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Factoring and Fourier transformation with a Mach-Zehnder interferometer
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The scheme of Clauser and Dowlifighys. Rev. A53, 4587(1996] for factoringN by means of amN-slit
interference experiment is translated into an experiment with a single Mach-Zehnder interferometer. With
dispersive phase shifters, the ratio of the coherence length to wavelength limits the numbers that can be
factored. A conservative estimate permiits-10’. It is furthermore shown that sine and cosine Fourier coef-
ficients of a real periodic function can be obtained with such an interferoni&tE050-294®7)01011-]

PACS numbe(s): 03.75.Dg, 07.60.Ly, 03.65.Bz

Recently, Clauser and Dowlin¢CD) have shown that This is so because quantum-mechanical probabilities are the
factors of an integeN can be determined by simply measur- second power of probability amplitudes. Therefore, the inter-
ing the peaks of the intensity distribution on the screen beference term of (r), which is the double summation on the
hind a YoungN-slit arrangemengl]. This device is distinct right-hand side, only contains products made up of just two
from the currently much debated proposals for quantunfactors. This feature is already present in the two-slit experi-
computation because it does not need the entanglement ofent.(This would not be the case if, say, probabilities were
several quantal degrees of freedom. Therefore, it is immunthe third power of probability amplitudes. Then the paradigm
against decoherence and could readily be implemented withf quantum physics would only be fully contained in a three
present technology. The drawback is that it will not exhibitslit experimen). The analytic behavior of the interference
the potential increase in computational power characteristiterm of the N-slit experiment can therefore be recaptured
of entanglement. Nevertheless, the work of CD indicates thaivhen adding thentensitiesof all permutations of two-slit
single-particle interference arrangements have useful applexperiments obtainable by coveriig-2 of theN slits. This
cations beyond physical measurements. procedure will not reproduce the behavior of the mean inten-

The purpose of this note is to point out that CD’s proposalsity. But we can neglect the mean intensity here because it is
can be translated into an experiment with only a singleonly of statistical relevance.

Mach-Zehnder interferometer. This will enhance the flexibil- Instead of doing several two-slit experiments with differ-

ity of this calculational device. A further point is that a ent distances of the slits, it is of course more convenient to
Mach-Zehnder interferomter can also perform other compuuse a Mach-Zehnder interferometer and vary the phase shift.
tations, in particular cosine and sine Fourier transformationsA further advantage of a Mach-Zehnder interferometer is that

Let us first focus on the work of CD. This proposal showsit has only two outputs instead of the continuum of a screen.
that in a suitably chosen central region on the detectioiThen, with an arrangement as shown in Fig. 1, factoring can
screen behind afil-slit arrangement, all intensity peaks are be achieved in the following way. The phase shifis in-
equal if and only if the quantitp=\R/a? is a factor ofN, creased in discrete stepsrn such thaty;=2j/n. For
where\ is the wavelength of the incident radiatiamnjs the  simplicity, we assume that at each step one particle is sent
center-to-center distance of the slits, aRds the distance into the interferometer. We look at the outputs only when
between the slits and the screen. Furthermore, the FraunhofgerkN, k=1,2,3 ... . So at thekth observation the prob-
limit is assumed R>a>\). Different values ofn can be ability to register the particle at detectéris
tested by adjusting any of the parameters, for instaikce,

The probability amplitude caused by dliait a pointr on the 1 27kN
screen is given by (r). The probability that the particle Pak) =51+ 005( = ” 2
will hit this point is therefore

N 2 N
0=\ 2 da(n)| =2 [hi(n)? X OA
=1 i=1
N-1 N
+22 > RAu(NU 1] 1) B
i=1 j=i+1
For the idea to be presented here, it is important to notice partlcles
that the essential properties kffr) can also be obtained in
measurements with a series of differémb-slit experiments. FIG. 1. Ideal Mach-Zehnder interferometer with semitransparent
mirrors for beam splitting at the entrance and beam superposition at
the exit. A phase shifter introduces the additional phadeetween
*Electronic address: summhammer@ati.ac.at the two paths. Particles are registered in detechoedB.
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TABLE |. Dependence of intensities on properties “factor” or
OA “nonfactor.” Factors are indicated bl and nonfactors by-. In-
tensities are in units ofi,/8.

OB
ng n, Ny I A Ig lct+lp

©C
F F F 8 0 0
D F F - 4 4 0
F - F 4 0 4
E F - - 2 2 4
particles B F F 4 0 0
F - F - 2 2 0
- - F 2 0 2
OG - - - 1 1 2

One also wants to know how long a calculation will take.
When testing whethen is a factor ofN, one must sehN

FIG. 2. Series connection of several Mach-Zehnder interferomyite ot phase shifts. Since the largest factor to be checked
eters for almost simultaneous determination whether the integers

n,, ..., Ny are factors oN. The particles are registered at detectorsIS of th'e order g,fz\/ﬁ’ the longest check will take a time
A—H. proportional toN*'~,

A further consideration is the maximum deviation permis-
sible in the phase incrementsrn, in order to ensure cor-
rect identification of the factors di. Suppose the actual
increment is Zr/(n+d), whered is the deviation. In the
ideal case we have=0 and whem is a factor ofN the sum

We havepa(k)=1 only if n is a factor ofN. Suppose we
performn observations, starting witk=1 until k=n. Then
the sum of the particles registered in detedowill be

n n (3) yields an intensity oh. Now this sum will still be sub-
1= pak)= n n 1 27kN 3) stantially larger tham/2 (which would indicate a nonfactpr
" & Pa 2 2& n J if the deviationd is such that for the largest phase shift to be

set(atk=n) we have 2rN— /2 rather than the ideal value

Forn a factor ofN we havel ,=n because then the phases in 27N- Then the contribution of the last term of the sum is
the cosine terms will all be ?nultiples of2 However. ifnis  2€ro, whereas all the others are still positive, so that the total
not a factor, the cosine terms of the summation will roughly!ntensity will be roughlyn(1/2+1/m). This limits the per-
cancel each other and we will only hake=n/2. To see this missible relative deviation of the phase shift increments from
more clearly, we writeN/n=M +r, whereM is the largest their ideal value to|d/n|<(4N)~!. For our example of

; -8
integer for whichN/n>M andr is the rational remainder aPove this would meaid/n|<2.5x10"". Such accuracy
r=L/n, with Le[1,2, ... n—1]. Then the summation over C&" be achieved in optical interferometers, when the length-

the cosine terms can be written as ening of one arm relative to the other is itself controlled
interferometrically.

n It is also possible to implement a kind of parallel compu-

2 cos(ﬂk). @) tation with a setup as illustrated in Fig. 2. Here the numbers
n n4, Ny, . . ., N7 can almost simultaneously be checked for

being factors ofN, thereby utilizing an incident particle for

The phases of the cosines are now equidistantly spread in More than just one computation. The phase shifters in the

steps from the value2L/n, which is less than 2, to 27L,  Various loops are simultaneously stepped up, but at the dif-

which is at most 2-(n—1), so that when reducing the ferentincrements /n,, 2z/n,, . . ., 2m/n;, respectively.
phases to the intervaD, 2] this interval will be used quite L€t us assume;<n; for i<j. For the sake of convenience,
evenly. we sum the intensity in a given detector as needed for testing

For practical applications it is important to know what for the largest of the possible factors of the loops involved.
calculations are possible. Since the best interferometers t6-0" instance, at detecta (and also a3) we would sum
day are operated with light, it is sufficient to look at the Until k=ny; thus
characteristics of such interferometers. If we implement the

phase shift in the usual manner by_ increasing the path-length na 2.7kN 2.7kN
difference of the two arms of the interferometer, the coher- o= > = 1+cos< ” 1+cos< ”

ence length of the incident radiation sets the limit to the =18 N1 N2

largest numbeN that can be factored. According to E®), 2.7kN

the maximum phase shift to be set in this scheme7dN2 X 1+cos( ” 5)
Assuming a wavelength of =500 nm and conservatively Ny

limiting the coherence length, given b§=\2/A\, where
AN is the standard deviation of the wavelength distribution,The expectation values fdr,, lg, andlc+Ip (the latter
to C=5 m, numbers up tdN~10" can be factored. also just summed up to,) for the various possibilities are
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shown in Table I. Clearly, the results permit unique identifi- proportional tof(t) and that the phase shift applied be-
cation of the eight possible answers of interest. tween the two paths of the interferometer increases linearly

The situation is a little bit more complicated for the inter- with time, e.g.,
ferometer loops following the lower arm of thrg interfer-
ometer. We must account for the possibility that is a _ 2mmt
factor of N. If we then measured the intensity at any of the x()= T’ ©)
detectorsE—H after everyN phase increments, we would
never detect a particle. Therefore, it is necessary to start theherem is an integer. In order to avoid problems of the
loops on the lower arm of; with a delay of around,/2 change of energy of the particles when experiencing a time-
increments. Similar arguments apply to any of the interferdependent phase shift, we limit ourselves to slow rates
ometers connected to an output that is dark when the phase/ 7<E/h, whereE is the energy of the particles ardis
shift is a multiple of 27. For instance, testing whetheg, ~ Planck’s constant. Then the difference of the intensities at
and ng are factors ofN requires that one waits for about detectorsA andB integrated over one periodis
(ny+n3)/2 increments and from then on sums the intensities
at E (or at F) after everyN further increments. Then the oo JT 5(277““>

. . Lo a—lg=c| f(t) co dt,

expectation values fotg for the eight possibilities(i.e., 0
which of ny,n3,ng is a factor ofN) are analogous to those
shown forl 5 in Table I. However, the offset relative to the wherec is the proportionality constant betweéft) and the
total number of phase increments to be gone through is smaithcident intensity. As can be sedn,— |z is proportional to
such that one can still speak of essentially parallel computathe mth cosine Fourier coefficient df(t). In order to obtain
tion. But, of course, as this is a device not exploiting thethe sine Fourier coefficients, one only needs to add a con-
entanglement of quantum systems, the number of loops, @tant phase shift of- /2 to x(t).
the total amount of time, needed for factoriNgrises poly- Note that this calculational procedure is different from the
nomially with N rather than just logarithmically. experimental method employed in Fourier spectroscopy,

Let us now turn to how Fourier transformations can bewhich has been used in astronomy since the days of Michel-
performed by means of an interferometer. Specifically, it isson and has also been used recently in eled2pand neu-
possible to obtain the cosine and sine Fourier coefficients afron [3] interferometry. In Fourier spectroscopy one can
a real-valued positive functiof(t), which is periodic with measure the spectral distribution of the incident radiation if
the periodr, wheret denotes time. For this it is necessary this distribution is symmetric about the mean, but one gets
that the intensity incident on the interferometer varies in timeno phase information.
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