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The triple-differential cross sections for the ionization of Kr(4p) and Xe(5p) by a fast electron where the
exiting electrons have energies of 20 eV and 1 keV have been measured and compared with distorted-wave
Born calculations. Difficulties were encountered when trying to place the relative data on an absolute scale by
extrapolation to the optical limit: an extensive study of this normalization process is presented and it is argued
that it is not applicable to the heavier atoms considered here, but can be used effectively for helium targets.
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I. INTRODUCTION AND EXPERIMENTAL METHOD

Electron-electron coincidence experiments, usua
known as (e,2e) experiments, are the most powerful tool
study the process of electron-impact ionization@1,2#. Despite
the extended activity in the field in the last years, the und
standing of the process for targets heavier than H and He
presents many serious challenges for both theoreticians
experimentalists alike. As far as the experiments are c
cerned, the challenge consists in~a! providing a large body
of experimental data to explore the various zones of the
the surface@3#, and~b! determining the absolute scale of th
triple-differential cross section~TDCS!.

In this work we report a set of TDCS for the ionization
krypton (4p) and xenon (5p) orbitals where the inciden
electron had energies of 1034.5 and 1032.8 eV and in b
cases one of the exiting electrons had an energy of 20
We consider a number of scattering angles for the fast e
tron. The smaller this angle is the closer one comes to v
ishing momentum transfer; in the limit of zero-momentu
transfer the electron-impact ionization should go over to
photoionization cross section@4#. There is extensive experi
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mental and theoretical information available in these hig
asymmetric cases for hydrogen and helium~see@5,1#!. In this
paper we present a theoretical and experimental study of
TDCS for the heavier noble gases and we will show that
methods used for hydrogen and helium cannot be use
place these cross sections on an absolute scale.

There have been several proposed ways of normaliz
the relative TDCS~for a review see@6#!. A direct way to
determine the absolute scale would be to use the relation
@6#

d3s

dV1dV2dE
5

I c

I 0

1

nl~e1DV1!~e2DV2!DEc
, ~1!

whereI c is the coincidence count rate,I 0 the incident elec-
tron rate,l the effective overlap length of the gas and ele
tron beam,n the target density,DV1 and DV2 the accep-
tance solid angles of the analyzers,DEc the effective
coincidence energy resolution, ande1 ande2 the overall de-
tection efficiencies of the analyzers. Unfortunately, most
these quantities are rather difficult to determine@7,8#. Other
techniques have been considered. Among the other pr
4644 © 1997 The American Physical Society
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56 4645THEORETICAL AND EXPERIMENTAL INVESTIGATION . . .
dures@6# we will consider the normalization procedure th
was first used by Junget al. @9# to put their helium data taken
at an impact energy of 600 eV onto an absolute scale
exploits the optical properties of the target and its cross s
tions, for inelastic electron scattering, and is one of the m
widely used methods. In Sec. II we will describe the expe
mental setup and the normalization procedure and outline
relation between the TDCS and its optical limit. Section
will be devoted to the theoretical method, while in Sec.
experimental and theoretical results are compared.

The normalization procedure leads to cross-section va
that are larger than the predicted theoretical results. A
tailed study of the possible source of this discrepancy is p
sented, possible numerical faults in the calculation are c
sidered, but eliminated, and it is shown that t
normalization procedure fails due to the very strong disto
ing effects of the heavy nuclei. The same analysis is app
to the earlier helium data and it is shown that the extrapo
tion technique is valid in that case. The principal con
quence of this study is that we have demonstrated that
extrapolation technique does not offer a viable method
placing experimental data for the heavier atoms onto an
solute scale.

II. EXPERIMENT AND LIMITING PROCEDURE

A. Experimental setup

The apparatus used for the present measurements
electron-impact spectrometer specially designed for the e
tron coincidence experiments. It consists of a vacuum ch
ber that contains an electron-beam source, two electros
hemispherical analyzers, and an effusive gaseous beam
complete description of the apparatus is reported elsew
@10,11#. Here only the details relevant to the present m
surements are repeated. The present measurements wer
formed at an incident energyE0 of about 1000 eV with an
incident-beam current around 0.5mA. The electrons that are
either inelastically scattered or ejected by the target int
cone around the directionq with respect to the inciden
beam are analyzed in energy by passing through one o
two electron spectrometers, independently movable in
scattering plane from215° to 150° with a precision of 0.1°
The angular acceptances of the analyzers in the present
surements were set to60.5° and64° for the scattered~la-
beled 1 in the following! and ejected~labeled 2! electron
analyzers, respectively.

The full width half maximum~FWHM! energy resolu-
tions of the analyzers, operated at a constant pass en
(Ep5100 eV!, where DE15DE251.1 eV resulting in an
overall energy resolution of'1.6 eV when measuring th
energy separation spectra and of'0.8 eV when measuring
the angular distributions@7,12#. The uncertainty in the mag
nitude and direction of the momentum transfer,K:5 k0
2 k1, derived from the quoted experimental energy and
gular acceptancesassuming the two contributions are unco
related, are strongly dependent on the kinematics inve
gated. In the worst case they can be as large60.1 a.u. and
68° ~see Table I!. The coincidence measurements repor
in this paper were collected in the asymmetric regime, i
E1@E2. EnergiesE1 andE2 were kept fixed at 1000 and 2
eV, respectively. The measurements have been performe
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collecting the scattered electrons at a fixed angleq1, while
the ejected electron angleq2 was varied from 35° to 150°

The collection efficiency of the ejected-electron analyz
has been calibrated on He by measuring the dou
differential cross section~DDCS! d2s/dV2dE, for energies
for the ejected electrons equal to the ones actually collec
in the (e,2e) experiments. The shapes of the measu
DDCS’s are in good agreement with the ones ‘‘reco
mended’’ by Kim@13# at 20-eV ejected electron energy. Th
zero of the scattered angle scale was set by determining
symmetry of the scattered electron DDCS. The full set
kinematics investigated in the present paper is reported
Table I.

The typical coincidence rate was a few per second on
maximum of the TDCS where the true-to-random coin
dence ratio was roughly equal to one. In the worst case,
in Kr at q158°, q2'300° the coincidence count rate wa
0.1 per second and the true-to-random coincidence ratio

B. The limiting procedure

The method of Junget al. @9# is based on work by Las
settreet al. and Inokuti@3,14# who found that in the limit of
zero-momentum transfer higher-order effects tend to zer
any given energy so that a first Born treatment of the sc
tering problem becomes justified. In this case it is then p
sible to show that the triple differential generalized oscilla
strength ~GOS! is proportional to the optical oscillato
strength~OOS!

E S lim
K→0

d3 f̄ ~K !

dV2dVKdED dVK5
d f̄ opt

dV2dE
, ~2!

where the double-differential GOS and the OOS are defi
as

d3 f̄

dV2dVKdE
:52

E22Eb

K2 (
mb

UExb
2~r2!ei K• r2fmb

~r2!dr2U2

,

~3!

d2 f̄ opt

dV2dE
:5

2

3
~E22Eb!(

mb

U E x2~r2!r2fmb
~r2!dr2U2

.

~4!

It should be noted, however, that in the case of hydrog
and helium we are ionizing ans state. This means that we d
not have to deal with degenerate magnetic sublevels. In
krypton (4p) and xenon (5p) experiment the gas target con
sisted of unpolarized atoms so that no distinction betw
different sublevels has been made. We therefore have to

TABLE I. Shown are the direction and magnitude of the m
mentum transferK:5 k02 k1, derived from the quoted experimen
tal energy and angular acceptances.

Kr (4p) Kr (4p) Xe (5p) Xe (5p)

q1 @°# 2.0 8.0 2.5 8.0
K @a.u.# 0.3360.1 1.2260.1 0.4060.1 1.2060.1
q K @deg# 63.268 77.160.7 68.565.3 79.460.7
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4646 56J. RASCHet al.
erage over the magnetic sublevelsmb . Barred quantities will
always denote such an average.

Making use of a first Born treatment the TDCS can
related to the GOS equation~3! in the form

d3s̄

dV1dV2dE
52

k1k2

k0

1

K2

1

~E22Eb!

d3 f̄

dV2dVKdE
. ~5!

It can furthermore be shown that~see@15#!

lim
K→0

d3 f̄

dV2dVKdE
5

1

8p3ak2

ds̄

dE
@11bP2~ k̂2•K̂!# ~6!

so that we get for the limit of the TDCS

lim
K→0

K2
d3s̄

dV1dV2dE
5

1

4p3a

k1

k0

1

~E22Eb!

3
ds̄

dE
@11bP2~ k̂2•K̂!#. ~7!

In Eqs. ~6! and ~7! ds̄ /dE and b are the photoionization
cross section and the asymmetry parameter, respectivelyP2
is a Legendre polynomial of the first kind. It should be not
that the value ofb depends of course on the target subsh
For ans state we get the well-known resultb52. In the case
of a p state the result is more complicated~see@15#!.

From Eq.~7! it follows directly that the TDCS measure
in the directionk2i K and k2i2 K multiplied byK2 tends to
the same value

s lim :5 lim
K→0

K2
d3s̄

dV1dV2dE

5
1

4p3a

k1

k0

1

~E22Eb!

ds̄

dE
@11b# ~8!

whenK vanishes. Therefore the value of this limit is know
from the kinematics of experiment and photoionization da

The limit itself can physically not be reached because
the ionization threshold. To get information on the limit o
has to measure the coincidence yield in the directionk2i K
for several values ofq1 , i.e., for several values ofK. One
obtains two curves that have to join in the limit so that
extrapolating the two curves across the unphysical region
get the cross section for the point of zero-momentum tra
fer. In the present work we have measured the relative TD
at severalq1’s between 1° and 8° . The minimum mome
tum transferK measured was 0.21 and 0.26 a.u. in Kr a
Xe, respectively.

In order to extrapolate the experimental data to the opt
limit we have, in all cases, used a standard general lin
least-squares fitting routine, which can be found in, e.g.
@16#. It has the advantage that one cannot only choose
order of the polynomials but also by ‘‘freezing’’ the param
eters of the fitting polynomial one can choose whether o
even or odd or a combination of both should be used. K
et al. @17# studied the structure of the form factor
l.
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ē :5(
mb

U E xb
2~r2!ei K•r2fmb

~r2!dr2U2

~9!

in more detail to give supplementary limitations to the e
trapolation. In particular in the optical limit the expansion
the optical oscillator strength should only contain even po
ers ofK. The problems inherent in the extrapolation meth
will be discussed in some detail below.

III. DISTORTED-WAVE BORN APPROXIMATION
„DWBA …

The TDCS for closed shell atoms is of the form@2,15#

d3s̄

dV1dV2dE
5~2p!4

k1k2

k0

3(
mb

@ u f mb
2gmb

u21ugmb
u21u f mb

u2#,

~10!

where

f mb
5E E xa

2~k1 , r1!xb
2~k2 , r2!

3
1

u r12 r2u
x i

1~k0 , r1!fmb
~r2!dr1dr2 , ~11!

gmb
5E E xa

2~k1 , r2!xb
2~k2 , r1!

3
1

u r12 r2u
x i

1~k0 , r2!fmb
~r1!dr1dr2. ~12!

x i
1(k0 , r1) denotes the distorted wave representing the

coming electron calculated in the triplet local exchange
tential of the atom whereasxa

2(k1 , r1) and xb
2(k2 , r2) are

the distorted waves calculated in the triplet exchange po
tial of the atom for the fast electron~label 1! and ion for the
slow outgoing electron~label 2!.

We use a triplet exchange potential of Furness-McCar
type ~see@2,15,18#!. In the case considered here whereE2 ,
the energy of the slow outgoing electron, is comparable
the energy of the target bound state one should expect
exchange to be important in the elastic channels. In fact
calculations showed that the exchange potential is extrem
important in this case@15#. It should, however, be noted tha
the exchange amplitudeg that we include in our calculation
should be negligible compared with the direct amplitudef .
In fact our calculation showed that the exchange amplitu
contributed on average not more than about 1–2% to
overall cross section.

In order to account for and test the significance of t
electron-electron repulsion we multiplied the pure DWB
cross section equation~10! by an Mee factor of Ward and
Macek@19#. These authors suggested this factor to model
repulsion effects of the two outgoing electrons. It retains
normalization of the DWBA and exhibits the correct Wa
nier threshold law in the zero-energy limit in contrast to t
Nee factor as used in@20# and @21#, which does not have
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FIG. 1. TDCS of xenon (5p) at an impact energy of 1032.8 eV, energy of slow outgoing electron is 20 eV, fast electron fixed at an
of q158°. Experimental data scaled to give the best fit to the theory. Shown are DWBA~solid line!, DWBA multiplied with theMee factor
~long dashed!, and first Born calculation~short dashed!.
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these properties but is very similar in shape. As expected
Mee factor makes hardly any difference in this geometry~see
Figs. 1–4!.

IV. COMPARISON OF EXPERIMENT AND THEORY

In the Figs. 1–4 we compare theoretical and experime
results. Shown are a first Born calculation, the DWBA, a
the DWBA multiplied with theMee factor ~see@19#!.
he

al
d

A. Shape agreement

The dataq158° on the Bethe ridge in Figs. 1 and 3 a
characterized by a split in the binary lobe with the minimu
in the direction of the momentum transfer. This is typical f
a p-state target. We note that in the case of xenon we ha
nonvanishing coincidence yield in the backward directi
and for krypton a recoil lobe has been observed but wit
lower intensity than in xenon. No appreciable shift of t
symmetry of the experimental TDCS from the direction ofK
has been observed in this kinematics. If we now comp
angle
FIG. 2. TDCS of xenon (5p) at an impact energy of 1032.8 eV, energy of slow outgoing electron is 20 eV, fast electron fixed at an
of q152°. Experimental data scaled to give the best fit to the theory. Shown are DWBA~solid line!, DWBA multiplied with theMee factor
~long dashed!, and first Born calculation~short dashed!.
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FIG. 3. TDCS of krypton (4p) at an impact energy of 1034.5 eV, energy of slow outgoing electron is 20 eV, fast electron fixed
angle ofq158°. Experimental data scaled to give the best fit to the theory. Shown are DWBA~solid line!, DWBA multiplied with theMee

factor ~long dashed!, and first Born calculation~short dashed!.
re
e

ith
oe
a
h
n-
e

ost-

ro-
ron
nal

ee-
the
experiment and theory we find that the overall shape ag
ment is good. Especially in the binary region and for larg
scattering angles of the fast outgoing electron (q158° for
krypton and xenon! we get very good shape agreement w
experiment. This is also the region where the first Born d
rather poorly. We note that for both krypton and xenon
smaller scattering angles there is an indication of a slights
of the binary maximum away from the direction of mome
tum transfer. A similar shift has been observed in the cas
e-
r

s
t
ift

of

hydrogen and helium and is best explained in terms of p
collisional interaction between the exiting electrons~see
@2,22,23,24#!. Here we note, however, that the apparent
tation of the binary peak away from the scattered elect
beam is not given theoretically even when we include fi
channel postcollisional interactions~PCI! through theMee
factor. The effect is very small and the overall shape agr
ment between theory and experiment is excellent; only in
recoil direction do we get some deviation.
at an
FIG. 4. TDCS of krypton (4p) at an impact energy of 1034.5 eV, energy of slow outgoing electron is 20 eV, fast electron fixed
angle ofq152°. Experimental data scaled to give the best fit to the theory. Shown are DWBA~solid line!, DWBA multiplied with theMee

factor ~long dashed!, and first Born calculation~short dashed!.
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B. Absolute scale

We have attempted to apply the same technique as J
et al. @9# to place the data on an absolute scale. To this
the TDCS’s in the K and 2 K directions have been mea
sured fromu151° to 8°. The details of the fitting procedur
will be dealt with in Sec. VI. The experimental values ofs
andb shown in Tables II and III at the required energy lo
were derived from the partial photoionization cross secti
@25,26# and the photoionization angular measurements
@27,28#. The overall uncertainty on the absolute scale
about 28%, due to the uncertainty in thes of 17% and 9%
and in theb of 5% and 4% for Kr (4p) and Xe (5p),
respectively. As we shall see below the application of t
method produces a large discrepancy between our DW
calculations and the normalized experimental data for xe
and krypton, but agreement in absolute size with the hel
data of Junget al. @9# is very good. In the case of krypto
~4p! and xenon~5p!, however, we had to rescale the expe
mental data to get the best fit to the theory. In particular
Figs. 1 and 2 the experimental data are downscaled b
factor of 3.5 while for Kr in Figs. 3 and 4 it is downscaled b
a factor of 6.6 and 4.3, respectively. Thus the question ari
what is going wrong? In the following we will elucidate th
question by first concentrating on theoretical problems.
will then show that the normalization works very well fo
helium and then describe the problems that arise for Kr
Xe. The details of the fitting procedure will be dealt with
Sec. VI.

V. WHAT CAN GO WRONG THEORETICALLY?

On the theoretical side there are two main problems
can arise. In very asymmetric geometry getting the TDCS
converge is a highly nontrivial problem. The mathemati
problems encountered in the calculation and how they h
been tackled is explained in great detail in@15#. In Sec. V A
we will merely summarize the results.

TABLE II. Comparison of the values forb determined experi-
mentally and from the DWBA calculation using different forms
the local exchange potential for the slow outgoing electron.v
5E22Eb denotes the energy difference.

Kr (4p) Xe (5p)

v ~eV! 34.5 32.8
b exp. 1.8560.1 @28# 1.7360.07 @27#

b DWBA 1.85 1.72

TABLE III. Comparison of the values fors determined experi-
mentally and from the DWBA calculation using different forms
the local exchange potential for the slow outgoing electron.v
5E22Eb denotes the energy difference.

Kr (4p) Xe (5p)

v ~eV! 34.5 32.8
s Expt. 11.662.0 @26# 4.4060.4 @25#

s DWBA 4.26 3.96
ng
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A. Convergence of the DWBA calculation

While the very asymmetric geometry of the scatteri
event makes it possible to normalize the cross section it
poses a severe problem on the theory. In this geometry
clear that the contribution from higher-order effects such
postcollisional interactions (e-e repulsion! and polarization
will contribute very little. However, even neglecting the
effects, we have to face a convergence problem introdu
by the slowly vanishing overlap integrals. These overlap
tegrals between the fast incoming and fast outgoing elec
tend to go to zero very slowly for highl values. This can
very easily be seen as follows. The radial Born integrals
have to solve are of the form

I Born~ l 1 ,l 2 ,l,l 0 ,l b!:5E
0

`E
0

`

ul 1
a ~k1r 1!ul 2

b ~k2r 2!

3
r ,

l

r .
l11

ul 0
0 ~k0r 1!wl b

~r 2!r 1
2r 2

2dr1dr2 .

~13!

For highl states the fast incoming and outgoing electrons
longer penetrate the atom and a Bethe approximation to
radial matrix element becomes justified. In this case the
tegral ~13! reduces to

I ~ l 1 ,l 2 ,l,l 0 ,l b!5I 0,R~ l 1 ,l 2 ,l,l 0 ,l b!

1B0,̀ ~ l 2 ,l,l b!J0,̀ ~ l 1 ,l,l 0!, ~14!

where we have defined

I 0,R~ l 1 ,l 2 ,l,l 0 ,l b!:5E
0

R

r 1
2ul 1

a ~k1r 1!ul 0
0 ~k0r 1!dr1

3F 1

r 1
l11E0

r 1
r 2

l12ul 2
b ~k2r 2!wl b

~r 2!dr2

1r 1
lE

r 1

`

dr2r 2
2l11ul 2

b ~k2r 2!wl b
~r 2!G ,

~15!

J0,̀ ~k1 ,l 1 ,k0 ,l 0 ,l!:5E
R

`

r 1
2l11ul 1

a ~k1r 1!ul 0
0 ~k0r 1!dr1 ,

~16!

B0,̀ ~ l 2 ,l,l b!:5E
0

`

r 2
l12ul 2

b ~k2r 2!wl b
~r 2!dr2 . ~17!

The parameterR is the outer limit to which the solution o
the differential equation will be integrated. The paper@29#
deals extensively with the evaluation of these integrals
that we merely summarize the results here. Both electr
only see an atom potential and are asymptotically essent
free. This means that the distorted wavesul 1

a (k1r 1) and

ul 0
0 (k0r 1) can be approximated by Bessel functions rese
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FIG. 5. TDCS of xenon (5p) at an impact energy of 1032.8 eV, energy of slow outgoing electron is 20 eV, fast electron fixed at an
of q52.5°. Comparison of the different stages of the convergence is made. Shown is DWBA using the triplet exchange potential for
outgoing electron and usingl 5400 l states for fast incoming and outgoing electron~solid curve!, using l 5200 ~long dashed!, using l
580 ~short dashed!, and using onlyl 540 ~dotted!. Number ofl states for the slow outgoing electron is 15.
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bling this free behavior for highl values. The integral ove
these two Bessel functions can now be solved analytic
@30#. The analytic solution is a finite sum over associa
Legendre functions of the second kind with the argum
x:5(k0

21k1
2)/(2k0k1). Becausek0 and k1 are nearly equa

in this geometryx goes to 1 and we are approaching the p
of the Legendre function. This means that more and mol
states are contributing to the scattering event~in the unphysi-
cal limit x would be equal to 1 and an infinite number
thesel states would contribute!.

The worst case for evaluating these integrals would b
we replaced all distorted waves by plane waves. Getting
TDCS to converge for this situation not only tests the ac
racy of the integration routine but also the overall accura
of the angular momentum algebra and the differential eq
tion solver. The numerical methods used here were te
extensively by Rasch and Whelan@29#, who were able to
reproduce the analytic result available for hydrogen for
case ofE051000 eV,E15985.4 eV,E251 eV to better
than 1%. Note that these energies are even more extr
than the ones we have to consider here. Up tol 51000 l
states were needed for the convergence. In the case co
ered here we achieved convergence for little more t
l 5400. In Fig. 5 we give a comparison for different co
verged results for xenon (5p). Although merely l 510 l
states were needed for the slow outgoing electron~we used
l 515 to be safe! we do not get a converged result forl
580 for the fast incoming and outgoing electron both cal
lated in the triplet potential of the ion. At aboutl 580 the
numerically calculated phase shifts are zero within the
merical accuracy so that the Bethe approximation beco
fully justified. Within the Bethe approximation we have r
tained the monopole, dipole, and quadrupole partial w
integral. Higher-order integrals can be neglected. Howe
we were surprised to see that especially for the hydro
ly
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case even the quadrupole term gave a significant contribu
to the cross section@29#. At aboutl 5200 for the fast incom-
ing and outgoing electron the cross section is almost in
tinguishable from a calculation usingl 5400 l states.

B. Photoionization cross sections

By relating the TDCS to photoionization cross sectio
we have to make sure that theoretical photoionization cr
sections using Hartree-Fock–based wave functions re
duce experimental measurements. This not only checks
program but also tests the quality of the wave function us
We remark that they were generated using a variational p
ciple in order to minimize the energy of the atomic syste
~see@31#!; it is therefore not obvious how these wave fun
tions can reproduce other properties of the system. Thi
especially important in our case where the energy of the s
electron is close to the ionization threshold and signific
deviations from the photoionization cross sections can
expected. However, since the Hartree-Fock wave functi
are convoluted with the distorted wave of the slow outgo
electron we can only indirectly test the bound-state wa
functions. We therefore test the quality of the distort
waves at the same time. The derivation of the photoioni
tion cross sections for our Hartree-Fock wave functions
be found elsewhere@15#.

We remark at this point that for xenon the use of Hartre
Fock rather than Dirac-Fock wave functions may lead
some error~see@32#!. However, we do not envisage that th
use of Hartree-Fock wave functions will give rise to a s
nificant error in the absolute size of the triple-different
cross section.

In Tables II and III we compare the experimentally foun
values for b and the photoionization cross sectio
s:5 ds/dE with the theoretical ones. We find very goo
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agreement with the experimentalb values for krypton and
xenon. However, there is a very significant difference for
s values in the case of krypton. Whilst the theoretical va
of s for the calculation for xenon is to within 11% of th
experiment we get more than a factor of 2 for krypton.

In Table IV we compare the value of the limit given b
Eq. ~8! for experimental and theoretical data. We find ag
that the limit for xenon is to within 11% of the experime
while we get a factor of 2 difference for krypton. This di
crepancy is clearly coming from the difference in the pho
ionization cross sections.

C. What else can go wrong?

Although there can be a large discrepancy between the
and experiment for the photoionization cross section as
countered in the case of krypton where theory and exp
ment disagree by a factor of 2, it does, however, not exp
why the DWBA is a factor of 4–6 smaller for krypton. Th
is particularly the case for xenon where the disagreem

TABLE IV. Comparison of the values for the limit determine
experimentally and from the DWBA calculation using differe
forms of the local exchange potential for the slow outgoing el
tron.

Kr (4p) Xe (5p)

s lim exp. 1.01 0.387
s lim DWBA 0.371 0.348
e
e

n

-

ry
n-
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nt

between the photoionization cross sections is a mere 1
and not a factor 3–4. In the following sections we will fir
discuss the normalization of helium before we discuss it
krypton and xenon.

VI. THE NORMALIZATION OF HELIUM, KRYPTON,
AND XENON

As we noted earlier agreement between the absolute
of the experimental data on He of@9# and our DWBA calcu-
lations is very good. However, we are finding large discre
ancies when we apply the same method of normalization
krypton and xenon. In this section we will analyze in dep
where this discrepancy arises and we will show that wh
the extrapolation technique is valid for helium it fails for th
heavier elements.

A. Helium

We have recalculated some of the helium data taken a
impact energy of 600 eV@9#. In Fig. 6 we show a compari
son between the absolute experimental data and our DW
calculation. Figure 6 also shows a first Born calculation
ing the triplet potential for the slow outgoing electron. Go
agreement is found. It is important to note that the differen
between the DWBA and the first Born calculation is gen
ally rather small.

1. The fitting of the helium data

As we remarked earlier Klaret al. @17# used only even
powers in the expansion of the OOS. Even without this lim

-

FIG. 6. TDCS of helium~1s! in coplanar asymmetric geometry at an impact energy of 600 eV. Shown is the DWBA~solid curve! and
first Born calculation~short dashed!. Energy of slow outgoing electron is either 2.5 eV with angle of fast electron fixed atq154 ° ~upper
left! andq1510° ~upper right! or 10 eV with angle of fast electron fixed atq154 ° ~lower left! andq1510° ~lower right!. Experimental
data are on an absolute scale and given in a.u.
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FIG. 7. The limiting process of helium~1s! at an impact energy of 600 eV, the energy of slow outgoing electron is 10 eV~above! and
2.5 eV~below!. Shown is TDCS multiplied with the square of the momentum transferK25u k02k1u2 againstK. We compare the first Born
calculation~crosses! with the DWBA ~squares! calculations. The horizontal bar at 0.340~above! and at 0.779~below! denotes the analytic
limit of the first Born calculation.
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tation we found that the fitting of the theoretical curves
pecially the first Born curves were very stable and accu
indeed. In Fig. 7 we show the first Born and DWBA calc
lation and an extrapolation to the zero-momentum trans
As can be seen the first Born and DWBA results are v
close together over a wide range ofK values. Especially
close to the unphysical region the two theories are alm
indistinguishable so that Lassettre’s theorem, which depe
crucially on the applicability of the first Born approximatio
can indeed be used. We were able to reproduce the lim
given in Eq. ~8! from the extrapolation of the first Born
points to 4 digits~this limit is indicated by a short horizonta
bar in Fig. 7!. The extrapolation of the DWBA was slightl
less accurate and stable. We could, however, reproduce
limit for most polynomials to better than 5%.

Due to the experimental setup there was a rather large
between the region ofK, which is accessible to experimen
andK50 the extrapolation point. In order to obtain reliab
results Junget al. @9# chose a narrow spacing ofDK and
-
te

r.
y

st
ds

as

the

ap

performed the measurements with high statistical accura
They remark that the error of the extrapolation procedure
smaller than 10%.

B. Krypton and xenon

We have seen that the DWBA is very well capable
reproducing the absolute cross sections in the case of hel
Furthermore the limiting process is justified as the DWB
has gone over to the first Born approximation which va
dates Lassettre’s theorem. In the following sections we w
discuss the fitting procedure for the experimental and th
retical curves for krypton and xenon.

C. The fitting of the experimental data

We have used a fitting procedure as described in the
tion above about the normalization of helium. Although t
gap between the experimentally accessible region and
extrapolation point atK50 is about 0.25 and therefore muc
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FIG. 8. The limiting process of xenon (5p) at an impact energy of 1032.8 eV, the energy of slow outgoing electron is 20 eV. Sho
the experimentally determined TDCS multiplied with the square of the momentum transferK25uk02 k1u2 againstK. We compare different
polynomial fits: fourth-order polynomial including only even terms~solid curve!, third-order polynomial~long dashed!, fourth-order poly-
nomial ~short dashed!, eighth-order polynomial including only even terms~dashed dotted!. The minimumK value atq150° is K50.139.
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smaller than in the helium case~about 0.5! the experimental
data points are rather scarce and more scattered. In Fig.
show the results of the fitting for the experimental curves
a variety of polynomials. We find that there is only a ve
limited range of polynomials that give a reasonable fit a
produces the same extrapolation value of the ordinate for
binary and recoil curve. In particular we found that usi
only an even polynomial and fitting it to the fourth, sixth
eighth order produced a similar limiting point for the bina
and recoil curve. We encountered similar problems in
krypton case~not shown!.

D. The fitting of the theoretical data

We have performed a similar fitting for the theoretic
curves to determine the limit. In Figs. 9 and 10 we comp
the limiting procedure for a first Born and the DWBA calc
lation with the experimental data for krypton and xenon. W
have scaled the experimental data to give the best agree
with the binary curve of the DWBA calculation. We foun
again, similar to the helium case, that the fitting proced
for the first Born curve is very stable and reproduces
limiting point as given in Eq.~8!. However, the DWBA dis-
agrees with the first Born approximation over a wide ran
and converges to the first Born approximation only ve
closely to the unphysical region if not inside. It is therefo
probably not too surprising that the extrapolation of t
DWBA does not converge to the same point atK50. One
can only conclude from a theoretical point of view that t
distortion effects are still too strong and a first Born tre
ment as required by Lassettre’s theorem is not justified.

The difference between the experimentally obtained li
and the first Born limit given by Eq.~8! disagree by more
than a factor of 2.5. Unfortunately, the case of krypton
more ambiguous. As we have already seen the photoion
we
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he
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e

e
ent

e
e

e
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tion cross sections are not well reproduced and indeed
experimental data seem to lie between the DWBA and
first Born results~see Fig. 10!. However, we note that for
krypton the DWBA converges to the first Born limit onl
very close to the unphysical region and that both curves t
to bend rather strongly.

VII. CAN THE DIFFICULTIES BE OVERCOME?

If we compare the Figs. 7 with 9 and 10 we see that
most striking difference lies in the fact that there is almost
difference of the DWBA and the first Born calculation in th
helium case whereas for krypton and xenon both calculati
are very different over a wide range and only start to me
very close to the unphysical region. Although any theory h
to converge to the first Born eventually this can happen v
deep inside the unphysical region. This is indeed the case
the DWBA and is also reflected in the slightly unstable e
trapolation of the DWBA to theK50 limit.

Another important point related to the previous finding
that the fitting curves do not exhibit a stable extrapolat
behavior~see Fig. 8!. We would note two points: Firstly, to
have a more reliable extrapolation we would need very m
more experimental points. Secondly, fitting the theoreti
curves indicates that we do not reach the region of appl
bility of Lassettre’s theorem until well inside the unphysic
region. This would indicate that such extrapolation tec
niques are doomed to fail.

VIII. CONCLUSION

A new set of TDCS for Kr and Xe have been measur
and compared with DWBA calculations. We have cons
ered the extrapolation technique used in@9# and attempted to
place the experimental data on an absolute scale. A satis
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FIG. 9. The limiting process of xenon (5p) at an impact energy of 1032.8 eV, the energy of slow outgoing electron is 20 eV. Sho
TDCS multiplied with the square of the momentum transferK25uk02 k1u2 againstK. We compare the first Born~crosses! with the DWBA
~squares! calculations and the experimental data, which was scaled to give the best fit to the binary peak. Shown are a polynomial
experiment~solid curve! and to the DWBA calculation~dotted line!. The horizontal bar at 0.3475 denotes the analytic limit of the first B
calculation. The minimumK value atq150° is K50.139.
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tory agreement, at least in regard to shape, between th
and experiment has been found. Especially in the binary
gion and for larger scattering angles of the fast outgo
electrons (q158° for krypton and xenon! we get very good
shape agreement with experiment; this is the region wh
ry
e-
g

re

the first Born approximation does rather poorly. However
large discrepancy between the absolute size of the cross
tions deduced from the extrapolation technique and the
culated results exist. This discrepancy has triggered an
tensive investigation of its origin. We have demonstrated t
own

n are a
tic
FIG. 10. The limiting process of krypton (4p) at an impact energy of 1034.5 eV, the energy of slow outgoing electron is 20 eV. Sh
is TDCS multiplied with the square of the momentum transferK25uk02 k1u2 againstK. We compare the first Born calculation~cross sign!
with the DWBA ~squares! calculations and the experimental data, which was scaled to give the best fit to the binary peak. Show
polynomial fit to the experiment~solid curve! and to the DWBA calculation~dotted line!. The horizontal bar at 0.3714 denotes the analy
limit of the first Born calculation. The minimumK value atq150° is K50.147.
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the extrapolation technique used in@9# would appear to be
valid for helium, but is questionable for the heavier atoms
the kinematics investigated in this experiment. The go
agreement in shape together with the consistency in abso
size for helium encourages one to view the DWBA as
suitable theoretical approximation in these very asymme
geometries. However, it has to be emphasized that the m
conclusion of this paper is that one may only use the extra
lation technique for heavy atoms with extreme caution if
all, since the distortion effects of the heavy nuclei make
difficult to experimentally access that region where La
settre’s theorem might be usefully exploited. A second pr
lem lies in the instability of the fitting procedure itself. It
to be doubted that this instability could be removed by a
of data with better measurement statistics and more
points close to the unphysical region since our calculatio
in
.
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indicate that the theoretical curves have not attained t
limiting behavior at the boundary of the unphysical regio
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