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Lindblad approach to nonlinear Jaynes-Cummings dynamics of a trapped ion
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The Lindblad approach to open quantum systems is introduced to study the dynamics of a single trapped ion
prepared in nonclassical motional states and subjected to continuous measurement of its internal population.
This results in an inhibition of the dynamics similar to the one occurring in the quantum Zeno effect. In
particular, modifications to the Jaynes-Cummings collapses and revivals arising from an initial coherent state
of motion in various regimes of interaction with the driving laser are dealt with in detail.
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PACS numbgs): 03.65.Bz, 42.50-p, 32.80.Pj

In recent years, several efforts have been made to clarifgvolution which directly leads to averagadnselectivepre-
the role of the measurement process during the evolution dfictions. Our choice of the latter method relies on the exact
a quantum system. Besides the conceptual viewpoint, thigolvability of the model. The analysis i§ based on the master
also has a practical relevance in predicting the results ogquation for the reduced density opergi¢t) of the system,
experiments and possibly pointing out some working condiwhich results from tracing out the variables of the external
tions where genuine quantum phenomena are expétied €nvironment from the overall system plus environment den-
Despite the different languages, ranging from group algeSity operator and is written in the Lindblad forf@,6]
braic and path-integral techniqug®,3] to stochastic evolu- dp(t) i ;
tion models[4,5], which have been employed to analyze the = — A1), p()]— =[A[Ap(D]], 1)
guantum measurement problem, all these approaches recog- dt h 2

nize that a measured systemnist closed but interacts with heref (1) = B+ [ describes the d ics of th
the environment schematizing the meter. An equivalencd'"€"® (t)=Ho+Hin(t) describes the dynamics of the un-

loop connecting these different descriptions has been estan-e"".SL”e.d closed system and the Lmdblad. operator, repre-
lished in[6], resulting in a unified picture which incorporates senting, in general,'the '|anuence of the environment on the
the measurement process through a unique parameter prop&y_stem, is related in this case to the measured observable
tional to the strenght of the system-meter interaction. In thé®. The parametek expresses the strength of the coupling of
present paper, we apply this scheme for investigating théhe measured system to the meftf, hereafter assumed to
influence of a continuous measurement process on the dpe time independent. The Hamiltoni&t describes the one-
namics of a trapped and laser-irradiated ion. This system hadimensional harmonic oscillator associated to the center-of-
lately attracted growing interest, culminating in the experi-mass degree of freedom and the two internal states of the ion
mental generation of nonclassical motional sti&8]. The A . A .

possibility to read out the vibrational state of the ion follow- Ho=H"+H®'=fiwa'a+fiwyo,, 2

ing the evolution of its internal levels under a Jaynes—w being the vibrational frequenc the two-level transi-
Cummings type interaction has been at the heart of the ex- 9 q W21

perimental procedure. As we shall see, by including thdion frequency, anehAandaZ the boson annihilation operator
measurement process an inhibition of the two-level transiand the pseudospin operator, respectively. The trap fre-
tions dynamics emerges, which could be made observablguency is supposed large enough to neglect the atomic spon-
via the quenching of collapses and revivals in a coherenttaneous emissiostrong confinement limt7]). The interac-

state prepared ion. tion H;n,(t) with the laser field is modeled by a nonlinear
Our physical system is a single trapped ion interactingmultiquantum Jaynes-Cummings mod@CM) which, in the
with a classical laser field and undergoing a continuous mearotating-wave approximation, is written £
surement of its internal population. In practice, one is dealing
with a collection of independent evolutions of single ions
starting from the same initial state aagteragedresults are
actually registered as outcomes of the experiment. According ) ,
to the general discussion §6], we can either model each Wherewy is the laser frequency), the fundamental Rabi
single history as a realization of a pure-state stochastic evdrequency,o the lowering operator, andy=w AXggL/C
lution, then averaging over the associasedectivemeasure- the Lamb-Dicke parameter related to the position standard
ment results, or we can consider a deterministic ensembl@uantum limit of the ion. In Eq(3) a standing-wave laser
field is considered, the phagefixing the position of the trap
potential with respect to the wave. The measured observable

*Electronic address: Onofrio@padova.infn.it A depends upon the specific experiment. If the population of
TElectronic address: Viola@mvxpd5.pd.infn.it the internal ground state is measured, for instance by collect-
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40 ROBERTO ONOFRIO AND LORENZA VIOLA 56
ing the fluorescence emitted after stimulated transition to @ouplings are rapidly oscillating with frequeney and can
third auxiliary level as done by Meekhet al. [7], the op-  be disregardedJCM approximatiorf9]). As a notable case,
eratorA is the occupancy of level, i.e, A=o_o, inour Whene==*7/2 andn<1 (the Lamb-Dicke limi}, the well-
formalism. known linear one-quantum JCM or anti-JCM operators
It is convenient to introduce the representation defined by, (a5, +a's_), »(a'o, +aa_) are recovered by tuning to
the eigenkets oy, |S,n), S=1,1,n=0, ... %, with matrix  the first red or blue sidebanti=—1 ork=1, respectively,
elementsps,s'm(t)=(S,n|p(t)|S',m). Moreover, let us as- [10]. In what follows we focus on the properties of the in-
sume that the ion is in the low excitation regimes(),)  ternal dynamics of the ion, which can be extracted from the
and the laser is tuned to theh vibrational sideband, i.e., reduced atomic density matrixsg(t) ==/, _opsnsn(t). We
w =wyxt+kow, keZ, two conditions usually fulfiled in can, therefore, restrict ourselves to the subset of the density
laboratory[7]. This implies that transitions between statesmatrix ps,sm havingn=m. According to the master equa-
[1,n) and|T,n+k), involving the exchange df vibrational  tion (1) and for a generik-quantum resonance, the time
guanta, are resonantly enhanced, whereas all the off-resonatfgvelopment is ruled by

bi”“‘(t):_iQ“n+k/2[PTn+kin(t)eith_PlnTn+k(t)9_i“’Lt],
Pintiint k(D)= =1Qnnd2p k()€U = proi it L],
bimm'k(t):(iwﬂ_ K/Z)plﬂTfH'k(t)_ian+k/2[an+kIn+k(t)_pinln(t)]eiw'-t.

b¢n+k1n(t) =(—1w=kl2)pinikn() =1 Qnnid2[pnyn(t) _P¢n+an+k(t)]efith, (4)

where, as usual, the nonlinelfquantum Rabi frequencies .
expressed in terms of the Laguerre polinomiéfs T2 +kS|n(Wnn+kt)
nn
Qnnik=Qo(n|cog p(a+a’)+ ¢]|n+k) —i1(pin+kin+k— P nin)(0)
=Qqlef+(—1)ke ¢ Oonsic
ol€¥+(—-1) ] ><2V\7n SIN(Wn i) f
1/2 nn+k

X(in)k( "
(n+k)!

have been introduced9]. In the Lamb-Dicke regime

(n<1) they reduce to the Ilinear ones, e.g., Wnn+k:(Qﬁn+k_
Qon1=7Q9yYn+1 for one-quantum interaction. The fol-

lowing solution of Eq.(4) holds forn=—k

e 72k (n?) (5

where

16 (7

K2)l/2
and pini i n(t) =pTain+k(t). Equations(6), holding within
everyfixed Jaynes-Cummings manifold,n), |T,n+Kk), are
formally equivalent to Eq9:84)—(85) of Ref.[6], describing
a two-level system subjected to a continuous occupancy
measurement. Whew= 0 the effect of the measurement dis-
COgWpnt) appears and oscillations with angular frequefigy,,  result
for fixed n. In the opposite limit of strong measurement cou-
pling the frequency(7) becomes imaginary and an over-
damped regime occurs in which transitions are inhibited, the
so-called quantum Zeno effect. The borderline between the
) two regimes is ruled by the thresholg,, =0, correspond-
sm(want)], ing to a critical measurement couplingt , =40 .. In a
general situation where different vibrational subspaces are
involved, then dependence of this critical value globally
6) results in a smoother transition. The measured occupancy
P (t)y=0 (1) is straightforwardly evaluated from Eq6)
plm%k(t):e'k“’t"“"'[ Re[pmn+k(0)]e*"“4 once the initial conditions are specified. We assume here,
according to[7], that no entanglement between the internal
and motional degrees of freedom occurs and only the ground
COS Wy nekt) internal level is populated, yielding

1 1 —kt/d
plnin(t):E(an+an+k+pinln)(o)_ >€

X1 (Prn+krnek—Pinin)(0)

+ Sin(Wnn+kt)

4'WnnJrk

. 2Qnntk
+IMLp k(0] —

n+k

Pintkintk(D=(P1n+kin+kT P nn) (0) = pynin(t), (

1Mo nin+(0)]
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Mondragon[11] and recently observed in cavity QED by
COg Wyt kt) using Rydberg atomgl2]. Figure 1a) shows the collapses
and revivals occurring in a quantized trap, the center of mass
being in a coherent state of average quantum numb&he
Sin(WnnﬂJ)H, (8) modifications intervening when the same system is coupled
to the meter are depicted in Fig.(bl for a strength
_ o o ~ k=10"1«{;", in units of a reference valueg;'=4Qy;.
th_e matrlx elemgnt;ar_m charac_terlzmg the number state dis- pyqvided k< K%rﬁltﬂ(, fi=Int(n), an approximate evaluation
tribution of 'the vibrational motion. T_he_ presenc.:.e'of entangle—of the series in Eq(8) leads to
ment, crucial to extend the description to Salinger-cat
stateq 8], can be included as well. Equati¢®) displays the

1 o
PL<t>=§[1+e"““E PAR(0)
n=0

+

4'Wn n+k

202 =
effect of the measurement for an arbitrary vibronic distribu- p (t)=1+ cog ﬂﬂomt)ex% _ ft— 7704 _” t2

tion, namely, an overall damping of the signal amplitude 4 8 n+l )’
and, for each vibrational component, both a frequency shift 9

(7) and ax-weighted term.
Let us now specialize the internal state evolutiBnto an  which holds for a time scale<2/n/7Q,, still including all
initial coherent distributionp;,1(0)=n"e™"/n!. In the limit ~ the collapse evolution, and generalizes the result already

in which no measurement is present<0) and a linear duoted in[11] for k=0. Thus, even in this weak-coupling
Jaynes-Cummings interaction is realized by a sufficientlyegime, the measurement has a leading influence at short
small Lamb-Dicke parameteP, (t) undergoes collapses and times due to its linear dependence in the exponent of the
revivals, a well-known quantum phenomenon due to dephagnvelope in Eq(9). Similar considerations can be repeated

ing and rephasing between the various Rabi oscillations, a§r the nonlinear multiquantum Jaynes-Cummings interac-
first|y predicted by Eber|y, Narozhny, and Sanchez_tion, which is restored outside the Lamb-Dicke limit and has
been extensively studied by Vogel and de Matos-Filho in
@ casex=0 [9]. Two representative examples, corresponding
: —————— to one-quantum and two-quantum couplings are shown in
Figs. 2 and 3, respectively. The parameters have been chosen
to reproduce, in the closed-system limit, the experimental
results reported by7] for a nonlinear one-quantum interac-
tion and the same reference ratibw ' =101, k=1,2, has
061 1 been maintained as before. In all the cases the measurement
P(t) tends to wash out collapses and revivals making it more
difficult to infer the quantized nature of the vibrational mo-
tion in the trap. For larger values @rﬂKSL'f the suppression
is even more pronounced, while fei/«§;'>1 a complete
freezing of the population dynamics to the initial occupation
is achieved, regardless of the initial vibrational state. A
qualitatively similar quenching of the collapse-revival phe-
nomena for the linear one-quantum Jaynes-Cummings dy-
namics of a single two-level atom in an optical cavity is
described in[13] by including both spontaneous emission
and cavity damping mechanisms. The relative insensitivity to
spontaneous emission damping reported there further en-
forces the possibility of neglecting such effect in our descrip-
tion.
Trapped ions seem particularly adequate to investigate the
o5 1 vanishing of revivals in coherent states induced by the mea-
PUt) surement of their occupancy probability. Relaxation mecha-
nisms due to spontaneous decay of the electronic transition
or mechanical dissipation of the ion vibrational motion are
indeed negligibld14,15. A technical source of decoherence
0.2 1 has been instead identified @] and ascribed to laser and
frequency trap fluctuations, contributing to a finite linewidth
for the electronic transition depending upon the vibrational
state,y,= yo(n+1)%7, yo=11.94 kHz. This yields an aver-
age decay timeq= y;—l=31.2ﬂs forn=3.1. On the other
FIG. 1. (@) Ground-state occupation vs time for a linear one-Nand, the data collected in the quantum Zeno experiment

quantum resonance and an initial coherent-state distribution, show:14], €xploiting the same auxiliary transitiofB,,— *Pg, of
ing collapses and revivals. The parameters3.1, =102, and Be" also used in[7], are fitted through Eq(1) with
Q¢y/27m=4.75 KHz have been used ard=0. (b) Same as ina) k~4.9x10* s™! [6]. The corresponding decay time is
exceptx/k§'=10"1, =4k 1=816 us, one order of magnitude larger than the
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FIG. 2. () Same as in Fig. (&) but for a one-quantum nonlinear FIG. 3. (a8 Same as in Fig. (@) but for a two-quantum nonlinear
Jaynes-Cummings model)y,/2m=94 KHz and »=0.202. ()  interaction,Qo/2m =13.4 KHz.(b) k/k§,'=10"1.
K/K(C)g_it =101
. i .in [16] in a different context, the measurement alsdirectly
technical dgcouerencs|§jecayfconstant, sufgghestlng thgt an Mects the average vibrational motion of the trapped ion, a
provement in the stability performances of the experimenta uantum damping without classical analog whose features

setup by roughly a factor Gshould 'mply ameasurement- be described in17]. Furthermore, analogous decoher-
dominated decoherence. The previous numerical example . - .

. crit P ence effects can be studied within the same framework as in
corresponds to a ratia/« =1.1X10"4, i.e., a weak-

i . An i nn+k  this ratio by t q fother physical systems, atomic Bose-Einstein condensates
(r:r?;gpnlirt]l? dree%g?{eiﬁstgr:ggregtsgn%blelsb)r/al,:ging ﬂ\iveostgmeersmoeg_eing particularly appealing in connection with a recent
surement configuration but a smaller Rabi frequefigy al- analysis of their collapses and revivals dynani(s]. From

lows one to test the region where neither a closed systel% general viewpoint, experimental investigations of the effect_
evolution nor a von Neumann instantaneous projection of thé\)f the measurement process as the one proposed here wil
state are suitable for reproducing the experimental results. Rllow for a quantitative description of this ultimate source of
description in terms of the Lindblad equatiéb) is instead decoherence, a topic which, besides its established impor-
mandatory. tance in defining the boundary between quantum and classi-

The predicted effect does not exhaust the influence of th€a! worlds[19], is becoming crucial for the issue of quantum
measurement process on the ion dynamics. As investigategpmputation20].
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