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H-atom ionization by elliptically polarized microwave fields: The overlap criterion

Krzysztof Sacha and Jakub Zakrzewski
Instytut Fizyki imienia Mariana Smoluchowskiego, Uniwersytet Jagiellon´ski, ulica Reymonta 4, 30-059 Krako´w, Poland

~Received 11 February 1997!

The threshold for H-atom ionization by elliptically polarized microwave fields is discussed within the
classical-mechanics framework using the Chirikov overlap criterion. It is shown that the trends observed in the
recent experiment@M. R. W. Bellermannet al.Phys. Rev. Lett.76, 892~1996!# are qualitatively reproduced by
the theory; the origin of the remaining discrepancy is discussed. Increased stability of some orbits with respect
to the perturbation due to the elliptically polarized microwaves has been related to vanishing widths of the
corresponding resonance islands. Analytic Chirikov overlap prediction is compared with results of numerical
simulations.@S1050-2947~97!04207-8#

PACS number~s!: 32.80.Rm, 32.80.Wr, 32.80.Fb, 05.451b
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I. INTRODUCTION

The ionization of hydrogen atoms by linearly polariz
~LP! microwaves has been intensively studied for more th
20 years~for a recent review see@1#!. Similarly, a consider-
able understanding of the effects induced by circularly po
ized ~CP! radiation is now available@2#. By far much less is
known for the general case of elliptically polarized~EP! mi-
crowaves. Until very recently the studies considered only
dependence of the ionization threshold on the microw
polarization in the regime of low frequencies~i.e., when the
microwave frequencyv!vK , wherevK is the Kepler fre-
quency corresponding to the initial atomic state!. Here ex-
perimental results for alkali-metal atoms@3,4# have been re-
produced by classical simulations@5#. The regime of high
frequencies has been partially discussed within the fra
work of quantum localization theory using the so-called K
pler map@6#. This approach, however, has been questio
~at least for the limiting case of CP microwaves! by Nauen-
berg@7#. Similarly, quantum-numerical simulations@2# have
shown the limitation of the Kepler map approach applied
CP microwaves.

In view of the very few results available, the recent stu
of Bellermanet al.group@8# may be a cornerstone triggerin
the investigation of the EP case, a situation somewhat m
complicated than the limiting cases of both the LP and
CP cases. In the former case the conservation of the ang
momentum projection onto the polarization axisLz makes
the dynamics effectively two dimensional. In the latter si
ation, while Lz is not conserved, the transformation to t
frame rotating with the microwave frequency removes
explicit oscillatory time dependence@2#. Both these simpli-
fications are no longer possible in the general EP microw
field and the problem becomes truly multidimensional, p
viding new challenges to the theory.

Despite these basic differences between the various p
ization cases, the experimental results@8# reveal a similarity
between the ionization threshold behavior as a function
the scaled frequencyv05v/vK in the vicinity of the pri-
mary resonance between the driving field and the Kep
motion, i.e., forv0P@0.6,1.4#, provided the microwave field
amplitude is appropriately rescaled. The experimental d
are quite faithfully reproduced by classical fully thre
561050-2947/97/56~1!/719~10!/$10.00
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dimensional~3D! simulations; moreover, as briefly describe
by Bellermannet al. @8#, the polarization independence o
the threshold may be understood by a classical analysi
the pendulum Hamiltonian, which is valid in the vicinity o
the primary resonance.

Bellermannet al. point out, however, that at microwav
amplitudes higher than the 10% ionization threshold, e
values that lead to 50% ionization, the polarization of t
microwave field becomes more important. Specifically,
ionization yieldP(F) as a function of the microwave max
mal amplitudeF increases slower for CP than for LP radi
tion @8#. The ionization threshold~i.e., F value leading to a
given, typically chosen to be 10%, fraction of atoms bei
effectively ionized @9#! is determined by the behavior o
those initial states of a given principal quantum numbern0
that are most vulnerable to microwave perturbation~the ini-
tial sample of atoms having a well definedn0 is a mixture of
different angular quantum numbers in the experiment@8#!.
To understand the atomic response for higher microw
amplitudes one should consider the atomic states more r
tant to perturbation, which ionize at higherF values and
determine the behavior ofP(F).

The aim of this paper is to provide an analysis of t
ionization threshold dependence for the state-specific exp
ment, i.e., assuming that the atoms are prepared in a w
defined initial state (n0 ,l 0 ,m0). Such complete information
is sufficient to understand theP(F) behavior for an arbitrary
initial mixture of states. Since in the studied regime of fr
quencies the classical simulations reproduce experime
data quite well@8# we limit ourselves here to a classic
dynamics picture, determining the thresholds using the C
ikov overlap criterion@10#. We shall in fact limit the discus-
sion here to the simplified 2D model of an atom, restricti
the motion of the electron to the polarization plane. Such
approach proved to be quite useful in both classical@11–13#
and quantum@2# studies of the ionization in the presence
CP microwaves. Clearly, such a restricted model~assuming
the quantization axis to be perpendicular to the polarizat
plane we can treat the initial states ofl 05m0 only! may
provide qualitative information only. Still, it may be suffi
cient to understand the sensitivity of the ionization signal
the microwave polarization.

The results obtained below, while providing some und
719 © 1997 The American Physical Society
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720 56KRZYSZTOF SACHA AND JAKUB ZAKRZEWSKI
standing of the existing data@8#, should be of relevance fo
future experiments. In particular, they are applicable to p
sible experiments with initial states of well-defined quantu
numbers. Present experimental techniques@14# allow for the
preparation of both elongated and circular or elliptic stat
Thus it should be possible to prepare quantum states
well-defined quantum numbers before the atoms enter
microwave cavity.

In Sec. II we shall present the classical dynamics anal
of the microwave excitation of H atoms. Applying the Ch
ikov overlap criterion, we derive the analytic estimate for t
onset of unbounded diffusion in action space for atoms i
minated by the microwave field of arbitrary elliptical pola
ization @Eq. ~2.21!#. Provided the microwave field is turne
on for sufficiently long times~atoms cross the cavity with
sufficiently low velocity! this estimate coincides with th
ionization threshold. For shorter interaction times, the e
mate provides a lower bound for the microwave amplitu
that may result in effective excitation and/or ionization. U
ing the derived estimate, we discuss in Secs. III and IV
prediction for fields of different polarization~the CP results
has been presented in@13#!. The analytic prediction is com
pared with the results of numerical simulations. Section V
devoted to a comparison of our results with the experim
of Bellermannet al. @8#. We conclude in Sec. VI.

II. RESONANCE OVERLAP ANALYSIS

Consider a hydrogen atom perturbed by an elliptically p
larized microwave field in the dipole approximation. R
stricting the motion of the electron to the polarization pla
yields the Hamiltonian~in atomic units! of the 2D system:

H5H01FH1 , ~2.1!

where

H05
px
21py

2

2
2

1

Ax21y2
~2.2!

and

H15xcosvt1aysinvt. ~2.3!

F (v) denotes the amplitude~frequency! of the microwave
radiation, whilea determines the degree of ellipticity. I
particular,a50 corresponds to a linear polarization, whi
a51 corresponds to a circular polarization of the microwa
field. The EP field may be decomposed into two CP wa
rotating in the opposite sense:

H15
11a

2
~xcosvt1ysinvt !1

12a

2
~xcosvt2ysinvt !,

~2.4!

which allows us to express the Hamiltonian in the actio
angle variables by directly transposing the expressions v
for a CP case@11,13#,

H~u,J,f,L,t !5H0~J!1FH1, ~2.5!

where
-
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H0~J!52
1

2J2
, ~2.6!

H1~u,J,f,L,t !5
11a

2 (
n52`

`

Vn~J,L !cos~nu1f2vt !

1
12a

2 (
n52`

`

Vn~J,L !cos~nu1f1vt !,

~2.7!

with

V0~J,L !52
3e

2
J2, ~2.8!

Vn~J,L !5
1

nFJn8~ne!1
L

Je
Jn~ne!GJ2 for nÞ0

~2.9!

and

e5A12
L2

J2
. ~2.10!

In Eqs. ~2.5!–~2.10! J is the principal action~a classical
analog of the principal quantum numbern), u the corre-
sponding angle,L the angular momentum~which is equiva-
lent to the angular momentum projection on thez axis for the
2D case studied! with the conjugate anglef ~which is the
angle between thex axis and the Runge-Lenz vectorAW ).
Jn(x) andJn8(x) are the Bessel function and its derivativ
respectively, whilee stands for the eccentricity of the initia
orbit.

The pure Coulombic motion is characterized by the K
pler frequency

u̇5vK5
]H0

]J
5

1

J3
, ~2.11!

while

ḟ5
]H0

]L
50, ~2.12!

reflects the conservation of the Runge-Lenz vector in
Coulomb problem. The primary resonances for the pertur
motion satisfy

mu1f2vt5const ~2.13!

for the first part of the perturbation@Eq. ~2.7!# and

ku1f1vt5const ~2.14!

for the second part@proportional to (12a)/2#. Equations
~2.11! and ~2.12! indicate that the above resonance con
tions are satisfied simultaneously, i.e., forJ5Jm5(m/v)1/3

them:1 resonance occurs due to the first part of the per
bation while the second resonance condition is met
k52m, Jk5Jm . Note that for positivem, the first reso-
nance corresponds to the electronic motion rotating aro
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56 721H-ATOM IONIZATION BY ELLIPTICALLY POLARIZED . . .
the nucleus in the same sense as the first CP wave in
~2.4!. Then the conditionk52m,0 signifies that the elec
tron rotates in the opposite sense to the second CP wav
Eq. ~2.4!. We have called the former situation a ‘‘corota
ing’’ resonance, while the latter was a ‘‘counterrotating
resonance in the previous analysis of CP microwave fi
ionization @13#. Let us immediately recall here that for low
eccentricity orbits the corotating resonances strongly af
the electronic motion, while when the field rotates in t
opposite direction from the electron, the atom is more re
tant to the perturbation@13#. This will have important con-
sequences below.

Let us apply now the secular perturbation theory aroun
givenm:1 resonance. A canonical transformation to slow

varying variablesĴ5J/m and û5mu2vt allows us to av-
erage the perturbation over the remaining fast time varia
Such an approach is valid up to first order inF. Expanding
simultaneouslyH0 around the resonance value of the prin

pal action J̃5 Ĵ2 Ĵm and leaving the terms quadratic inJ̃
yields the approximate resonance Hamiltonian

Hm52
3

2m2Ĵm
4
J̃21F

11a

2
Vm~ Ĵm ,L !cos~ û1f!

1F
12a

2
V2m~ Ĵm ,L !cos~ û2f!. ~2.15!

It is crucial to realize that while the resonance island mot

is described byJ̃ and the conjugate variableû, the remaining
variablesL,f are conserved~approximately, up to the firs
order inF) and characterize the initial orbit~compare also
the discussion in@8#!. In particular,L, via the eccentricity
e, describes the orbit’s shape, whilef ~being an angle be
tween thex axis and the Runge-Lenz vector! describes its
orientation. Of course, on a long time scalef changes lead-
ing to the precession of the electronic trajectory. Close to

center of the resonance island, where changes ofû are small,
one can perform a further average overf to get an integrable
pendulum approximation for the effective secular motio
However, our aim here is quite an opposite one: we are
terested in the motion close to the borders of the resona
island, where the overlap with the nearby resonances occ

Thusf andL may be considered as approximately co
served quantities, i.e., the parameters describing the in
trajectory. The effective Hamiltonian,~2.15! may be ex-
pressed as

Hm52
3

2m2Ĵm
4
J̃21FGm~ Ĵm ,L,f;a!cos~ û2b!,

~2.16!

whereb is a constant~up to the first order inF) and may be
incorporated intoû by the shift of the origin while
q.
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Gm~ Ĵm ,L,f;a!5F S 11a

2
VmD 2

12 cos2f
11a

2
Vm

12a

2
V2m

1S 12a

2
V2mD 2G1/2. ~2.17!

The width of the resonance island is given
Dm54m2Ĵm

2AFGm/3 @11#. Apart from the typical square
root dependence on the perturbation strength represente
the amplitude of the microwave fieldF, all the information
about the interaction is contained inGm . A comparison of
Eqs.~2.15!–~2.17! indicates that the electron is in resonan
simultaneously with two waves, with strengths of the inte
action being characterized by (11a)Vm/2 and
(12a)V2m/2, respectively. Both waves are coupled to ea
other, the coupling strength being determined by the ori
tation of the electronic motion ellipse as given byf, i.e., the
angle between thex axis and the Runge-Lenz vector. Th
relevant range of changes inf is the@0,p/2# interval, which
manifests itself in the form ofGm .

Following Eq. ~2.17!, Gm may be represented geometr
cally as the length of the vectorGm5uaW 1bW u, whereaW de-
scribes the ‘‘first’’ waveuaW u5(11a)Vm/2 andbW represents
the ‘‘second’’ waveubW u5(12a)V2m/2, the angle between
both vectors being 2f. In particular, forf50 ~correspond-
ing to the situation when the Runge-Lenz vector is paralle
the x axis, i.e., the direction of the large axis of the micr
wave polarization ellipse!, the contributions of both reso
nances add constructively

Gm5
11a

2
Vm1

12a

2
V2m . ~2.18!

For f5p/4,

Gm5AF11a

2
VmG21F12a

2
V2mG2, ~2.19!

while for f5p/2, resonances actdestructively

Gm5U11a

2
Vm2

12a

2
V2mU. ~2.20!

Therefore, the effective strength of the perturbation
strongly dependent on the orientation of the electronic
lipse. For the CP microwave field (a51) the second wave
vanishes and the former results@13# are reproduced.

Having prepared the stage, we are now ready to apply
Chirikov overlap criterion to estimate the ionization thres
olds in our system. Before doing so, one should realize
the original system studied, even in two dimensions,
five-dimensional phase space due to the explicit time dep
dence of the Hamiltonian,~2.1!. Thus the Kolmogorov-
Arnold-Moser~KAM ! tori do not divide the phase space an
the unbounded Arnold diffusion@15# is present in the system
even if the resonances do not overlap. The Chirikov over
criterion yields the threshold for the diffusion ‘‘across th
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722 56KRZYSZTOF SACHA AND JAKUB ZAKRZEWSKI
resonances,’’ whereas the Arnold diffusion ‘‘along the res
nances’’ appears for arbitrarily small microwave amplitud
However, the Arnold diffusion is quite slow@15#; moreover,
it slows down considerably in the vicinity of KAM tori@16#.
Thus one should not expect it to lead, by itself, to high e
citation ~ionization! in realistic time intervals. Classical ion
ization~occurring for several hundreds of microwave perio
in experiments@8#! may thus be due only to diffusion acros
the resonances, the threshold for which may be estimate
the Chirikov overlap criterion.

Applying the criterion to two neighboringm:1 and
m11:1 resonances, together with the heuristic ‘‘2/3’’ ru
@10,15,11,13#, we obtain for the threshold microwave amp
tude the analytic estimate

Fm,m11~L,f;a!5
@~m11!1/32m1/3#2

3@~m11!2/3AGm111m2/3AGm#2
v2/3.

~2.21!

The above prediction is the lower bound for the unbound
diffusion starting inJ somewhere on the border between t
mth and the (m11)th resonance. The bound depends
both the properties of the initial electronic orbit~its eccen-
tricity e, or ratherL and its orientation in the real space
given byf) and the ellipticity of the incoming microwav
radiation~as determined bya). Typically in experiments the
ionization thresholds are higher than the bound determi
by the onset of the chaotic motion, even in the frequen
range where quantum localization@6# plays no role and clas
sical and quantum theoretical simulations agree. This is
to a finite interaction time in simulations and in experime
@17#. On the other hand, close to the onset of the cha
motion, the diffusion is slow due to bottlenecks to transpo
such as cantori@18#, and very long times are required for th
ionization to occur.

In the following sections we shall compare the predictio
coming from the analytical estimate for the threshold@Eq.
~2.21!# with the results of numerical simulations for differe
initial atomic states and different microwave polarization
This will allow us to gain some insight into the recent e
perimental results@8#. We shall limit the discussion to th
experimental frequency range@8# around the primary reso
nance. The onset of the ionization will be determined by
field amplitude at whichm51, i.e., the 1:1 resonance, an
m52, i.e., the 2:1 resonance, begin to overlap.

III. LINEAR POLARIZATION

We begin our discussion with the frequently studied c
of linear polarization. Figure 1 presents the onset of ch
prediction based on the estimate,~2.21! for different initial
orientations of the Kepler ellipse~as indicated by the value
of f in the figure! for different values of the initial angula
momentumL0. The results are rescaled toJ51, so L0
P@0,1#. For the initial state with principal actionJ5n0 the
horizontal axis should be multiplied byn0. Similarly, the
microwave amplitude is expressed as a scaled fi
F05Fn0

4. The corresponding scaled Chirikov overlap pred
tion value@Eq. ~2.21!# is denoted asFc in the following.

As expected, the initial orbits elongated parallel to t
microwave polarization (f50) have the lowest diffusion
-
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threshold for all initial eccentricities (e5A12L0
2). For such

oriented orbits, however, the threshold is not very sensi
to L0 at least for L0,0.8. Surprisingly, the highest
eccentricity orbits (L0'0) do not have the lowest diffusion
threshold; the shallow minimum appears aroundL050.7,
corresponding to the eccentricitye'L0. For low eccentric-
ity, in almost circular states, the threshold rises rapidly,
dicating that these states do not contribute to the ioniza
yield a close to experimentally measured 10% thresholds

The difference between the minimum threshold and
value for lowerL0 is quite small. This explains why one
dimensional models@1,6# may yield a reasonable predictio
for the ionization onset. However, it is apparently not corr
to say that the high eccentricity states elongated paralle
the polarization axis are most susceptible to the perturbat
It is appropriate to mention here that the recently obtain
exact quantum results for the 3D atom in the same freque
range@19# point in the same direction. Clearly, the validit
of the one-dimensional model to describe the ionization p
cess in linear polarization should be reexamined in a broa
frequency range@20#.

For initial orbits inclined with respect to the polarizatio
axis, the minimum of the threshold becomes more p
nounced and shifts to lower eccentricity states. For such
bits the Chirikov overlap threshold rises rapidly with ecce
tricity for e sufficiently large. This is due to both th
destructive effect of two waves rotating in the opposite
rections @compare Eq.~2.20!# and the fact that asL0→0,
Vm andV2m become equal. In effect, the Chirikov criterio
based on the effective Hamiltonian correct up to first orde
F predicts thatL050 orbits perpendicular to the polarizatio
axis (f5p/2) are stable against the perturbation.

To see the typical average behavior, for orbits of differe
orientationsf one may use the resonance pendulum Ham
tonian obtained by averaging Eq.~2.16! overf. The thresh-
old values obtained from such an approach show also a

FIG. 1. Critical scaled field valueFc @Eq. ~ 2.21!# as a function
of the scaled angular momentumL0 for LP microwave excitation.
The thick line gives the result obtained from the Hamiltonian av
aged overf; other curves correspond to chosenf values as indi-
cated in the figure. The initial configurations elongated paralle
the polarization axis are most susceptible to perturbation. All cur
show a minimum aroundL0'0.8, thus states of eccentricit
e'0.6 are the first to ionize.
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56 723H-ATOM IONIZATION BY ELLIPTICALLY POLARIZED . . .
nounced minimum forL0'0.8 ~thick line in Fig. 1!. This
minimum practically coincides with the diffusion thresho
for f50, L050 orbits, i.e., for the one-dimensional mod
of a H atom.

The predictions presented in Fig. 1 are compared with
results of classical simulations as shown in Fig. 2. For
latter we assumed the flat-top microwave pulse of the fo

f ~ t !5H sin2~pt/2t! for t,t

1 for t,t,T2t

cos2@p~ t2T1t!/2t# for T2t,t,T.
~3.1!

While in the EP microwave experiment@8# a half-sine pulse
is used, the flat-top pulse better corresponds to LP exp
ments@1#. Typically we assumet525 microwave cycles.

Figure 2~a! shows the ionization probability for orbit
elongated parallel to the field (f50) as a function ofL0 for
two different pulse durationsT. In both cases the behavio
predicted by the overlap formula, Eq.~2.21! and depicted in
Fig. 1 is reproduced qualitatively. Namely, the ionizati
yield obtained is not sensitive toL0 for L0 small and then
sharply drops to zero for almost circular orbits. However,
a finite time simulation, the transition to ‘‘excitation resi
tant’’ states occurs aroundL050.5 and is significantly
shifted with respect to theL050.7 prediction coming from
the Chirikov criterion. This may be due to a finite interacti
time as well as to the fact that in simulations we study
ionization yield for a fixed microwave amplitude and not t
absolute threshold. Note that a higher ionization yield cor
sponds to a lower ionization threshold since, in most ca
the ionization yield is classically an increasing function
F. However, the dependence of the yieldP on F may be
dependent onL0. Therefore, the 10% threshold, i.e., the a
plitude F value when the yield,P is 10%, may show a
slightly different dependence onL0 from the absolute thresh
old. The determination of the real ionization threshold fo
given finite time would require determination of very lo
ionization probabilities. To obtain then a statistically signi
cant result, a prohibitively large number of trajectories wou
be necessary. Thus a comparison with the overlap predic
may be only qualitative~also, a finiteT in simulations makes
a quantitative comparison virtually impossible, as mention
above!. For that reason we restrict ourselves mostly to co
parisons of ionization yields.

Figure 2~b! shows the numerically obtained yield fo
states elongated perpendicular to the polarization axis. N
that no ionization yield is obtained for high-eccentricity~low
L0) states even for the quite highF0 value assumed in the
simulation. The yield drops for almost circular states,
overall behavior being in qualitative agreement with the c
responding curve from Fig. 1.

Figure 2~c! shows the ionization yields for initial sample
not preselected with respect to the ellipse orientation. T
they correspond to the thick line prediction in Fig. 1 obtain
by averaging overf. Again observe the qualitative agre
ment of the numerical results with the theoretical predicti
a maximum yield occurs for states of medium eccentric
for all assumed microwave amplitude values. As previou
e
e
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e
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s,
f
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-
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e
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s
d

:
y
y

FIG. 2. Ionization yieldP as a function of scaled angular mo
mentum of the initial orbitsL0 for different orientations of orbits
with respect to the LP axis.~a! f50, v051.2. Circles correspond
to a pulse of durationT5100 microwave cycles andF050.06,
while squares correspond toT5300 andF050.036. In both cases
the initial sample consisted of 104 trajectories. Note that all orbits
with L0,0.4 lead to a comparable ionization yield.~b! f5p/2,
F050.08, andT5300. Even when a large yield is obtained fo
orbits of largeL0, orbits elongated perpendicular to the polarizati
axis do not ionize.~c! Data for initial microcanonical sample~all
values of f are allowed!: v051.2, T5300, and
F050.045, 0.038, and 0.033 for filled circles, open circles, a
triangles, respectively. Note that orbits of medium eccentricity g
the largest ionization yield.
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724 56KRZYSZTOF SACHA AND JAKUB ZAKRZEWSKI
one may observe a slight shift of the optimal yield wi
respect to the position of the minimum threshold in the t
oretical predictions.

IV. ELLIPTICALLY POLARIZED MICROWAVES

When the polarization of microwaves is not linear, t
strength of the interaction between the field and the elec
depends on the mutual orientations of the direction of ro
tion of the electron on its orbit and the direction of rotati
of the microwave amplitude. The simplest situation occ
for CP microwaves when only one (a51) of the two waves
in Eq. ~2.4! is present. For completeness let us recall h
@12,13# that if the electron rotates in the same direction as
field it is much more vulnerable to perturbation and t
threshold for the ionization is then much lower than for t
opposite case. A transformation from one such situation
the other may be realized by changing the sign ofv or,
equivalently, that ofL. As discussed in detail in@13#, this
asymmetry is directly related to an asymmetry of values
Vn(J,L) @Eq. ~2.9!# with respect to then→2n ~or, equiva-
lently, L→2L) transformation. We referred to the res
nances occurring for the field and the electron rotating in
same direction as corotating~those are strong resonance
occurring for vL.0) and the resonances occurring f
vL,0 as counterrotating@13#.

For a general EP case, as discussed in Sec. III, the e
tron is in resonance simultaneously with two CP waves
opposite helicity, i.e., one of these resonances is of the c
tating type while the other is of the counterrotating type. T
correspondingVn(J,L) coupling terms in the Fourier expan
sion~2.7! are multiplied by (16a)/2 coefficients. For the LP
case, considered in Sec. III,a50 and both terms come with
equal weights. Then, as expected, the sign ofv ~or L) plays
no role.

In the following we shall assume thataP@0,1# and
v.0. Then the electronic orbits withvK'v andL.0 will
be in a strong, corotating resonance with the field, the re
nant Fourier expansion coefficient being (11a)V1(J,L)/2
and the effect of the counter-rotating resonance being s
due to both the (12a)/2 factor and the fact thatV21,V1
for L.0 @13#. On the other hand, forL,0, the difference in
strength of theV61 (V21.V1) terms may be partially can
celed by the (16a)/2 terms. This may lead to a great varie
of possible behaviors of the diffusion threshold field value
a function ofL, the orientation of the electronic ellipse wit
respect to the main axis of the microwave polarization ellip
~as given byf; compare Sec. II!.

Figure 3 presents the thresholds forL.0 in the L0-f
plane ~numerical data are presented in scaled variables
before!. The threshold surface is symmetric aroundf5p/2
and the range up top is plotted for better visualization of th
surface. For all values ofa ~as indicated in the figure!, the
lowest threshold value, for a givenL0, is obtained for
f50. The sensitivity of the threshold to changes off is the
biggest for high-eccentricity~low L0), strongly elongated or-
bits. This is easy to understand: the electron moving o
very elongated ellipse~degenerating into a line forL050)
‘‘feels’’ mostly the microwave field component polarized
the direction of its major axis~the Runge-Lenz vector!. On
the other hand, the circular orbits are insensitive tof. Note
-
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that for all a values~the degree of ellipticity of the micro-
wave polarization! orbits of medium eccentricity have th
lowest threshold for unbounded diffusion. Following the lin
f50 for differenta values in Fig. 3 it is easy to notice tha
the minimalFc value occurs forL0'0.8 for arbitrarya.

Typically, for L0,0 the thresholds, as predicted by E
~2.21!, lay significantly higher than forL0.0, as shown for
a few smallf values in Fig. 4. This is expected from th
discussion presented above; forL0,0, the leading terms
V21 andV22 and are multiplied by (12a)/2 thus the widths
of the resonance islands grow slower than forL0.0. Sur-
prisingly, however, when one allowsf to take all possible
values ~Fig. 5!, a spectacular, double-peak stability regi
centered aroundf5p/2 is revealed. The eccentricity of th
orbits corresponding to the stability region depends stron

FIG. 3. Chirikov overlap prediction for the onset of unbound
diffusion in the plane spanned byf and the scaled angular momen
tum L0 ~for L0.0). The values of parametera determining the
ellipticity of the microwaves are indicated in each panel.
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56 725H-ATOM IONIZATION BY ELLIPTICALLY POLARIZED . . .
on the degree of the microwave field ellipticitya; compare
the plots in Fig. 5.

The stability has a quite simple origin, although its a
pearance seems to be, at first glance, quite unexpected.
sider again Eq.~2.17!, which gives the width of a given
resonance island, and in particular Eq.~2.20!, corresponding
to f5p/2. The contribution of two waves to the resonan
island act destructively there. Since, forL0,0, V2m.Vm
for m.0, there exists ana value ~dependent on the reso
nance numberm and the angular momentumL0) where the
two terms cancel, leading to the vanishing width of the
land. At the cancellation point, the threshold value obtain
from the Chirikov criterion is maximal. For the overlap b
tween 1:1 and 2:1 resonance zones, for a givena, the width
of the 1:1 resonance shrinks to zero at a different value
L0 from that of the 2:1 resonance island~compare Fig. 6!,
resulting in the double-peak structure in Fig. 5.

The question remains, however, whether the stability
gion discussed above is an artifact of the Chirikov over
criterion analysis valid in first order inF. The results of the
numerical simulations, performed for severala values, indi-
cate that indeed the stability region exists and its positio
well correlated with the predictions of Eq.~2.21!; compare
Fig. 7. As could be expected, the Chirikov criterion overe
timates the stability of the motion in this case. After all t
estimation of the resonance island is based on the expan
in F in first order. The disappearance of the island in fi
order does not preclude existence of the real island up to
orders inF. The primary resonance becomes the second
resonance with an understandably smaller width. It would
most interesting to extend the analysis to higher-order re
nances to get an analytic prediction for the threshold in
region, but this is beyond the scope of the present pape

To complete the presentation of the EP case, we sho
Fig. 8 the thresholds obtained by averaging the Hamilton
overf together with the results of the appropriate numeri
simulations. Keeping in mind that the high numerical ioniz
tion yield corresponds to a low threshold value~much lower
than the value ofF used in the simulation!, i.e., that theoret-

FIG. 4. Chirikov overlap prediction for both positive and neg
tive L0 in EP microwaves ofa50.7 for orbits whose main axis is
close to the main axis of the polarization ellipse. The values of
are indicated in the figure. Notice that orbits withL0,0 require
higher microwave amplitudes for the overlap to occur.
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ical and numerical simulation curves may be roughly co
pared if the numerical result is reflected with respect to
horizontal axis, the corresponding curves show nice qua
tive agreement. This indicates again that the Chirikov cr
rion captures the essential features of the ionization thre
old.

V. IONIZATION THRESHOLDS
FOR THE MICROCANONICAL SAMPLE

After studying in detail the onset of diffusive excitatio
for different, well-defined initial states, it is now possible
relate the predictions based on Eq.~2.21! to the results of
recent experiment of Bellermannet al. @8#. As mentioned in
the Introduction, in the experiment, atoms entering the ca
have a well-defined principal quantum numbern0. However,

FIG. 5. Same as Fig. 3, but forL0,0. Values ofa are indicated
in each panel. Notice double-peak structures, indicating an
creased stability of the orbits for the corresponding initial con
tions. For a discussion see the text.
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726 56KRZYSZTOF SACHA AND JAKUB ZAKRZEWSKI
the sample is a mixture of different angular momentu
states. The atoms interact with a half-sine-shaped microw
pulse~while passing through the cavity! of a duration of 153
microwave cycles. Clearly, this is not a situation suitable
the quantitative comparison with the predictions of the Ch
ikov overlap criterion. For the latter, a flat-top, very lon
pulse would be more appropriate.

Still, it may be worthwhile to compare qualitatively th
experimental results~as well as 3D classical simulations tha
according to@8#, reproduce quite well the experimental dat!
with the Chirikov overlap estimates. The latter may be o
tained based on Eq.~2.21! which yields the onset of diffusive
excitation for a trajectory with a givenL andf. Since in a
2D atom allL values are equally probable, similarly to a
f values, it is a straightforward procedure to find the mic

FIG. 6. Widths of the resonances~denoted in the figure! as a
function of L0 for a50.7 ~full lines! and a50.3 ~dashed lines!.
Note that the minima of resonances widths weakly depend on
resonance order.

FIG. 7. Ionization yield as a function ofL0 for orbits oriented
perpendicular (w5p/2) to the main axis of EP field witha50.7.
The flat top pulse of durationT5300 cycles andv051.2 was ap-
plied to 5000 initial conditions. Filled circles correspond
F050.09, open circles toF050.19. Observe the narrow minimum
corresponding to the stable double-peaked structure in Fig. 5.
finite times and due to the statistical errors for a finite sample
splitting into the doublet cannot be observed.
ve

r
-

-

-

wave amplitude for which the threshold is reached for
given s% of the microcanonically distributed sample, whi
the remaining part of the sample is still below the cor
sponding threshold. This will then be interpreted as the C
ikov overlap prediction for thes% ionization yield~assum-
ing a very long interaction time!.

Let us note that the approach outlined above is differ
from the application of the Chirikov overlap criterion used
@8#. The authors of@8# found the threshold field by determin
ing the minimum of the overlap with respect to all possib
trajectories in the microcanonical sample. Since the Chirik
criterion may yield the qualitative estimate of the experime
tal threshold only~for the reasons stated above!, the simpler
approach of@8# is fully justified for the threshold determina
tion. However, this approach cannot give predictions c
cerning the dependence of the ionization yield on the mic
wave field value and its polarization, while our procedu
yields also this information.

Rather than giving the absolute microwave scaled fi

e

or
e

FIG. 8. Comparison of~a! the overlap prediction with~b! results
of numerical simulations for samples averaged over possible or
tations of electronic orbits~i.e., overf); both are represented as
function of the initialL0. The ellipticity parametera50.263 corre-
sponds to experimental data of@8#. In numerical simulations
F050.045, the pulse durationT5300 andv051.2. Note that the
maximal yield@in ~b!# nicely corresponds to the minimal thresho
value in ~a!. States of medium eccentricity withLv.0 are most
susceptible to perturbation and determine the threshold for the
crocanonical initial sample.
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56 727H-ATOM IONIZATION BY ELLIPTICALLY POLARIZED . . .
values corresponding to a givens% yield for different polar-
izations of the microwaves as coming from our Chirik
overlap analysis, we plot their ratio in Fig. 9. Denote
RL(s%)5F0

LP(s%)/F0
CP(s%) the ratio of the scaled LP mi

crowave amplitude leading tos% yield according to the
Chirikov prediction to the corresponding amplitude for t
CP field. Similarly setRE(s%)5F0

EP(s%)/F0
CP(s%), where

a50.263 as in@8# for the EP microwave field. It has bee
found experimentally that RL(10%)51.41 and
RE(10%)51.26. For largers%, RL(s%) decreases while
RE(s%) remains roughly constant@8#. Our 2D Chirikov
overlap analysis consistently overestimates bothRL andRE
while rather nicely reproducing the trend withs% ~compare
Fig. 9!.

For a comparison we show also in Fig. 9 the results
tained from a fully numerical 2D model simulation for th
microwave pulse of the shape and duration closely res
bling the experiment@8#. The numerical results are closer
the experimental data@8# than the Chirikov overlap esti
mates. That suggests the difference in the chaotic diffus
transport above the onset of the chaotic motion occurring
LP and CP cases. Specifically sinceRL is higher for the onse
of diffusive motion than for a finite time simulation, we con
clude that the diffusion just above the threshold for the
case is considerably slower than the diffusion occurring
the LP case. This suggests that the remnants of regul
acting as bottlenecks for transport are more important in
CP case. The remaining differences between our simulat
in two dimensions and the experimental results and the
simulations of@8# may be due to the reduced dimensional
in our approach.

The results of the previous sections make it easy, on
other hand, to interpret the behavior ofRL andRE as a func-
tion of s%. Recall that the threshold field value strong
depends on the direction of rotation of the electron on

FIG. 9. Ratio of the LP microwave amplitude to the CP micr
wave amplitude, both leading tos% ionization yield, denoted as
RL , and a similar ratio for EP microwaves, witha50.263, to the
CP amplitudeRE as a function ofs%. Full circles~triangles! cor-
respond toRL (RE) obtained from the Chirikov overlap criterion
while open symbols represent the results obtained numerically
the half-sine microwave pulse with a duration ofT5153 micro-
wave cycles, frequencyv051.2, and the cutoffnc5110 @8#. The
difference between the two reflect the dependence of the diffu
speed on the microwave polarization.
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ellipse and the helicity of microwaves. The strongest diff
ence appears for the CP case@12,13# when the corotating
resonances overlap for much weaker fields than the coun
rotating ones. In the initial microcanonical sample, half of
corresponds to initial orbits rotating in the same direction
the field, while the other half rotates in the opposite se
and is weakly perturbed by the microwave field which lea
to ionization of the other half. Obviously, there is no su
difference in the LP case. In effect, to get, say, 30% ioni
tion in a CP case, one must ionize 60% of the corotating h
of the sample, while in the LP case the 30% comes from
the possible trajectories. Stated differently, there are m
orbits resistant to perturbation in the CP than in the LP fie
In effect, the ionization yield increases withF more slowly
in the CP case than in the LP situation. For the general
field the situation is somewhat in between two extrema,
CP and LP cases.

VI. CONCLUSION

Using the Chirikov overlap criterion we have estimat
the onset of unbounded chaotic diffusion in the phase sp
of the hydrogen atom irradiated by the microwave field
elliptic polarization. The obtained analytic prediction@Eq.
~2.21!# is valid for an arbitrary polarization of the micro
waves and the overlap between anym:1 and (m1):1 reso-
nances. On the other hand, the prediction is obtained by
suming the expansion in the first order inF. In the discussion
that follows we concentrate mainly on them51 case for
which recent experimental results@8# are available.

We discussed first the LP case showing that the Chirik
overlap criterion predictions indicate that not only quasi-on
dimensional orbits pointing in the direction of the polariz
tion axis are most susceptible to ionization. While 1D a
2D threshold values may agree, the orbits that contrib
mostly to ionization may have quite small eccentricity. Th
indicates that 1D models may oversimplify the physics of
LP microwave ionization of H atoms. Let us mention he
again that similar conclusions may be reached based
quantum-mechanical results in the same frequency reg
@19#. Clearly, additional studies that will compare quantu
and classical results in different frequency regions
needed here especially since the optimal classical appro
would utilize the second-order invariant@19# for proper clas-
sification of initial orbits. Our results for the CP case@13#
indicate, however, that this optimal choice would not affe
strongly the conclusions reached here.

Equation~2.21! allows us to study the onset of unbound
diffusion for orbits of different shape~eccentricitye) ori-
ented in different ways with respect to the polarization
lipse. The initial orbits most susceptible to perturbation ha
been identified. At the same time we have found an imp
tant family of initial orbits that are resistive to the perturb
tion. Numerical simulations indicate that the stability is on
approximate; still, these orbits ionize at much larger mic
wave amplitudes than the typical orbits. Interestingly, t
eccentricity of ‘‘stable’’ orbits is dependent on the polariz
tion parametera. Thus irradiating the microcanonica
sample by EP microwaves of sufficiently high amplitu
may lead to an almost complete ionization of all atoms
cept those of the eccentricity related to the polarization of
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728 56KRZYSZTOF SACHA AND JAKUB ZAKRZEWSKI
microwaves. This may serve as a crude way of produc
atoms in states of a given eccentricity while ‘‘destroying
the rest of the microcanonical sample.

Finally, we compared the Chirikov overlap predictions
applied to the microcanonical sample with experimental d
@8# providing the explanation of the slower increase of t
ionization yield withF for elliptically and even slower for
circularly polarized microwaves. This slower increase is d
to the existence of orbits less affected by the microwa
field, orbits on which the electron rotates in the directi
opposite the microwave field vector. We related the disag
ment between the overlap prediction and finite time simu
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tions to the fact that the former is conclusive for very lo
times only. The discrepancy provides information about
difference in diffusion times in the systems compared.
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