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Nonlinear amplification of x-ray channeling radiation

H. K. Avetissian,* K. Z. Hatsagortsian, G. F. Mkrtchian, Kh. V. Sedrakian
Department of Theoretical Physics, Yerevan State University, 1, A. Manukian, 375049 Yerevan, Armenia

~Received 10 March 1997!

The nonlinear amplification of X-ray channeling radiation in crystal is discussed on the basis of the self-
consistent set of the Maxwell and Dirac equations. Both planar and axial channeling for relativistic electron
beams are considered. Two stationary regimes of nonlinear amplification are discussed.
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As is known, the channeling radiation of ultrarelativist
electrons and positrons is in the x-ray andg-ray domain, and
its spectral intensity exceeds that of other radiation sou
in this frequency range@1,2#. So, stimulated channeling ra
diation of electrons is of certain interest as a potential sou
for the short-wave coherent radiation.

The stimulated radiation of channeled particles has b
investigated mainly in the linear regime@3–11#. Multiphoton
processes for the channeled positron in the external radia
field is considered in@12#.

As the absorption coefficients of x-rays andg rays in
crystals are very high,G;102– 103 cm21 @13#, and the con-
struction of mirrors in this domain is very problematic, it
necessary to investigate the possibilities of radiation gen
tion in nonlinear regimes. To obtain coherent radiation
crystals it is most appropriate to use electron beams w
comparatively low energies~«<50 MeV for planar chan-
neled electrons and«<10 MeV for axial ones!. First of all,
the states of channeled electrons are most stable in this
ergy region@14,15#, i.e., the scattering of channeled particl
on atomic electrons and nucleii of the lattice are suppres
Then, at these energies a few discrete energy levels in
transverse potential well of the channeled electron
formed that are not equidistant. In this case by means
varying the angle of incidence of the electron beam to
crystal an inverted population of electron states in the tra
verse potential can be reached@14#. In addition, at low ener-
gies it is possible to use electron beams with high dens
and increase the population inversion. Because the en
levels are not equidistant the stimulating electromagn
wave resonantly couples only two energy levels, the phys
processes in the above mentioned case of the channelin
similar to those of a two-level atom~two-dimensional
‘‘atom’’ in the case of the axial channeling, and one dime
sional in the case of planar channeling one! moving with
relativistic velocity.

In this work we investigate the possibilities of cohere
radiation generation in nonlinear regimes by means of a r
tivistic channeled electron beam. The study is based on
self-consistent set of the Maxwell equations and the Di
equation for the channeled electron. Maxwell’s equations
solved in the slow varying envelope approximation.
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We consider the channeling process for mildly relativis
electrons when the condition

\v!« ~1!

is always fulfilled, where\ is the Plank constant,v is the
radiation frequency, and« is the electron energy. With con
dition ~1! the spin interaction can be neglected and the Di
equation of quadratic form is reduced to the Klein-Gord
equation

F i\
]

]t
2U~r!G2

C5Fc2S pŴ 2
e

c
AW D 2

1m2c4GC, ~2!

wheree andm are electron charge and mass, respectivelyc
is the light speed in vacuum, the axisOZ is aligned along the
channel axis,U(r) is the average potential of the cryst
plane (r[x)

U~x!52U0ch22
x

b
, ~3!

or of the crystal axis (r[Ax21y2)

U~r!52
a

r
, ~4!

and AW is the vector potential of the self-consistent elect
magnetic wave satisfying the Maxwell equation

DAW 2
1

c2

]2AW

]t2 52
4p

c
jW. ~5!

The electromagnetic wave has a linear polarization in
(x,z) plane and propagates in the (x,z) plane:

AW 5$A cosu,0,2A sinu%,

A5 1
2 @A0~x,z,t !exp$ i ~vt2kW•rW !%1c.c.#,

kW5$k sinu,0,k cosu%, ~6!

wherek5n(v)v/c is the wave number,u is the angle be-
tweenkW and axisOZ, andA0(x,z,t) is the slowly varying
envelope of the wave amplitude. The index of refraction o
4121 © 1997 The American Physical Society
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crystal medium isn(v).1 for the frequency region unde
consideration~x ray andg ray!.

We make the ansatz

C5 (
m,pz

am,pz
~z,t !expH i

\
~pzz2«m,pz

t !J um&, ~7!

^mum8&5dmm8 ,

wheredmm8 is the Kronecker symbol,m is the complete se
of quantum numbers,m5$py ,n% for planar channeling and
m5$ml ,n% for axial channeling,n is the main quantum
number, andml is the magnetic quantum number;um& are
eigenvectors for transverse motion of the channeled par
with a longitudinal momentumpz and energy«m,pz

. The

wave function’s expansion coefficientsam,pz
(z,t) are slowly

varying functions so the second-order derivatives will be
glected. Note that the energy spectrum of the planar ch
neled electron in the potential well~3! has the form
a
an

es
e
la
t

-

ls
le

-
n-

«'n52
\2

2b2mg
@s2n#2; n50,1, . . . ,@s#, ~8!

s52
1

2
1A1

4
1

2b2mgU0

\2 ,

and for the axial channeled electron in the potential~4!,

«'n52
mga2

2\2

1

S n1
1

2D 2 , n50,1,2,. . . , ~9!

whereg5«/mc2 is the Lorentz factor.
Inserting Eqs.~6! and ~7! into Eq. ~2! and taking into

account the condition~1! as well as the well-known condi
tion for the channelinguUu!«m,pz

, we arrive at the following
set of equations:
]am,pz

]t
1vz

]am,pz

]z
5

eA0~x,z,t !

2\c (
m8

Mmm8expH i

\
~«m,pz

2«m,8pz1\kz
1\v!tJ am,8pz1\kz

2
eA0* ~x,z,t !

2\c (
m8

Mm8m
* expH i

\
~«m,pz

2«m,8pz2\kz
2\v!tJ am,8pz2\kz

, ~10!
n,
where

Mmm85~Vnn8cosu2kvzsin2u!^muxum8&,

\Vnn85«'n82«'n ,

andvz is the electron longitudinal velocity.
The selection rules for transitions are determined by m

trix elements of the dipole momentum and for the axial ch
neling they areDml561. For planar channeling thexmm8 is
different from zero between states having different pariti
For the axial channeling there is degeneracy by the magn
quantum number and in the case of the wave of linear po
ization both statesml561 will contribute to the resonan
interaction process. AsMmm8 is only uml u dependent for
Dml561 transitions, theml561 states are equally popu
lated if the initial populations are also equal.

In the channeling potential~3! the matrix element for the
m05$0,0%→m5$0,1% transition in the resonant case equa

Mm0m[M5
\

2bmg

cosu2b

12b cosu
~2s21!

3S s21

2 D 1/2G2~s21/2!

G2~s!
, ~11!

and in the potential ~4! for the transition
m05$0,0%→m5$61,1% we have
-
-

.
tic
r-

Mm0m[M5
a

\ S 3

32D
1/2 cosu2b

12b cosu
. ~12!

Assuming that the wave is resonant to them0 andm states
~m0 is the ground state!

\v5«n,p0z
2«n0 ,p0z2\kz

,

and keeping in Eq.~10! only resonant terms we have

]am,p0z

]t
1vz

]am,p0z

]z

52
eA0* ~x,z,t !

2\c
M exp~ iDVt !am0,p0z2\kz

,
~13!

]am0,p0z2\kz

]t
1vz

]am0,p0z2\kz

]z

5
eA0~x,z,t !

2\c
qM exp~2 iDVt !am,p0z

,

whereq is the factor connected with the degeneracy~q52
for axial andq51 for planar channeling!. The set of equa-
tions ~13! should be supplemented by the Maxwell equatio
which is reduced to
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]A0

]t
1

c2kz

v

]A0

]z
1

c2kx

v

]A0

]x

5
4peN0cqM

v
exp~ iDVt !am0,p0z2\kz

am,p0z
* . ~14!

N0is the average density of the electron beam. Introduc
new variables

D5N0@quam,p0z
u22uam,p0z2\kz

u2#,
~15!

P5eN0qM exp~ iDVt !am0,p0z2\kz
am,p0z
* ,

the self-consistent set of equations in the new variables re

]P

]t
1vz

]P

]z
1 iDVP5

e2qM2

2\c
A0~x,z,t !D,

]D

]t
1vz

]D

]z
52

1

\c
~A0* P1A0P* !,

]A0

]t
1

c2kz

v

]A0

]z
1

c2kx

v

]A0

]x
5

4pc

v
P. ~16!

These equations yield the conservation laws for the energ
the system and the norm of the wave function:

]uA0u2

]t
1

c2kz

v

]uA0u2

]z
1

c2kx

v

]uA0u2

]x

52
4p\c2

v S ]D

]t
1vz

]D

]z D ,

~17!

S ]

]t
1vz

]

]zD S D21
4

e2qM2 UPU2D50.

Let us consider the stationary regime in the case of ex
resonance. The electromagnetic wave is assumed to pr
gate along theOZ axis to achieve the maximal Doppler shif
Then the set of equations~15! and conservation laws~17! are
reduced to

]P

]z
5

e2qM2

2\cvz
A0D,

]D

]z
52

2

\cvz
A0P,

]A0

]z
5

4p

v
P, ~18!

D21
4

e2qM2 uPu25N0
2 ,

I 5I 01
\vvz

2
~D02D!,
g

ds

of

ct
pa-

whereI is the wave intensity andI 0 is the initial one. From
Eq. ~18! we have the following expressions forP andD:

D5N0cosH eMq1/2

\cvz
E

0

z

A0dz1w0J ,

P5
eMq1/2

2
N0sinH eMq1/2

\cvz
E

0

z

A0dz1w0J , ~19!

wherew0 is determined by boundary conditions. Denoting

w5
eMq1/2

\cvz
E

0

z

A0dz1w0 , ~20!

we arrive at the nonlinear pendulum equation

]2w

]z2 5æ2 sinw, ~21!

where

æ25
2pe2qM2N0

\vcvz
. ~22!

We will consider two regimes of amplification that a
determined by initial conditions. For the first regime the in
tial average dipole momentum of the channeled elect
beam is zero but the population of energy levels in the tra
verse potential is inverted and it is necessary to have
electromagnetic wave with rather high initial intensities.
this case the following boundary conditions are imposed

Duz505N0 , Puz5050, I uz505I 0 . ~23!

The solution of Eq.~21! in this case reads

I ~z!5I 0dn22S æ

k
z;k D , ~24!

k5S 11
I 0

N0\vvz
D 21/2

,

where dn(z,k) is the elliptic Jacobi function,
As is known dn(z,k) is the periodic function with the

period 2K(k), whereK(k) is the complete elliptic integra
of first order. Therefore at the distancesL5kK(k)/æ the
wave intensity reaches its maximal value, which equals~the
interaction length should be equal to half of spatial period
the wave envelope variation!

I 5I 01N0\vvz . ~25!

Since we have not taken into account the relaxation p
cesses, this consideration is correct only for the distanceL
<ctmin , wheretmin is the minimum of all relaxation times

Let us now consider the other regime of wave amplific
tion when the initial average dipole momentum of transiti
differs from zero. This regime can operate without any init
intensity of electromagnetic wave (I 050). We will consider
the optimal case with maximal possible initial dipole m
mentum. So, we take
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Puz505eN0AquM u/2, Duz5050, I uz5050. ~26!

Then the wave intensity is expressed by the formula

I ~z!5
N0\vvz

2 F12dn21S iæz;
1

&
D G . ~27!

As is seen from Eq.~27! in this case the intensity varie
periodically with distances, with the maximal value of inte
sity

I max5
N0\vvz

2
.

In conclusion, let us estimate both considered regimes
the first regime the wave has initial intensityI 0 then the
intensity varies periodically with distances. To extract ma
mal energy from the electron beam the interaction len
should be equal to half of the spatial period of the wa
envelope variation-L5kK(k)/æ. At this condition the in-
tensity valueI 5N0\vvz is achieved. In the opposite case
short interaction lengthz!L the wave gain is small:

I ~z!5I 0~11æ2z2!.

The coherent interaction time of channeled particles w
electromagnetic radiation is confined by the lifetime
eigenstates of the channeled particles. As is known@15# for
the axial channeling of mildly relativistic electron
«;3.5 MeV in flint crystals, the eigenstate width is order
In

-
h
e

h
f

1 eV, which corresponds toz;1 mm. For planar channeling
this length is a little large. To fulfill the conditionz;L/2 for
axial channeled electron beam«;1 MeV ~æ250.026vp

2/
c2g3, wherevp5A4pN0e2/m is the plasma frequency fo
electron beam! it needs unrealistically high electron curren
j ;1012 A/cm2. Even for very large electron current
j ;106 A/cm2 we haveæ2l 2;1026 so the wave gain is very
small in this case.

The second regime is more interesting. It is the regime
amplification without initial population inversion betwee
the operating resonance levels. The radiation intensity in
regime reaches a significant value even atæ2z2!1 and ac-
cording to Eq.~27! is equal to

I ~z!5
N0\vvzæ

2z2

8
.

Then we haveI (z);1 kW/cm2 on the frequency\v;1 keV
at æ2z2;1026 ( j ;106 A/cm2) and the energy of electron
«;1 MeV.

However, the maximal electron current that can be use
this process is strongly restricted because of the effect
damaging the crystal as well as the increasing beam di
gence and the strong bremsstrahlung background. Those
the heating of the crystal, space charge effects, and collec
excitations. Therefore in the actual experimental situation
generation of x-ray channeling radiation is not feasible ev
in nonlinear regimes.
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