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H,* ion in strong magnetic field: A variational study
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Using a single trial function, we perform an accurate calculation of the ground stgtefthe hydrogenic
molecular ion H* in a constant uniform magnetic field ranging from 0 to'®1G. We show that this trial
function also makes it possible to study the negative parity ground stgte We show that, over the whole
range of magnetic fields studied the calculated binding energies are in most cases larger than binding energies
obtained previously by other authors using different methp8i$050-294®7)08311-X]

PACS numbgs): 31.15.Pf, 31.10tz, 32.60+i, 97.10.Ld

I. INTRODUCTION II. CHOICE OF TRIAL FUNCTIONS

A constructive criterion for an adequate choice of trial
For a long time the behavior of atomic and molecularfunction was formulated in Ref8], and further development
systems in a strong magnetic field of ord@@®10° G has Was presented in Ref&,loj. In the simplest form the crite-
attracted considerable attention. The main interest comddon IS the following. The trial function?,(x) should contain

from both astrophysics—studies of white dwarfs and neutroff) SYMmetry properties of the problem at hand. If the ground
state is studied, the trial function should not vanish inside of
stars (see Refs[1,2], and also, for example, Ref§3,4],

d i d ref herei I ¢ the domain where the problem is defined. The potential
and review[S] and references therginas well as from  (yy— v2y /., for which the trial function is an eigen-

chemistry—formation of unusual chemical compoundsgynction, should reproduce the original potential near singu-
whose existence is impossible without strong magnetic fieldsarities, and also its asymptotic behavior. The use of this
[6] (for a review, see, for example, Réf] and references simplest possible recipe has led to a unique one-parameter
therein). trial function, which, in particular, made it possible to carry
There are many studies of the hydrogen atom H—the simeut the first qualitative study of the ground state of the hy-
plest atomic system—in a strong magnetic field, while thedrogen molecule Kin the region of both weak and strong
hydrogen molecular ion jf —the simplest molecular sys- magnetic fields[11]. Later a few-parameter trial function
tem which is stable with respect to dissociatiogtH-H  was proposed for a description of the hydrogen atom in an
+ p_|s much less exp|0red_ One of the major drawbacks ofarbitrary magnetic fleld, which Ied, for low-excited states, to
many of these studies is a restricted domain of applicability@ accuracy comparable with the best calculatidits12.
they are accurate in the weak-magnetic-field region but are NOW we wish to apply the above-mentioned recipe to the
inappropriate for the strong magnetic field region, and vicd®" Hz" . We work in the Born-Oppenheimer approximation.
versa. The goal of the present paper is to carry out an acclret US first introduce the notatiofsee Fig. 1. We consider

rate variational calculation of H in magnetic fields ranging 3’.\’0 attra;’;gle centers. of”charg:snuated on tﬁa axis at_?h
from 0 to 103 G using a unique simple trial function ~diStanceR/Z symmetrically with respect to the origin. The

equally applicable for any value of the magnetic-field magnetic field of the strength is directed along the axis,

strength. We restrict our consideration to the case where thaend r1. are the distances from the electron to the (Gest-

magnetic field is directed along the axis of the moleculeond) center, respectively. The quantigyis the distance from

which is evidently the optimal configuration leading to theThe electron to the axis. Through the paper Ry is used as

. L2 ._the energy unit. For the other quantities, standard atomic
lowest energy. Our main perception is that the calculations

should not be technically complicated, and also easily repro-
duced, while the trial function should be simple enough to
allow further analytic and numerical investigations.
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The relativistic corrections can still be neglecteste a discus- FIG. 1. H," in a magnetic field. Explanation of the notations
sion in Ref.[5], and references thergin used.
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TABLE I. Ground-state energies and the equilibrium distances for the ground stgtef the ion H*
obtained using different trial wave functions as a function of the magnetic-field strength.

B ¥y v, Vs V3 s ¥,
0 E —-1.162 77 —1.172 99 —1.204 88 —1.204 88 —1.205 25
R 1.846 78 2.003 49 1.997 99 1.998 10 1.997 06
10° G E —1.117 60 —1.118 49 —1.150 07 —1.150 13 —1.15071
R 1.809 67 1.93353 1.92378 1.92375 1.923 33
10°G E 1.118 35 1.157 13 1.100 98 1.100 95 1.089 93
R 1.214 34 1.243 28 1.250 42 1.250 13 1.246 40
101 G E 35.1065 35.2351 35.1016 35.0750 35.0374
R 0.595 75 0.592 06 0.600 65 0.589 54 0.592 03
102G E 408.539 408.837 408.539 408.424 408.300
R 0.289 28 0.283 72 0.289 27 0.284 22 0.28333

TABLE Il. Comparison of present calculations for the ground statg df equilibrium distance&, energy
E, and binding energy BEB—E, with the results of other calculatiofd,13—-17.

B (G) R (a.u) E (a.u) BE (a.u) Source
B=0 1.9971 —1.205 25 Present
2.0000 —1.205 27 Tellef13]
1.997 —1.205 27 Wille[14]
1.997 —1.205 26 Peek-Katridl15]
2.0000 —1.205 268 Wind 16]
B=10° G 1.9233 1.15072 1.576 16 Present
1.924 1.150 72 1.576 16 WillgL4]
1.921 1.5757 Peek-Katri¢l5]
1.90 1.5529 Lai-Suefl7]
B=10"G 1.2464 1.089 79 3.1646 Present
1.246 1.090 31 3.1641 WillgL4]
1.159 3.0036 Peek-Katri¢l5]
1.10 3.0411 Lai-Suefl7]
B=10"G 0.593 35.0362 7.5080 Present
0.593 35.0428 7.5013 Willg14]
0.62 7.35 Lai-Salpetdé]
B=5x10" G 0.351 199.238 13.483 Present
0.350 199.315 13.406 WillgL4]
0.35 13.38 Lai-Salpetd#]
B=10G 0.283 408.300 17.141 Present
0.278 408.566 16.875 Willg14]
0.28 17.06 Lai-Salpetd#]
B=2x102G 0.230 829.274 21.609 Present
0.23 21.54 Lai-Salpetd#]
B=5x10G 0.177 2098.3 28.954 Present
0.18 28.90 Lai-Salpetd#]
B=10"G 0.147 4218.7 35.752 Present

0.15 35.74 Lai-Salpetd#]
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FIG. 2. The electronic probability density of the ground state &t y=0 as a function of the magnetic-field strength. B=0, (b)
B=10° G, (c) B=10" G, (d) B=10" G. (¢) B=10"2 G, and(f) B=10"G.

units are used. The potential corresponding to the problem \Iflze—alz(r1+r2)—ﬂpr2/4 2.2
we study is given by ’

272 27 27 B?%?

V= R + 4 (2.1) wherew, and B, are variational parameters. It has, in total,
three variational parameters if we include the internuclear

where the first term has the meaning of the classical CoudistanceR in the search for the equilibrium distance. It is
lomb energy of the interaction of two charged centers. known that in the absence of a magnetic field a function of
One of the simplest functions satisfying the above recipghe Heitler-London type gives an adequate description of di-

is the Heitler-London function multiplied by the lowest Lan- atomic systems near their equilibrium position. The potential

dau orbital: corresponding to this function is
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TABLE llIl. Energy, binding energy, and equilibrium distance for the ground state,df ¢f negative

parity 1o, .
B (G) R (a.u) E (a.u) BE (a.u) Source
B=0 12.746 —1.000 10 1.000 10 Present
12.55 —1.000 12 1.000 12 Peek-Katrigl5]
B=10° G 11.039 —0.920 63 1.346 08 Present
10.55 —0.917 134 Peek-Katrigll5]
B=10"YG 6.4035 1.6585 2.595 92 Present
4.18 2.1294 Peek-Katrig¢ll5]
B=10"G 3.7391 36.945 5.599 01 Present
B=10"2G 2.4329 413.92 11.519 Present
B=10"G 1.7532 4232.6 21.851 Present
1 1 Bfszz where the relative weight of Eq&2.2) and(2.4) in Eq. (2.6)
Vlzzzzaf—B,Bl—ZZoz1 —+ —|+ 7 is taken as an extra variational parameter. It is a seven-
fli T2 parameter trial function.
o2 Of course, as a natural continuation of the above interpo-
+222_1[p2+ 2°—R?/4] lation procedure, one can take a linear superposition of all
Fif2 three functions: the modified Heitler-London, Hund-
1 1 Mulliken, and Guillemin-Zener function$2.2), (2.4), and
+Za,BB1p? —+ . (23 (29
1 2
V4=A3-1V3 1T A3 V3,
It is clear that this potential reproduces the original potential B
(2.1) near Coulomb singularities and, at large distances, =Ag-1 Va1 F AV + ALY, 2.7
|X[—oe. . . o where again, as in the case of the functi@rd) the relative
The Hund-Mulliken function multiplied by the lowest eights of different components are variational parameters.
Landau orbital is another possible trial function, In total, the trial function2.7) is characterized by ten varia-
) tional parameters. Most of our calculations will be carried
W,=(e *214 g *2Z12)g FBr4 (2.4  out using this function. The minimization procedure was

done using the standard minimization packageuiT from
wherea, and, are variational parameters. It is well known CERN-LIB on a Pentium-Pro personal computer. All inte-
that this function, in the absence of a magnetic field, degrals were calculated numerically with relative accuracy
scribes the region of large internuclear distances. The calcu= 1077
lations we performed show that this property remains valid
for all magnetic fields up to 8 G. Like Eq.(2.2), the trial Ill. RESULTS
function (2.4) is characterized by three variational param- | order to present our results, we begin with the study of
eters. In order to take into account both equilibrium and larggne gependence of our variational results on different trial
distances, we should use an interpolation of Egs2) and  fynctions(see Table )l It turned out that all variational pa-
(2.4). There are two natural ways to interpolate. rameters are of the order of one independently on the value

(i) A nonlinear superposition of the magnetic-field strength. In Table Il we give a compari-
X son of our calculations with the best-known results. Since we
Wy =(e @?M auZla4 ge~wZl1—asllz) g~ FBp/4 are doing a variational study of the problem, ttiénding)

(2.5  energies obtained represdtdawer) upper bounds to the ex-
act energies. No need to mention that many calculations
where a3, a4, and B3 are variational parameters. The pa- were performed for the case of the Hion in absence of a
rametero=*1 depends on which positive paritygd or  magnetic field. Our results are in agreement with the best
negative parity i, states we consider. Functid@.5) is a  calculations within an absolute accuracy of 20 For all
modification of the Guillemin-Zener function used for a de- studied values of the magnetic fieles( 0" G), our results
scription of the molecular ion §f. If as3=a,4, function  for binding energies exceed the best-known results at the
(2.5 reduces to E¢2.2), and, ifa3=0, it coincides with Eq.  present. Among all previously made calculations, we should
(2.4). In total, there are four variational parameters characemphasize that those performed by W[lief] have the most
terizing the trial function(2.5). extended domain of applicability. The accuracy of these re-
(i) A linear superposition of Eq%2.2) and(2.4), sults is almost as good as the accuracy of our results for
magnetic fieldsB<10'' G. However, for larger magnetic
Vs ,=A VW +AV,, (2.6)  fields the accuracy of his results decreases drastically.
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Figure 2 shows the electronic density distribution as asessing a shallow minimuxsee, for example, Refgl3,15)).
function of magnetic field. For a small magnetic field the However, in a magnetic field the electron becomes bounded
distribution has two clear maxima corresponding to the poin agreement with general expectatiof§ (see also Ref.
sitions of the centers. The situation changes drastically fof15]).
magnetic fields of the order dB=3x 10" G, where the In conclusion, we want to emphasize that we present the
probability of finding the electron in any position between most accurate calculations for the ground-state energies and
the two centers is practically the same. For larger magnetiequilibrium distances of the molecular ion Hin a magnetic
fields the electron is preferably located between the two cerfield. Unlike the majority of other studies our calculations
ters with the maximum in the middlg=0 [see Figs. &  stem from a unique framework covering both weak- and
and 2f)]. Due to a loss of accuracy, this phenomenon wasstrong-magnetic-field regimes.
not observed in Ref{14]. It is worth noticing that for all
magnetic fields studied the region of large internuclear dis-
tances is dominated by the Hund-Mulliken functi@b.

In Table Il the results of the study of a ground state of The authors wish to thank M. Ryan for a reading of the
negative parity (r,) are presented. Let us note that in the manuscript and for comments. This work was supported in
absence of a magnetic field the electron is not bounded pogart by DGAPA Project No. IN105296.
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