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The conventional=1/2—J=1/2 model is successful for the qualitative description of the interaction of
sodium atoms and laser light tuned close to the atdmidransition. However, time constants for dynamic
effects due to optical pumping predicted by the model are about an order of magnitude too short compared to
experimental observations. The inclusion of hyperfine states in the quantum-mechanical description of the
atom leads to a satisfactory model that also predicts the correct absorption due to atomic diffusion and allows
for the description of effects related to population trapping. This hyperfine model is derived in detail and
compared with thel=1/2—J=1/2 approximation[S1050-29477)00911-§

PACS numbsgs): 32.80.Bx, 32.10.Fn, 03.65.Sq, 42.25.Bs

I. INTRODUCTION radiation are to be described, the model for the atom must
discriminate between the different angular momenta of the
In addition to a variety of other fascinating effects, theatomic states. A straightforward approach consists of rate
interaction of resonant laser light with alkali-metal atoms canequationg 4] describing the mutual interaction of the atomic
create spatiotemporal intensity and polarization patterns istate populations and the radiation-field components. How-
the propagating radiation field. For their theoretical descripever, they do not contain coherences and are therefore not
tion, a number of models have been developed that vary icapable of describing diffraction that is essential for three-
complexity according to their aims. They have been opti-dimensional beam propagation. These effects require a semi-
mized with regard to simplicity, treatability with analytical classical description employing the three-dimensional wave
tools, inclusion of magnetic field effects, inclusion of the equation in combination with a quantum-mechanically de-
polarization properties of light, or the extension to other ef-rived atomic polarization term. In the case of the sodibm
fects such as optical pumping, radiation trapping, or populatransition, on which we shall concentrate in the following, a
tion trapping. two-level four-state semiclassical model known as the
Probably the first and simplest model to describe atomd=1/2—~J=1/2 model(or J;;» mode) is adequate for the
light interactions is the oscillating dipole model. By assum-explanation of most effects. A general treatment of such a
ing an electron in the Coulomb potential of a positive chargemodel has been given by Ducld$%] based on irreducible
driven by the oscillating electric field of a light wave, this tensorg6,7]. The model has been further developed for our
entirely classical model is capable of describing absorptiorspecific experimental conditions by McCord and Ballagh in
and dispersion effects that are coupled by the Kramersi990[8], however, only for the steady-state case. A one-pass
Kronig relation and are expressed by the imaginary and reaystem(not containing a cavity, a backreflecting mirror, or
parts of a complex refractive index. The linewidth of the counterpropagating beajns assumed. An arbitrary inten-
atomic transition, an intrinsic quantum-mechanical quantitysity and polarization pattern can be taken as input and its
is interpreted as the damping of the oscillation and the bindpropagation through sodium vapor is then calculated numeri-
ing potential determines the resonance oscillation frequencyally. The model includes diffraction, saturation, and optical-
From this model one can extract Beer's law for linear ab-pumping-induced polarization effects. As shown in Fig. 1
sorption in the weak signal approximation. It fails, however,(top), optical pumpindg 9] by circularly polarized light rear-
for stronger radiation fields since in a real atom saturatiomanges the initially equal populations of both ground states in
occurs. such a way that the medium becomes transparent to the laser
Saturation is taken into account by the optical Blochbeam and all atoms populate the nonabsorbing ground state.
equations[1], which represent the simplest semiclassicalOptical pumping represents a highly nonlinear mechanism
model where the light is a classical scalar wave and the atoraven at very low light intensities. It leads to an intensity-
is treated as a two-state quantum-mechanical system usingdapendent refractive index that is responsible for a variety of
2% 2 density matrix. Since this treatment is nonperturbativeeffects.
(the terms of all orders in the electric field are retaindhis Some of these effects that we have experimentally ob-
model remains correct even for large-field amplitudes. Aserved are briefly summarized here for further reference. The
comparisori 2] between the full QED treatment of the atom- simplest case of dynamic behavior, in which only a single
radiation interactior{ 3] with the semiclassical approxima- circularly polarized beam “pumps” its way through the me-
tion shows that the latter is a good approximation as long adium, is an important test case for the thepf}. More com-
the natural decay rate and the Rabi frequency are small conplex effects are observed if two beams of different polariza-
pared to the optical transition frequency. tion are involved. Beam switchind4] occurs when a
If effects due to the polarization of the electromagneticcircularly polarized laser beam has optically pumped the me-
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All these shortcomings can be eliminated by the inclusion of

3P1 — Fil the sodium hyperfine structure in the model. The importance
2 gt : o) of hyperfine effects has been mentioned previously, espe-
v 0 ; . : . ;
3s 2 cially concerning population trappind6-18 and optical-
% — 900 pumping time[15]. Due to the nuclear spih=3/2 of so-
mj— 12 12 dium, 16 states have to be considered, 8 for t8g,3and 8

for the 3, energy level. Even a simple rate equation model
including the hyperfine states provides the correct optical-
pumping time and light absorptid@]. However, as in the
case of thel=1/2—~J=1/2 approximation, a semiclassical
treatment is needed for the description of coherences and
three-dimensional effects. The main part of the present paper
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381 Fag L is dedicated to the derivation of such a semiclassical hyper-
1 F= fine (HF) model and to the detailed explanation of the im-
mg — -2 provements compared to the semiclassizgl model.

Some aspects of the HF model can be understood intu-
FIG. 1. Schematic representation of the sodiDgatomic tran-  itively. Due to the increased number of staf€dy. 1 (bot-
sition. Top: neglecting the hyperfine structure leaves only fourtom)] one can see why the optical pumping process requires
states §=1/2—J=1/2 mode). Optical pumping, by, e.gg* cir- a longer time since an atom in thmg=—2 ground state
cularly polarized light can occur directly between time=—1/2 needs more pump cycle€‘indirect” pumping) until it
andm,: +1/2 ground states. Bottom: full model with all hyperfine reaches the 0n|y pumped stat'eF(: 2) One can also imag-
levels. Optical pumping occurs in several steps and is about afhe that the unpolarized atoms that diffuse into the beam-
order of magnitude slower than in tiie= 1/2—J=1/2 model. Re-  interaction region contribute more strongly to the ground-
laxations other than the one to the pumped state are not shown. gtate magnetization decay rate than in thg model, in
which half of the in-drifting atoms are already in the pumped
dium and then a second beam of opposite circular polarizastate compared to only 1/8 in the case of the HF model. In
tion is switched on. As a result, the total transmitted lightaddition to the improvements with respect to thg, model,
through the medium drops to zero since the mutual opticalhe HF model also allows one to address fundamentally dif-
pumping of both beams redistributes the atoms in botterent questions. Population trapping, e.g., is shown to occur
ground states in a such way that both beams are absorbédthe energy splitting of the hyperfine levels is decreased.
completely. Another effect is beam bouncift0], which ~ The HF model also allows for different relaxation and
occurs when two laser beams of opposite circular polarizadephasing rates for each rat-4) in the irreducible tensor
tion are guided through sodium vapor with their geometricalepresentation, giving a total of 14 relaxation constants com-
intersection point in the middle of the cell and making anpared to only 3 in thd;, model. The possible adaptation of
angle of about 5 mrad. The beams then deflect each othéfe HF model to other atomic transitions and other alkali-
due to changes in the optical-pumping-induced refractive inmetal atoms, as well as the case of a two-dimensional gas, is
dex that cause total internal reflection at the interface aregliscussed in Sec. V B.
close to the intersection point. A third effect is beam splitting
[11], where two initially superimposed copropagating laser
beams of opposite circular polarization suddenly split into Il. DERIVATION OF THE EQUATIONS
two separated beams after having propagated a considerable
distance through the medium. Also the effect of externally
applied magnetic fields can be described by the model. Re- The atoms are considered to be at rest, which excludes the
lated experimental observations are the large-frequency shiftescription of behavior caused by the Doppler effect or by
of the absorption profile of circularly polarized light2] and  velocity changing collisions. The motion of atoms is mim-
the deflection of a circularly polarized laser beam by theicked by adding appropriate relaxation terms into the
inhomogeneous transverse magnetic field of a current carngensity-matrix equations. The diffusion of atoms out of the
ing wire [13,14]. laser beam area, e.g., is approximated by an exponential de-
Although theJ;;, model describes most of the observedcay of the ground-state magnetization. In our experiments
behavior qualitatively, it often fails to reproduce the truethe use of argon as buffer gas reduces the diffusion rate of
experimentally measured parameter values. It clearly failssodium atoms drastically. This approximates motionless at-
e.g., to account for a realistic description of the dynamics obms, inhibits nonlocal effects, and increases the transient
optical-pumping-related phenomena. In the model the timdime of atoms in the laser beam. The related low value for
scale of optical pumping is about one order of magnitude todhe ground-state magnetization decay rate is essential for ef-
fast compared to experimental observati¢a§]. Further- ficient optical pumping in the relatively low-power beam. A
more, the decay rate of the ground-state magnetization due farther consequence of buffer gas is the homogeneous broad-
diffusion has to be adjusted for good agreement betweeaning of the atomic transition due to collisions. In thg,
experiment and theory with regard to the laser-beam absorprodel this is the main reason to neglect hyperfine effects and
tion. Also in the case of external magnetic fields one has t@oppler broadening. In our HF model we still assume homo-
vary theg factor of the lower level betweehand 2, depend- geneous broadening to be much larger than Doppler broad-
ing on the observed effects, to match experimental resultening, which can therefore be ignored.

A. Assumptions
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The emitted radiation after a spontaneous decay of the 19 ic 92 &2 R i . .
excited atomic state is not taken into account and is consid- | | —+ — —) ——(— — | |Eo(r,t)= Po(r,t).
ered to be lost to the system. This excludes radiation trapping gz C It 2w\ gx> gy 2Ceo
effects and is usually a good approximation for low atomic (6)

densities and low light powers. Furthermore, the mutual in- T
teraction of atoms is neglected. The approximation is justified by the large value of In

The laser linewidth is assumed to be zero, which is a goo@ddition to restricting the light propagation to the positve
approximation for the experimental value of 1 MHz. Finally, d|rec_t|on, it also allows for I.arger time steps in the numerical
although quadrupole and higher moments appear among tts@lution of the wave equatiofreduced stiffne9s{19].
density-matrix elements, the wave equation in the dipole ap- We expresE, andP, in the standard spherical represen-
proximation will be used since the spatial variation of thetation with the base vectoss,,
field envelopeE, is assumed to be zero inside a volume
element of atoms described by the density matrix. €= \/—%(éxiiéy), €=6,, 7

B. Classical field equations as

The laser light traveling along the axis, defined as the = - g
guantization axis, is represented by the classical electric field Eo=—Eoe,~Epe-,

E(r,t)=ReEq(r,t)e («t=k] Po=—-Pye,—Pge_, ®)

S[Eo(r,e et c.c], (1) with E5 andPj denoting the right- and left-hand circularly

polarized components cﬁo and ISO, respectively. N@ com-

VY“'E“ is the p_roduct of the ggnerally_ complex enVEIC_’peponents occur since the laser beam is restricted to propagate
Eo(r,t) of the field and the rapidly oscillating exponential giong thez axis.

function. Similarly, we write
B(F )= RG[ISO(F,t)e_i(‘”t_kZ)] C. Quantum-mechanical atomic equations
e The macroscopic poIarizatiolﬁ is essentially the expec-
= 3[Po(r,t)e @Kt cc] (2)  tation value of the dipole operator obtained from the density
R operatorp, which obeys the modified von Neumann equation
for the electric polarizatio® due to the atom-light interac-

tion. From the definitior(1) follows the relation between the I _ i—[H 1+ p ©
light intensity | (averaged over a peripdnd the envelope at pLP at relax,
E, given by
where the Hamiltoniai is
1 -
_ - 2
=g oocll” ® H=Ho Hiasert Hnagner 10

Note that our definition oE, is a factor of 2 larger than that Equat_lon(g) IS, In our case O.f 16 pqs&_ble atomic states, an
in [5]. equation between 2616 matrices, yielding 256 coupled or-

dinary differential equations for the matrix elements gof
Normally one developg in the standard(energy basis
|a@,F,m), where F is the total angular momentunm its
projection on the axis, anda the other indices necessary to

InsertingE andP into the classical wave equation derived
from Maxwell's equations

2= 25
V2E— i E: 1 Q (4) specify the state. In our case=I| denotes the lower state
c? gt?  goc? ot?’ 3sy;, and a=u the upper state 3,,. Due to the symmetry
of the problem, however, it is useful to develop the density
we obtain matrix onto a basis of irreducible tensdf defined as
N JEy 2iw dEy 1 0°E -
V2B +2ik 24 S0 2270 heTe=2 (—1)°(F,G,m,~nlk,a)|a,F,m)(8,G,nl,
9z CZ ot CZ 0-)t2 m,n (11)
k2. 2w dP 1 %P L : _ .
=——Py— w2 —9% 5 20 (50 which is a linear transformation of the standard basis.
£o goc? It goc? ot (F,G,m,—nlk,q) is the Clebsch-Gordan coefficient cou-

. R pling the angular statds,m andG, —n to the state&k,q. The
for the relation between the envelogesandP,. Within the opera’[orsig‘T':1 can be seen as a generalization of the Pauli
slowly varying envelope approximation, the higher deriva-spin matrices for a spin-1/2 system. The density opefater
tives of E, and P, are neglected, which leads to the final then expanded on this basis introducing the time-dependent
equation coefficients! Zpk(t) as
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Note that in the case of line broadening, in contrast to the
Ji;» model, the frequency of maximum absorption is not at
zero detuning for the HF model. For typical parameter values

In addition to irreducibility with regard to rotations, this ex- in the present paper, the absorption maximum is shifted
pansion ofp gives access to the results of irreducible setabout 0.5 GHz towards the low-frequency side.

theory and allows for a comparison with results from other

authors since it adheres to the standard normalization and D. Interaction with the laser beam

phase convgntions_. Also, in contrast to the standard compo- The Hamiltonian of the atom-light interaction is

nents, the irreducible components pf generally have a
deeper physical meaning since they represent quantities such
as population, orientation, and alignment, according to their

p(t)= ﬁ;} y Fapa(t) EaTK. (12)

Hiaser= — E- 51 (22

rank k.
The expectation value of any operatdris

(A)=Tr(pA) (13

and the expectation values of the irreducible tensor operators

T are

(CoTO =Fopex.

~aBFq (14)

where D is the dipole operator. If we express the electric

field (1) and the dipole operator in standard spherical com-

ponents(7), we obtain

E‘ 5: _ %(Eaefiwt_ Ear*e+iwt)D+
_ %(Ege—iwt_Ea*e-Hwt)D—. (23)

The dipole operator is a tensor of rank 1 and therefore its

It is therefore straightforward to find the expectation value ofmatrix elements arécompare[20], Eq. 5.4.1

I50 used in the wave equatidh) once we have expressed the
dipole operator in terms of the irreducible tensors. Other use-

ful relations are the matrix element of the tendJoiin the
standard basis

(a,F' ' |F S TE|B.F,m)

- F' k F
=(—1F "™ 2k+1 , 15
(OFmzker m) (15
the Hermiticity relation between matrix elements
Fops=(—1)FC-a BFpk (16)

and the population conservation relationo¥1, which in
our case gives

V3(i'5+ io) + VB([%0+ fpd) =1, (17)

The first component oH, the Hamiltonian of the unper-

turbed atom, is

Ho= >, > E.rV2F+1FET,
F

a=I,u

(18)

whereE,,  is the energy of levelr with total angular mo-
mentumF. As indicated in Fig. 1, we define tH2; transi-
tion frequencyw, as

Eu,l+ Eu,2 . EI ,1+ EI 2

howo= > 5 (19
and the hyperfine splitting energies as
AEBpr =2hw=E 2~ E 1,
AEyr y=2hw,=E,,—Ey;. (20)
The laser-atom detuning is defined as
Aw=w—wg. (21

(F'.m’,J’,|

DglF.m,J,1)

F
(F'",J",1]|D||F,J3,1).

= _m< q m)

!

-m
(24)

Since D only operates on the first parﬁ)( of the coupled

angular moment& =J+ I ([20], Eq. 7.1.7, the reduced ma-
trix element on the right-hand side is

(F" 3" 1||D||F, 3,1y =(—1)Y T HF+1(2F +1)(2F' +1)

X
F

"o
; 1]<J||D||J>, 25

while the final reduced matrix element is an integral over the
radial wave function®, given by

2 (= 2
IIDl9= 5| R ordr= /50 20
3o 3

The integral cannot be evaluated directly, but is related to the
natural decay rate,, by [21]

/ mhcle
d=3 Ynat - 0.
2(1)0

For the sodiumD; transition, we havd =32, J=J"=1,
andF=1,2. Summarizing the above relations together with
Eqg. (15) leads to

(27)

d
Dy=——=[—iTa— wiTa+ VB Te— LoTe — [ 2Ta+ 21 Ta+ 222
J18
+2Tol. (28)

Only D~ are needed since in our case the laser beam propa-
gates along the axis.
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E. Magnetic field the e?“! term is ignored. The rotating-wave approximation
The Hamiltonian of the magnetic-field interaction is restricts the useful time domain te-1/w due to averaging
over the light oscillations.
_MOgJE-; B Mnutgls >
Hmagnet_ 7 B-J+ h l (29 G. Relaxations

A disadvantage of a semiclassidalon-QED treatment
of the light-matter interaction is that the various relaxation
effects have to be added phenomenologically instead of be-
[ng included in the Hamiltonian. We will now discuss the

as long asH agnetis smaller than the hyperfine interaction
(low-field approximatioh The second term is three orders of
magnitude smaller than the first due to the small nuclea
magnetic moment. This alone is no reason to neglect it, since. . L
even small couplings between the equations for the densit lifferent relaxation expreSS|on$)£,e|a>i. R
matrix elements can have large effects. However, this term For our case with the coupling=J+1 (hyperfine struc-
does not introduce couplings that were not already present if¥ré small compared to the fine structyr¢he additional
the first term and will therefore be neglected. Like the dipoleterms in the density-matrix equations due to natural decay
operatorD, the operatod is a tensor of rank 1, so the same are[24]
treatment as before can be applied, except for the final re-
duced matrix elemenrtsee[20], 5.4.3 (ﬁebg)natrelax: > E’GG’gk EUG 'a (35)
F',G’
(J'131[3y= 8331 8,5VI(I+1)(2J+1). (30
with
Again, using Eq(15), we obtain
EésGlé'kz(_ 1)F+F'+k+l,ynal(2JI + 1)

f
909~ 5,2, Qo ~ Tt VB(= T+ CaTa+ GaTo)). X \(2F+1)(2G+1)(2F +1)(2G' +1)
a=1l,u
(31) F G k|(G'" G 1||F F 1
X .
G F 1)(J J 1[I J I

with g; =2 anng,uzé. Note that the reduction of thg;
factors by +(21+1) used by many author®.g.,[22]) is (39
already included in this treatment.

The Il -matrix elements relax due to diffusion and colli-

F. Evaluation of [H,p] sion processes. We will use

We evaluate Eq(9) withoutrelaxation terms irH. Those (FGI')k) =(FGI')k) _ yk Fka 37)
terms are added directly into the equations lateandp can I Falrelax il Po/natrelax 71l 11 Fa-

be multiplied directly in the irreducible tensor basis using theFOr all other (u, lu, andul) elements we add the terms

relation
E;C;Tg ZIE,’TE’, _ ;H (- l)G’+F+k’fk+k"7q” Egpg)relax: - 7';,3 ng’g ) (39
< where theyX, are the sum of the natural decay rate and
X Sgpr[(2k+1) (2K’ +1)(2K"+1)]"? collisional rates of the upper levey} the decay rates of the
K K K K kK K)FG' Iowe_r level mainly_due to diffusion processes, aﬂ:q the
x( )‘ } ,Tk',;_ multipole dephasing rates. Hermiticity demands that
9 9 —q'/[G" F F'jap’a ¥, =X, and enforcing population conservati6t?) results

(32 in y1=0 and y),= yna, Which excludes nonradiative de-
cays.
Comparing the coefficients of the corresponding tensors on As initial conditions, before laser light enters the sodium
the left- and right-hand sides of E(Q) leads to a system of vapor cell, all density-matrix elements are zero except
256 ordinary differential equations for the density-matrix el-
ements. After the substitution J3 J5
iPo(t=0)=g. {*pg(t=0)= 5. (39)
::qug_>e+|wt ::qu lc(4 ,
These elements describe the population in el and
Eﬁpgae*‘wt EFE; (33) F=2 ground states, respectively. Initially all atoms occupy
one of these states. When the laser is turned off
the terms oscillating at optical frequencies in the productdEg =Ey =0), the equation for the population of the lower
pH and Hp of Eq. (9) are assumed to average to zeroF=1 level becomes
(rotating-wave approximatiof23]). For example, in

: Vnat
N S e S (34) iP0="5 " (suPo+ VISip0)- (40
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TABLE I. Number of generally complex ordinary differential all cases, the set of equations can be reduced by one if the

equations needed to calculate the electric polarizad@nfor vari-  population conservation relatiofl7) is applied. The equa-

ousE andB field configurations. In all cases the number can betions for the 16 element§p§ are real, while all others are
further reduced by one using the population conservation relatiorgenerauy complex.

7.
) I. Numerics
Setup Number of equations
For given electric and magnetic fields, the time evolution
Byans? 0, Eo arbitrary 136 of the density matrix can be numerically evaluated by using,
Eg#0,E;#0, Byane=0 72 e.g., a Runge-Kutta integration method. If light propagation
Eo =0, Byan=0 34 has to be included, the density matrix equations have to be

solvedlocally, coupled to the partial differential equations
(6). We plan to give a detailed description of a fast algorithm

If the laser has been off for a long time, the upper-statesolving these equations in time and three-dimensional space
populationsipd and 228 are zero. This means thgtp  elsewherd19].

remains stationary and does not relax to the initial equilib- Even though only the electric dipole is used in the wave
rium population of\/3/8 due to atomic diffusion in and out equation(due to the approximation that the electric-field gra-
of the beam area. We simulate this by adding the followingdient is virtually zero over a sufficiently small volume of

diffusion terms to the equations: atoms, none of the elements of the density matrix, not even
) for k=3, have been approximated by zero, as can be done
(Fpd) g = — vair (ipS— 319, for steady-state calculatioff@5]. We found that, especially
for short-time simulationgwithin a few Rabi oscillations
(2209) it = — vair (3209~ \/5/8), such approximations would lead to large errors in the dy-

(41) namic evolution compared to a full solution of all equations.
Y . The numerical values used in the calculations are

(11 )it = — Vai 11 ,
uuPo) diff Vdiff uuPo yoa=6.25x 107 571, (44)
(Z2pQ)ditt=— Vitr aapo - d=2.6x10"2° Cm, (45)
The additional decay rates for the upper level are negligible
compared to the rates introduced in Eg8), but they are AByg, =hX2mX1772 MHz, (46)
essential for conserving the total population.

AEye (=AX 27X 189 MHz. 47
H. Expectation value ofP, The relaxation rates/{ and yq have been estimated from
The mean value of the macroscopic polarization is the average diffusion time of Na atoms through the laser
) ) A beam. They are typically of the order of161. The rates
Po=—n(D_j)e,—n(D,)e_, (42 ¥, contain the natural and collisional decay rates and are

] . ) therefore equal to or larger than,,;.. The model is not very
wheren is the volume density of atoms. Using H34) and  sensitive to these rates, and for simplicity we set all of them
the expression for the dlpolg operaf@B) and comparing the equal toy,.. Finally, the rateSy:‘u can be determined by the
_resm_JIt with Eq.(8), we obtain the mean value of the polar- absorption widtH26]. They are about 2§ s for an argon
ization envelope components buffer gas pressure of 240 Torr at 500 K.

ond By setting y‘;ﬁ to be equal for each rark we disregard
Pl=—[p é+ J5(— 1z5 é+|2ulp é+ 2z; é)]* . (43 possmle_ d|ffer'ences petween the relaxation rates for pqpula—
\/—8 tions, orientations, alignments, etc. However, if such differ-

ences should become of importance in the future, they can be

The size of the complex differential equation system for theadded to the equations in a straightforward manner. This

density-matrix elements needed to evaluate(B8) depends  would be difficult if p had been expanded in the standard
on the specific symmetry defined by the polarization compopgsis.

nents of the laser light and the components of the magnetic
field. The hermiticity relation(16) reduces the number of
equations from 256 to 136 for arbitrary light polarization and
magnetic field(Table ). If no transverse magnetic field The semiclassical,;, model that we compare with the HF
(Byang is applied, the number of equations is 72, even if amodel is a special case of the equationg5h It has been
longitudinal magnetic fieldB,) is present. The longitudinal published in more detail if8], however, for the steady state
field does not change the symmetry of the setup and therenly. For completeness, the correspondiiige-dependent
fore does not introduce new transitions between atomiclensity-matrix equations are given in Appendix B.

states involving additional density-matrix elements. For the The main difference between tldg¢, and HF model con-
case of only one circular polarizatio&§ =0) and no trans- cerning optical pumping is the increased number of atomic
verse magnetic field, the size of the system reduces evestates in the latter. The “indirect” optical pumping in the HF
further to 34 equations, which are given in Appendix A. In model is about an order of magnitude slower than inXhge

[ll. COMPARISON WITH THE J=1/2—J=1/2 MODEL
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1 :
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23 mj=+1/2 - hyperfine modetl }
22 06 g 9.
3 E i ;
ES 04 g |
o U i=-1/2 ]
) my = 6 T 1, modet
0.2 - ’
= 3,
) |
. 08 Wy = 0:- .
b= o1 =0 0 500 1000 1500 2000 2500
b=} 1
g Intensity [W m-2]
=S g FIG. 3. Steady-state polarization per atom for circularly polar-
§_g» ized light (E; =0) as a function of the light intensity with
YK = yar=1.55x 10* s~* and w= wy. For typical laser light inten-
sities, the polarizatiofand therefore the absorption in our chise
@ 08 189 MH always larger in the hyperfine model. This effect reversesl for
g Oy = T ? below about 140 W/rh
24 06 o] = ®- 1772 MHz
Q= . .
S€ 04 w;,w,>0. In our case of only one laser field, the effect is
§§ ) strongest if the two atomic transition frequencies are equal
2= 02 and the laser is on resonance with both € w,=Aw=0).
As soon as the hyperfine energy splittings are nonzero

2 4 6 8 10 (w,,w,>0), the coherences causing population trapping are
time[ps] reduced and complete optical pumping is possilblg. 2,
bottom). The effect is directly reflected in the density matrix
FIG. 2. Evolution of the lower-level populations when a circu- €quations (Appendix A). For example, the term
larly polarized light source with zero detuning € wo) is turned  — (2j w,+ 7|1|) ﬁlpé in the equation forﬁlb(l) oscillates with
on att=0. The lower-level relaxation constant and yqs have 4, and averages to zero with large enough hyperfine energy
been set to zero. The electric erldE‘l§=3000 V/m, COI’reSponding Sphtt'ng Th|s |S an example Of Very Sma” termsHlnhaVlng
to an intensity of 11900 W/t Top: fast and complete optical g 'jarge effect on the density-matrix evolution. In addition to
pumping in the)=1/2-J=1/2 model. Center: fast and incomplete {ha |onger pumping time, another difference relative to the
optical pumping due to population trapping when the hyperfine en:lll2 model is the considerably larger influence of foéfu-

ergy splittings are neglected in the HF model. Bottom: slow andSion dominated relaxation rateSy:‘,. The absorption of a

complete optical pumping with the correct hyperfine energies. The.. - . .
hyperfine states are indicated by 1F=2, mg=+2: circularly polarlz_ed laser beam is ugually much larger in the
20 F=2, mg=+1, 3: F=2, m.=0: 4 F=2, mg=—1; HI_: model than in thd,, _approxmatlon for the_same relax-
5 F=2, me=-2; 6 F=1, me=+1; 7: F=1, mg=0: ation rates. The comparison of the rate eqqatlon systems for
8 F=1me=—1. both caseqd4] leads to a simple explanation: In thk,,
model one-half of the atoms entering the laser beam through
model since it involves several pump cycles between subdiffusion are already in the pumped state, while in the HF
states. A simple rate modgt] including hyperfine levels but model this ratio is only 1/8, which leads to the larger absorp-
no hyperfine energy splittingsnd no coherencgsonfirmed tion of the beam. However, this absorption difference is
this behavior. Since the absorption width due to buffer gagnore complicated for the semiclassical models, as can be
collisions is considerably larger than the hyperfine energyseen in Fig. 3. It depends not only on the values/pfand
splittings, we expected that the hyperfine splitting energieg s, but also on the intensity of the beam. For typical values
would not be important also for the semiclassical HF modelof the relaxation constants for sodium cells containing argon
However, forw,=w,=0 the optical pumping is incomplete buffer gas, the absorption is larger in the HF model for in-
and again too fast as shown in a simulatifig. 2, centerof  termediate and large light intensities, but smaller for intensi-
the time evolution of the hyperfine density-matrix compo-ties below a certain threshold, which depends on the values
nents under the influence of circularly polarized light. Theof *y|k| and yqi . This unexpected behavior is the subject of
reason is an effect known as “population trappin@7,16—  further investigation.
18], which cannot occur in thd,,, approximation or in the A full three-dimensional and time-dependent simulation
hyperfine rate equation model. Population trapping appearsf both theJ;;, and HF semiclassical model reveals the dif-
when two lower states, e.g., the twor=—1 states, are ference in absorption as well as in the optical pumping time
coupled to the same upper stdeg., one of themz=0 (Fig. 4). Only the HF model describes the experiment cor-
states; see Fig.)1The coherence between the two groundrectly. In the experiment, the laser has been tuned to the
states then suppresses optical pumping. In the referencégquency of maximum absorption. Due to the definition of
mentioned above, two coherent laser fields are involved and,, this corresponds to a detuning @&f— wy=—27Xx0.5
the trapping effect is strongest when each one is exactly oGHz in the HF model and to zero detuning in the, model.
resonance with one of the two transitions, even forThe remaining differences between the HF model and the
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2

12

J1/2 model

0.8 hyperfine model
0.6
0.4

0.2

1 j‘ hyperfine model

experiment

relative transmitted intensity

transmitted power [mW]

0 1 2 3 4 5

time [ns]

0 50 100 150 200 250 300
time [pts] FIG. 5. Relative transmitted intensity behind TOmonolayers
of sodium. The incoming beam is assumed to be a circularly polar-
FIG. 4. Comparison of an experimental transient with the twoized plane wave with 1:210° W/m? intensity, turned on at=0.
theories. A Gaussian beam of 4 mW has been turned tan@tand  The hyperfine model predicts a reduced but longer oscillation.
the transmitted power behind a 6.5-cm-long sodium vapor cell
(T=200° G is observed. Other parameters of the simulation ardeads to the desired correction in the steady state, but fails for
Y = Yair=1.55< 10* s~ and »{,=1.0< 10'° s *. The parameters time-dependent calculationii) The g factors have to be
of the experiment have been directly inserted into the models fofeduced by a factor of 4 to correct the Larmor precession
the numerical simulations. There are no fitting parameters, but thﬁequency. This is of course related to the time-scale adjust-
input and the output power have been corrected for cell windowyent above. However, thg factors must not be reduced for
losses. the simulation of effects that involve the destruction of opti-

cal pumping and its resulting change of refractive index,

experiment are due mainly to imperfect Gaussian beam prag,c, as the deflection of a circularly polarized beam by the
files. Residual magnetic fields in the experiment are below $hhomogeneous magnetic field of a current carrying wire

mG and have little influence, as was confirmed by numericaﬁm] or the absorption of a circularly polarized beam by a

simulations. . transverse magnetic field.
A further difference between the models is the effect of an g, exploring parameters, usually tig, model is used

. . _ _ 2
external magnetic field. Thg, factorsg,, =2 andg; ,=30f iy order to save computing time. A calculation with the HF
theJ,;, model are effectively reduced by a factor 4 o2 nodel then delivers the final result for comparison with the
and —4 for F=1 in the HF model, equivalent to a “distri- experiment.

bution” of the g, factors over the magnetic hyperfine sub-
levels. Thed;, model contains only a single Larmor fre-
guency for the ground state and its predicted value is four V. OUTLOOK

times larger than the experimental value of about 700 kHz/G. A. Two-dimensional sodium vapor

Also, the model fails to describe nuclear Zeeman effects, . .
e.g., the different magnetic transition frequencies for the Recent resultg28-3( suggest the possibility of holding

ground stat¢15]. However, due to the;-factor distribution a_twp—dlmensmnal gas of sodium atoms near a surface. The

. binding energy seems to be low enough to disturb the optical
mentioned above, both thh,, and the HF model correctly roperties of the atoms only slightly. The wave equatién
predict the absorption of a circularly polarized laser beant OP y S1ghtY. q

due to a transverse magnetic field, as well as the deflection %n be adapted to this two-dimensional case by reducing the
e

. ... thjckness of the sodium vapor to zero, resulting in
such a beam by an inhomogeneous transverse magnetic fi
[14]. iwo .
7o cPolt), (49)

Eo(tou=Eo(tin+ 5,

IV. CONCLUSIONS

In spite of several shortcomings, tlg, model still has "Yhere o is the surface density of the Na atoms and

its advantages. It is more transparent than the complex HEo(t)in,Eo(t)ou are the incoming and outgoing field enve-
model, and since it contains only a few equations for thdopes, in front of and behind the surface, respef:tlvely. The
density-matrix components, it can be solved much faster on &Ser beams are assumed to propagate perpendicularly to the
computer. Also the wrong time scale of optical pumping ef-surface. The polarizatioR(t) is determined by the density-
fects, which lets the system reach its steady state about anatrix equations as before. While the surface densities
order of magnitude faster, helps to save computing time. Thachieved are still too low to cause observable effects in the
J1» model is still useful since it describes many effects atsteady state, it should be possible to measure quasi-Rabi sig-
least quantitatively correct. For improved gualitative resultshals behind such a surface when a fast rising light pulse is
however, some adjustments are necesgarhe time scale turned on as, for example, {181]. Even though no optical

of the results has to be adjusted by a factor of about 5 ipumping is involved, a simulatiofFig. 5 of such an experi-
order to obtain realistic optical pumping time#) The dif- ment leads to quite different predictions for thg, and the
fusion constant has to be increased by a factor of about 7 ilF model due to the superposition of several Rabi frequen-
order to obtain the correct absorption at normal laser intencies in the HF model. These Rabi oscillations and their
sities. Increasing the density of the vapor as an alternativdamping constants would reveal information about the sur-
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The HF model derived in Sec. Il can be adapted to other
transitions of sodium or other alkali-metal atoms. In addition
to different momenta andl, the main difference would be APPENDIX A: DENSITY-MATRIX EQUATIONS
the size of the hyperfine splitting energies. As an example, WITH HYPERFINE STRUCTURE
the sodiumD, transition would require a total of 2424
equations with this treatment. For cesium, which has nuclea(E,ZO) and no ma D L ; .
o . . 0 gnetic field, the density-matrix equations
jglg 4IS (7D/i) tergﬁ a:;grr?sbfeorr |tr;](;reda :ﬁ:it;?mit?ii ggrﬁpc?r? gms.reduce to the following set of 34 ordinary differential equa-

Some of these calculations have been done for the steaég ns that have to be solved to calculate the polarizat®

state, where many of the equations can be neglected. If th ne equation can be eliminated using the population conser-

dynamic evolution of these systems depends on about ,:}\gtion relation(17). The equations have been derived using

B. Other alkali-metal atoms

In the simplest case of only one circular polarization

same ratio of necessary equations to total equations as in t e commercial 'computer .al'gebra SyStMTHEMAT'CA
presently discussed system, the increase in computing timg2 1he following abbreviations applyy=dEy/# and
for a numerical solution would be enormous. A careful study™ @ =@~ o, the detuning of the Iaser.fronkthal transi-
of the circumstances under which some of the elementdon- Also, as a simplification, we writg,*pg instead of
might be neglected in the dynamic case would be useful, buEJGpE and y¥ instead ofy¥,,. Note that the total hyperfine
also difficult because of the increased complexity of thesesplittings areAE, ¢ ,=2%fw, [Eq. (20)]. The equations for
systems. thell elements are then

8

) 1 5 Ynat
g~ v o v b+ 2l T - o o8

: 1 Vnat
ii'o=— MV (pi+ioei— V5iipi+ 3D 1+ 75 luuwpo+ 3V500po+ 2V5Re(upg) 1= ¥ i'pg.

: 1 Vnat
5= 5o 3 MLV (Biupi— 151upi~ VBitp1+15i5pi— 1245 ifp]) ]~ [hups— V21 §ip5— 6 ReFupd) 1~ o ii'es,

- , i
1p0=156V" (5V5 lip1+ VBigpT+15i0p1+ 345 ifpD)* = (2iw+ v s~ 15pV (5 fupi— 345 fupi+ 15{ip1— V1050pF

Ynat 11 1 _n21 1,21 1 22 1
+ ﬁ(\/g uuPo—3 uup0+uup0* +3 uupO)*

. —i .
105 So=V* (15i0p1+ 1515033 \5 {fp1+ 251503+ 4 V5 ifp])* — (2w +¥))iT'pg

1203

i

~ 360V (3VI5 P15V {lpf — 4V15 {pi— 3115 {¥pi+ 15V7 {pi— 1210 {fp?
Ynat

20 B Bl 3230 + V21 %)),

. 1 Y
22°0_ 21 1,4, 22 1y, Ynat 11 0, 2220 22 0
i Po—_3 \E'm(V PtV |uP1)+—6 (V15 yupot 3 GuPo) — 7diff(|| Po~ g

)
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1 Vnat
p0=ggM(15V fipi+3VBV {lpf+5V o1+ V108V {fpd) +T513V5 Lupg+5 fpo+ 6 ReGupp) 1 v

P6= 230 m(7\/—5V fip1+35\7V {ipd+4435V {lpd— 735V {p1+35V3V {pi+4y210v {7
yl”;‘[F L3+ 3225+ 2\21Rd 2 %) 1 7 08,
o= 3&— * (35 {ip* — VB ilpT* +10i0p* ) + (— 2iw — ¥)i'pg
—1260 V(7430 71p%—35V6 1p3— 3170 2p%+10577p3 - 151105 iZp]

VYnat 21 3, 521 3 22 3
+—( Lpa+32p3 + 6 2p),

22° 3 Im \% |2ulpi \ |2ulp§ _V Izuzpi \ |2u2pi> 1 5V 22 4 322 3 E 21 3
I Po= 3\/— 6 7105 + 2\/— WPL| — Y WPt 37natRe(uupO)v

22 4
422 4 ')’natuupo

22° 4
Im Y nPo— 3

InPo~

0
Vil Vil 1 5,
- +5 V3V iuP1

27 2442

For theuu elements we obtain

1 1[5
Lupo= sV ap1) —g\élm(V f101) = (Vnatt Yait) 5up0

1
1171 1,1 11,2, 52101 3212, 111 1
uuPo= ——|m[V(|up1 P15 up1t3iip1 )]— Yu uuPo:
1
1172 11 1 11 2 21 1 21 2 21,3)7 2112
npg=— —=Im[V(5{1p1+15i1pi+ 5 fpi+ 15703 +12 5 fpd) - ¥4 tups.

603
fupo= 120V(5\/— P15 lipf—15{0p1+ 35 {p) — (2iwy+ 7)) fipd

12 1 122 15221 222
_@V* (512p1+3/5 [2pi—1572p1 — 105 2p2)*,

3%1/’(2) 120\/—\/( 15 Ilulp% Iup1+3\/_ Iupi_l_ 25 Izulpi_4 \/g I2u1pi)_(2i oyt 'yu)uupo

+ %V* (315 5p1+5v3 ipi— 4V15(pi+3VI5 {pi+ 15V7 {pi+ 12V10p)*,
22° 1 12 1
uupo_ﬁlm(v luP1— Iupl) (Vnart ')’dlﬁ)uupov

1
fupo=ggIm(— 15V ifpi+ 3BV ifpf+5Vifpi— V105V {pd) — ¥, Sis,

G5 =250 M(TV3SV o1 —35V7V ol + 435V {fpi+ 735V {fp1+35V3V {fpi— 4210V {fp3)

122 1
I 1 Pos

2 22 2
Yu uuPo>
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uuPO_3O\/— \/_ Iupl \/_ Iupl+1OI2ulp§)+(_2iwu 'yu)uupo

+1260V*(7\/—0I1L12P%+35\/— 1293+ 370 2202+ 1052293 + 15105 22p)*
Vel Vieei Vﬁfpi fopf_ﬁv fopt
35 6 V105 @ 26 6yid

12 3 22 3 22 4
22" 4 Im (V Iupl \ Iupl \/EV Iupl) 422 4

uuPo= 2\/— 2\/—2 6\/5 ~ Yu uuPo>

and finally thelu elements are

223

322 3
uuPo -

u uuPo>

hip1= [l(—Aw+w|—wu)—7|1u]|lulpi+ SV* (276 o+ 3ii'ps— V3 "5~ 216 yupg+ 3 supgt V3 Lind+ 35 fipp*
+3y3 {8 +345 21p5— 343 2ipd),

pi=li(—Aw—ow— o)~ el + 360V*(10\/—01ﬁp8+15f1p$+J_51ﬁpS 5806315 {'p3— 452105
—3/15 Jip5—30V2 (%0~ 45{°p5— 335 {’pj) ,

2p1=[1(—Aw+w+w,) — v, ]i2p1+ %V*(lox/% "0~ 15V5 ii'pg+ V15 i'p5 + 45 'pg* —3V15 {'p3* + 157 pg*

—315 Jipg* —30V2 22pg+ 455 05— 3135 2pf),

tpi=li(—Ao—w+w)— yilitei- @V* (1505~ V15 '+ 15 5™ + V15 Sipg* +10V2 {p5+5 P~ V35 0

—10y2 Z2p5+532p5+\35 22p3),
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2

mpi=[i(— Aw+w|—wu)—Vfu]llulprr@V*(Sﬁlp%% 3 P53~ 5 tupe+5\3 Lips+ V5 Alpg* + 513 Flpg* +2\30 71p3*

— 5 Zlpg+543 Sips— 2130 5ipd),

2,2 [1(~ Aot o1+ 0g)— 7RTE0+ 3oV (45 iph- 163 Hpf+0VB 3ot +25/3 ot ~ 230 73 + 946 Zipi

360
—54/3 2Lpa* —2./30 Zp3* — 95 Zpi+ 157 Zpi—12\/5 2p?),

12p3= [u(—Aw+wl+wu)—yfu],luzp§+—126ov*(4zﬁﬁ1p3+14J—5ﬁ 5+ 706 Flp3* +14V15 31p3* —35V6 Zipa*
—6/35 2p5+ 1053205~ 45\7 F2p0),

fapi= ['(—Aw—w|—wu)—vfu]fulpf+ﬁV*(45ﬁﬁp$+15@ Lup5+543 {95 —2+30 93— 25V3 Fipg— 2130 5ipg
+9\5({p5+ 2upe—ip0) — 15V7 Fp5— 125 Fp3),

fpi=li(—Ao— o~ o)~ yulipi+ FGOV* (42\/15 {p3+ 1415 {pg+ 356 {i'pg+ 14115 5ipG—70V6 Zipg
—61/35 {75 — 1057703~ 45\7 {%p),
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(= S o)~ 0t~ oV (3517 i~ 270 13537 Fi + 2470 o +35V3 o
— 4105 p3+ 7105 — {'pg+ Gipg* + (%05~ 5apd) +35V3 S2ph+ 4105 53],
fpi=i(—Ao— o+ o,— ¥ Jips - 840V*[28J—0( B3+ aups* )+ 70 pa+ 2pa*) + 4\ 210(F 53— 22p8) + 35V6(Fpj
+5208) — 5VA2A TP — 220,
o=l Ao~ o+ o)~ Y lipt - 168\/—V*[ZJ—l( oo+ 2une™ )+ V1A[%03— 3208 + TV2(Fp5+ 5200)1.
APPENDIX B: DENSITY-MATRIX EQUATIONS FOR THE J=1/2-J=1/2 APPROXIMATION
For completeness, we include here the time-dependleri/2— J=1/2 density-matrix equations. Again, for the simplest

case of8=0 andE, =0, and writing,pf instead ofj,p §, one obtains

+1m(Fyp1),

1 0
||Po Yna \E ~1Po

. Ynat
WPS=— VI 1P5— 3 ot Im(Fiupy),

uupé: ~Yu uup(1)+ |m(F|upi),

*

. ) 1 1
wp1=—(yutidw) e+ >

E_Z ||P8_uupé_||Pé .

Here the electric field if = \2d,,E; , with E§ as defined in Eqg1) and(8). The macroscopic polarization componéti
is related to the equations by

+ 2n d1/2 1% (Bl)

0~ \/§ — = WP1

whered,, is the reduced matrix element of tle= 1/2—J=1/2 approximation

6ynamhCiey 2
dip=\/———=—=d. B2
1/2 w3 \/§ ( )

0
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