0
2/R2!~cos2Q/22q sin2Q/2!sin2~1/2!RtU, ~17!

whereq5n̄/(11n̄).
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IV. DISCUSSION

A. The case ofn̄50

Taking the fluctuations inS1 anda2 as an example, we
now study the relationship between dipole squeezing
field squeezing in the vacuum field. Puttingn̄50 into Eqs.
~15! and ~16!, we have

f 25
1
2 cos

2~Q/2!sin2gt

2 1
4 $sin Q cos@f1lt#sin gt coslt%2, ~18!

d15
1
42 1

4 sin
2Q cos2@f1lt#cos2gt cos2lt

2 1
2 u 12 cosQ2cos2Q/2 sin2gtu. ~19!
d

We notice from Eqs.~18! and ~19! that the maximum
squeezingA50.0625 can be obtained for atomic squeezi
as f50, lt5kp ~k50, integer!, gt5kp, andQ52p/3,
p/3 and for field squeezing asf50, lt5kp, gt5(k
1 1

2)p, andQ52p/3. Taking the case off50, gt52.5p
for field squeezing, andgt53p for atomic squeezing, Figs
2~a! and 2~b! show how the squeezing of the radiation fie
( f 2) and the fluctuations of the atomic dipole variabl
(d1) versusQ changes with the nonlinear parameterl. For
0,Q,p/2 the fluctuations inS1 can be squeezed but thos
in a2 cannot, while forp/2,Q,p, the fluctuations inS1
and a2 can be squeezed almost all the time with identi
squeeze duration and there exists a symmetry between
field and atomic squeezing~SFAS!. With the increase ofl,
we find that both field and atomic squeezing~and SFAS!
start to disappear simultaneously. Furthermore, on increa
l, the width of the theQ interval in which squeezing ap
pears, decreases by the same amount for bothd1 and f 2 .
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FIG. 2. ~a! f 2 (gt52.5p) versusQ for f50 and (a) lt50,
(b) lt5p/15, and (c) lt5p/10. ~b! d1 (gt53p) versusQ for
f50 and (a) lt50, (b) lt5p/15, and (c) lt5p/10.
FIG. 3. ~a! Time evolution of f 2 for Q52p/3, f50, g51.0,
and (a) l50 and (b) l50.2. ~b! Time evolution ofd1 for Q
52p/3, f50, g51.0, and (a) l50 and (b) l50.2.

FIG. 4. Time evolution off 2 ~dotted line! andd1 ~solid line! for
Q52p/3, f50, andg51.0. ~a! l51.0, ~b! l51.5, ~c! l52.0,
and ~d! l52.5.
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This demonstrates that the sensitivity of atomic and fi
squeezing to variations inl is the same throughout theQ
range and at a particular instant of time, as long as squee
occurs, variations inl cannot destroy SFAS. In Figs. 3~a!
and 3~c!, we show the time evolution ofd1 and f 2 for Q
52p/3, g51andl,1 ~0,0.2!. It is seen that forl50, field
and atomic squeezing appear almost all the time, and
SFAS is shown clearly. Forl50.2, we find that the initial
atomic and field squeezing is revoked and is never see
become squeezed again tillt52p, but recur in the long time
scale. From the experimental point of view, the result of lo
time scale is not practical, so for experimentally releva
time scales, squeezing is restored periodically for large n
linearity. Figures 4 and 5 show how the time evolution
d1 and f 2 changes with variations in bothg and large non-
linearity (l.1). It is seen that for a fixedg and with the
increase inl, the initial squeezing is revoked but recurs p
riodically. The higher the value ofl, the more rapidly the
squeezing is revoked and the periodical revival of squeez
as well as SFAS increases~i.e., the oscillations become mor
regular!. However, it is noticed that with increasingg, there
is no change in the periodicity of revival. Furthermore, t

FIG. 5. Time evolution off 2 ~dotted line! andd1 ~solid line! for
Q52p/3, f50, andg51.5. ~a! l51.0, ~b! l51.5, ~c! l52.0,
and ~d! l52.5.
d

ng

he

to

g
t
n-
f

-

g

SFAS duration is seen to decrease with increase inl. The
field squeezing~and SFAS! present neart50, gradually dis-
appears, with increase inl, while no such effect is seen o
atomic squeezing att50. The influence ofg on field squeez-
ing at t50 is seen to be exactly opposite to that ofl, while
atomic squeezing att50 is insensitive to variations ing.

FIG. 6. ~a! f 2 ~f50, l50.1, g51.5, andt5p! versusQ for
(a) n̄50, (b) n̄50.01, and (c) n̄50.05. ~b! d1 ~f50, l50.1,
g51.0, andt5p! versusQ for (a) n̄50, (b) n̄50.01, and (c)
n̄50.05.
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56 801INFLUENCE OF NONLINEARITY IN ONE-PHOTON . . .
FIG. 7. f 2 ~g51.5, dot-dashed line! andd1 ~g51.0, the line!
versusn̄ for Q52p/3, f50, l50.1, andt5p.

FIG. 8. ~a! f 2 ~f50, g51.5, t5p, andn̄50.01! versusQ for
(a) l50, (b) l50.1, and (c) l50.2. ~b! d1 ~f50, g51.0, t
5p, and n̄50.01! versusQ for (a) l50, (b) l50.1, and (c) l
50.2.
The condition for maximum squeezing to occur and/or re
for f 2 is (l/g)(k11)p5kp and the times at which it will
recur is t5(p/g)(k11)5kp/l. The maximum squeezing
condition ford1 is l5kg or g5kl. In general for squeezing
~not maximum! to occur is kp2cos21(23)

1/4,lt,kp
1cos21(23)

1/4.

B. The case ofn̄Þ0

Here with the help of numerical calculations, we exami
the combined effect of nonlinearity and finite number
thermal photons on the relationship between the field
atomic squeezing. Figures 6~a! and 6~b! show how the
squeezing of the radiation field and the atomic dipole va
able versusQ changes in the presence of thermal photons
l50.1. With the increase ofn̄, we find that both field and
atomic squeezing start to disappear. The width of theQ in-
terval in which squeezing appears is also seen to decr
with n̄. The dipole squeezing for 0,Q,p/2 decreases
faster than forp/2,Q,p. The field squeezing is found to
be much more sensitive to the presence of thermal pho
than the dipole squeezing forp/2,Q,p.

From Fig. 7 we find that, when the initial photon numb
is 0.05, field squeezing disappears, and only the dip
squeezing forp/2,Q,p can appear. Whenn̄ is greater
than 0.12 not only the field squeezing but also the atom
squeezing disappears. Figures 8~a! and 8~b! show how the
squeezing versusQ changes with the nonlinear parameterl
for n̄50.01. Unlike the case ofn̄50, the dipole squeezing
for 0,Q,p/2 and field squeezing are more sensitive to
variations inl in the presence of thermal photons than t
dipole squeezing forp/2,Q,p.

Figure 9 presents the effect ofn̄ on the time evolution of
the functionsd1 and f 2 for Q52p/3. Whenn̄ is up to 0.01,
we notice from Fig. 9~a! that SFAS is almost destroyed ex
cept aroundt5p/8, where the squeezed atom can still ra

FIG. 9. Time evolution off 2 ~solid line! andd1 ~dotted line! for
Q52p/3, f50, l51.0, g51.5, and~a! n̄50.01 and~b! 50.05.
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ate a squeezed field but for a very brief period. Whenn̄ is
increased up to 0.05@Fig. 9~b!#, SFAS is completely de-
stroyed although the field and dipole squeezing can appe
some regions. For the caset50, dipole squeezing is seen t
be insensitive to the presence of thermal photons.

V. CONCLUSIONS

In conclusion, we have shown that nonlinear interact
of a two-level atom with a single-mode field via one-phot
transition for vacuum field does not enhance the squeezin
the radiation field and the fluctuations of the atomic dip
variables but tends to revoke the initial squeezing. Furth
more, for experimentally relevant time scale, SFAS and
tial squeezing is restored periodically for large nonlinear
E
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n
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In the presence of thermal photons, theQ interval in which
squeezing appears decreases. The dipole squeezing
0,Q,p/2 and the field squeezing is found to be more s
sitive to the presence of thermal photons than the dip
squeezing forp/2,Q,p. SFAS gradually disappears wit
increase inn̄. The periodical revival of SFAS also disappea
with n̄. Hence nonlinear interaction of a two-level atom wi
a single-mode field via one-photon transition in the prese
of thermal photons greatly enhances the destruction
squeezing and SFAS than the corresponding linear case.
study could be of interest for the micromaser experiments
the present study dissipation have been neglected. To m
the problem more realistic damping should be taken i
account. This problem will be discussed elsewhere.
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