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Atomic ionization by electron impact: A hyperspherical approach
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An ab initio calculation, following a hyperspherical partial-wave methddN. Das, Aust. J. Phyd7, 743
(1994, satisfactorily represents the recent experimental triple differential cross-section resufertRal.
[Phys. Rev. A53, 225(1996 ] for electron hydrogen atom ionization collisions at low energies. The qualitative
agreement with their theoretical results is also good. Moreover, our results are in absolute units and in some
instances our results are in better agreement with the experiments compared to their theoretical results. Here it
is also exhibited that the hyperspherical partial wave method is a promising formalism for studying atomic
ionization problems[S1050-294{®7)03706-2

PACS numbd(s): 34.50.Fa, 34.80.Dp

[. INTRODUCTION authorg23,24]. Here we confine our attention to the constant
0., geometry for low energies. This geometry has been con-
Electron-impact ionization of hydrogen atoms is an idealsidered by several authofd43,17,1§ and very recently a
Coulomb three-body problem. For low energies it is now alarge set of experimental and theoretical results, following
challenging theoretical problem. A considerable number ofmodified distorted-wave Born approximatiof®WBAs),
experimental results for triple differential cross sectionshave been presented by & et al. [3] for this geometry.
(TDCSS for low energies are now availabld—3]. How- The experimental results show important structures and their
ever, present-day theories are far behind in explaining aftheoretical confirmation faces many difficulties. Their final
these results. One may recall here that for intermediate ani@sults are not even in absolute units. Another reason for our
high energies the agreement between theory and experimeg@nsideration of the above geometry is that important sim-
is now satisfactoryfor a review sed4—7]). A simple first plifications may be made in the hyperspherical calculations.
Born or second Born approximation or some of their variants It Will be interesting at this point to draw a comparison
[8—10], such as the distorted-wave Born approximafibti, ~ Petween the hyperspherical method and some other methods
Brauner-Briggs-Klar (BBK) theory [12], close-coupling 9enerally used for TDCS calculations. Thasdzeon which
theory[13], or multiple-scattering theorj14,15, satisfacto- ~ different approaches are based are ¢lactexpressions for
rily describe the main features of the experimental resultsthe relevantT-matrix element given bysee[25])
The situation is completely different for low energiésee (+)
[16]); no existing theory is completely satisfactory. The ma- Tri=(P| Ve[ Ti™) (13
jor theoretical attempts in the past, in the low-energy do-
main, had been in modifying a distorted-wave calculation = (Wi @), (1b)
based on some physica@d hog arguments, not always logi- ) . )
cally consistent. Thus the introduction of some effective (I)hese expressions are obtained on the assumption that
charge of the distorting potential for the final outgoing elec-¥i ’ and¥; "’ areexactscattering-state wave functions and
trons[17,18), the introduction of some dynamical screening ®; and®; are unperturbed butsymptotically correctvave
factor[19], or the introduction of a Gamow factf8,20] and  functions in the initial and in the final channels avdand
an ad hocpolarization potential are some of the examples.Vs are the corresponding perturbations. In a distorted-wave
Consequently, such theories have only limited success. Theglculation one usually chooses fortha) for the T-matrix
distorted-wave calculation of Rler et al. [3], which uses a element and takes fab; a product of two Coulomb waves.
Gamow factor for the post-collision interactiéRCIl) and an ~ This @ does not represemrrectly the final three-particle
ad hocpolarization potential, nicely reproduces the trends ofscattering state in the asymptotic domésee[12]). As such,
the experimental results for certain kinematic condition butthe basic equation, such as E¢a)lof Ref. [3] (or the start-
loses one of the essential properties of a predictive theory, @89 equation there with a product of plane wayés unlikely
the results are expressedarbitrary units For low energies to be generallyvalid. Additional factors such as a Gamow
there are now two relatively rigorous theories. One of thesdactor in[3] makes it far from a rigorous theory. Thus, with
is the convergent close-coupli@CC) theory[21] and the  other different distorted-wave calculations the calculations of
other is the hyperspherical close-coupling thel@g]. These Roderet al. are subject to criticism.
theories beautifully represent the total ionization cross sec- The CCC method21) for calculations of TDCSs also
tions for low energies. The CCC calculation also gives goodises the forn(1a for the T-matrix element, uses fob; a
differential cross-section results for energies of 54.4 evproduct of a plane wave and a Coulomb wave for the two
However, below this energy TDCS results are not known foroutgoing electrons, and uses " a close-coupling calcu-
these theories. lated scattering state. Since suchiba does not satisfy the
In the present work we consider the hypersphericakorrect asymptotic condition, the CCC method is also subject
partial-wave method recently suggested by one of the presem criticism. Moreover, the CCC calculation has some patho-
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TABLE |. TDCS results for electron-impact ionization of hydrogen atoms of equal energy sharing a cdplgramstant geometry.
E; is the incident electron energfd,, is the angular separation of the outgoing electrons, @nd the scattering angle of one of the
outgoing electrons. Cross sections are in atomic units and correspond to cases where partial waveswial ., 11=<I1ny, andl,
<l,nx are included in Eq(6a) (I, is the maximum value of). Results display a convergence pattern.

Ei = 30 eV, 912: 100° Ei = 30 eV, 912: 1500 Ei = 20 eV, 912: 1500

Imx IlmXZIZmX 01:00 01:1200 01:1500 0]_:2400 01200 01:500 01:2400 01:00 01:500 01:2400

0 0 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02
1 1 0.20 0.29 0.31 0.03 0.46 0.11 0.06 1.64 0.33 0.15
2 2 0.51 0.57 0.35 0.02 0.92 0.16 0.01 2.50 0.67 0.19
3 3 0.61 0.63 0.28 0.04 1.97 0.03 0.02 5.03 0.23 0.13
4 4 0.82 0.77 0.20 0.02 2.57 0.05 0.01 5.90 0.26 0.05
5 5 1.02 0.81 0.21 0.01 2.82 0.03 0.01 5.98 0.24 0.04
6 6 111 0.88 0.19 0.01 2.85 0.02 0.01 5.49 0.24 0.06
7 7 1.13 0.93 0.20 0.01 2.76 0.02 0.01 5.18 0.28 0.05
8 8 1.08 0.99 0.17 0.01 2.56 0.02 0.01 4.85 0.28 0.05
9 9 1.04 1.05 0.17 0.01 2.45 0.02 0.01 4.79 0.28 0.05
logical difficulties such as the nonexistence of certain inte- P=p?+p2 ao=tan 1(p,/p,).

grals for some of the angular momenta for the partial waves
(see the second paragraph after B).of Ref.[21] and also  The final three-particle scattering wave function is then ex-
the last paragraph on p. 344 of REE3]). It should be noted panded in terms of the orthonormal hyperspherical angular
here that the CCC calculation for the total ionization crosswave functions given by
section, which gives excellent results, follows a different o moa A
route[26]. %(aarl,rz):prﬂz(a)Yl:?z(rl,rz)- 2

The BBK theory, on the other hand, uses the fdii) for . _ _ o
the T-matrix element. In the BBK theory the basic equationHerepy, is the Jacobi polynomial an¥"} is the coupled
is correct and also the BBN’?’) is asymptotically correct. angular-momentum wave function. The expansion takes the
So the approach is very satisfactory. The calculated resulform
are also generally good for intermediate and high energies.

However, the results are not good for low enerdges{16]). TR b BN =2 (FA(P)) Wi
The BBK wave function?{~) is so inaccurate for finite dis- (Rl lz) ; p° er(aly T2)-
tances. It is also likely to be difficult to improve this wave €)

function sufficiently in this approach.

The hyperspherical partial-wave method proposed by Da
[23] and used in this calculation also starts from Edp) for
the T-matrix element. There is no problem in choosing an
asymptotically correctb; . Here a plane wave suffices since
it has the correct asymptotic behavior. Das attempted to de- (4)
termine\lf@ accurately from a hyperspherical partial-wave wherep=PR, \=2n+1,;+1,, r,=A+$, and

decomposition as outlined belo@ee[23] for detaily and
1 1 1
+ — = T = |(,D)\r P
cosy  sina  |cosaf,—sinaf,||
(

Eor F\’'s one has the coupled set of equations

d? vy (v +1)

A\ \'
Tt
p

Fr(p)=0,

Fr(p)+2X
)\/

the approach is free from pathological difficulties. If a full _
calculation is made by solving the relevant coupled set of *\\’ <QD>‘
equations including a sufficiently large number of partial

waves, arbitrarily accurate results are expected, at least in

principle, in this approach. Now we describe the main points! "€ Symbol is used to denote the eigenvalue2l,+1, or
in this approach. the multiplet q,14,l,,1,m) depending on the context.

The off-diagonal matrix elements,,. (\#\') are gen-
erally much smaller than the diagonal elemefsse[27)).
Il. THEORY AND CALCULATIONS Actually, the matrix elements of electron-nucleus interac-
itions and the monopole part of the electron-electron interac-
tion are diagonal inl@,l,) and are approximately diagonal
in n. Physically also, because of the screening effect, which
is centrally symmetric, most of the three-body interactions
are included in the diagonal elements. Moreover, the
_ S electron-electron interaction responsible for the off-diagonal
R=\ritry, a=tan (rp/ry) elements is practically small when the electrons emerge at a
large relative angle. So except for very low enerdi@ben
and we set screening is only partipland when the two electrons do not

In the electron-impact ionization of the hydrogen atom le
the two outgoing electrons have coordinafgsand, and
momentap, andp,, respectively. The hyperspherical coor-
dinates R,a,f{,I,) are then defined by
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FIG. 1. TDCS in coplanar, equal energy sharifg, constant geometry fdg;= 30 eV. Theory: solid line, present results in atomic units;
dashed curve, DWBA witliad hog PCI and polarization effect includd@], normalized for each energy; dotted curve, DWBA wi#d
hoo PCI effect included 3], normalized for each energy. Experiment: circles with or without error bardeiRat al. [3], normalized for

each energy.
emerge at a small relative angle, the effect of the off- The symmetrized state correspondingtlté;) is

diagonal elements will be negligible. This is also clear from
the results of the present calculation. When the off-diagonal =) - a 1 =) . a <
elements are neglected in E@) the resulting equation be- Vos ' (Rya,ry,r)= > {Wor (Rya,rq,rp)+(—1)
comes a Coulomb equation, different partial waves having

different charges. The approximate st&té;) with converg- xqu;>(R,7T/2_ a,f,,f)}. (7)

ing boundary conditions is then given by
S=0 corresponds to the singlet aB& 1 corresponds to the
‘I’B?)(R,a,fl,?z)Z \/%2 ike_i”(p{(ao,f)l.ﬁz) 'Erl%et state. The corresponding scattering amplitude is then
X
Xen(a,fr,fFO(p)p*], (69 f=—@mX vy |Vi|o) ®

and the triple differential cross section is

where
e™ VIl (v, + 1+iay)| i do P1p
FO(p)= 2 phtleTiv = T1P2 150024 31§(1)]2)
N (p) F(ZV)\‘FZ) P dQIdQZdEl pi (4|f | 4|f | ) (9)
X1F1(|a)\+ V)\+1,2V)\+2,2p) (Gb)
ll. RESULTS
~Sinp— /2t a\in2pt 7)), poe (69 Table | displays the convergence pattern of the scattering
and cross section of the present calculation with the increase of
the values of the parametdrs,, | 1mx, andl,q,, for a few set
ay=avm=argl(vy+1l-ia,). (6d)  of values of scattering angle, and angular separatidf 1,
for energies of 30 and 20 eV. Foy large, say, larger than

It may be noted here thakt§;’ does not satisfy the exact 01, convergence is practically obtained with a small num-
boundary condition at infinity. But with a sufficiently large ber of partial waves. In such regions scattering is practically
number of partial waves it will be a good approximation to S-wave-, P-wave-, or D-wave-like. For©; close to the
\If%’) for the kinematic conditions considered here and will peaks, if any exist, a larger number of partial waves contrib-
satisfy approximately the asymptotic condition. ute, and often withl ,,, as large as 9, convergence is not
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we made a comparison between our results and the results of
Roder et al. Next we look to the region close %0 ,,/2. For
0 ,,=90° [Fig. 1(a)], the values of the peaks ne@r./2 are
nicely reproduced in our calculation and also in the calcula-
tion of Rader et al. with only the PCI included. Peak posi-
tions shift little and the deep area between the peaks is not
S \ / well reproduced. However, calculation of &er et al. with
kY X/ both the PCI and polarization included gives a better value
W \se _ for the deep area. With the increase®f,, our calculated
ooooacnoee L values for the deep area improve considerably, whereas the

40 Li-20ev @

TDCS [atomic units)

g
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[ 40 80 120 160

Scattering angle 6/deg] peak values deteriorate and the shape of the curves changes.
In any case, the overall agreement of our results with experi-
o Loespey @ ments becomes better than those of the calculation deRo
H S

6y 150° i et al. This is also understandable because our calculation be-

8 comes more accurate for largér,,.
:g“ Next we consider Fig. 2, where we present results for an
o b incident energy of 20 eV. Fdb,, large, say, 150° or 180°,
EN our results are in good agreement with the experiments, ex-
§4_ cept at aboub, =0 ,,/2, where in place of a deep area we
§2_ have a slight upward bulggsee Figs. &) and Zc)]. For

0 ,=120° the bulge aB,,/2 develops into a peak. Except
for this, there is good agreement between our present theory

240 260 320 3640

0 0 80 0 %0 200

Scottering o,‘,’g,g 5 deg] and the experiments. It may be noted here that the agreement
between our calculation and the experiments is less satisfac-
© tory for an energy of 20 eV than for an energy of 30 eV. This
£;=20eV H . H i
2 Grg - 160" ; is also understandable since the effects of coupling among

different partial waves are neglected in the present calcula-
tion. This effect is increasingly important at lower energies
because of the factor B/with the coupling potential§see

Eqg. (5)]. Moreover, rejection of coupling terms affects re-
sults at different angles differently. In any case, gross fea-
tures of the experimental results are nicely reproduced in the
_ present calculation. Moreover, our results are in absolute
=7 L S ' units. Recently, we also made a calculation for the asymmet-
w [540 20 ric geometry of Ehrhardt for an energy of 54.4 eV, where we
Scottering angle aldeq] find [28] a little better agreement with the experiment with
our calculation than with the CCC calculation. So we have
confidence in the absolute values of our cross-section results.

_ “Here it may also be remarked that the experiments byeRo
obtained completely. So the peaks correspond to scattering 5. yield absolute cross sections.

of electrons with a larger angular momentum. Elsewhere,
although fewer partial waves contribute, the convergence is
slightly oscillatory. In the figures we present results based on
calculations withl ;,, (=11nx=12mx UP to 6, where there is
rapid convergence, and up to 9, where convergence is slow. The kinematic condition of the above experimental setup
In Fig. 1 we present our results fga) ©,,=90°, (b)  for the constan®,, geometry(with ©, large is specially
0,,=100°, (c) ©4,=120°, and(d) ©,,=150° for an inci- suitable for our present theoretical treatment in which the
dent energy of 30 eV. Here we compare our results with theffect of coupling among different partial wavéa hyper-
measurements of Rier et al. [3] and with their two sets of spherical radial variablgss neglected, the angular separa-
DWBA calculations, one with the PCI and polarization in- tion of the two outgoing electrons being large. The resulting
cluded and the other with only the PCI includéske[3]). calculation may be called theeak correlation approxima-
For ©1,=90°, 100°, and 120° there are four peaks. For thetion. For higher energies this approximation should also gen-
two peaks away fron®; =0, there is good agreement be- erally hold. One may need to include only a larger number of
tween results of all these theories and experiments. In bepartial waves in such cases. For very low energies, close to
tween these peaks there is also generally good agreemethyeshold, o9, small, the effect of coupling among differ-
particularly in the shapes, especially with the present calcuent partial waves will no longer be negligible. The calcula-
lation. Here it may be remarked that our results are in absation will be more involved, but will remain manageable. The
lute units, whereas the results of @ et al,, both experi- number of contributing partial waves then will be even
mental and theoretical, are not absolute. Incidentally thesmaller. Such calculations for various kinematic conditions
numbers they presented, when replaced by atomic units, care expected to shed more light on low-energy ionization
incide with those of our results in atomic units. In this way problems. In any case, the present calculation already dis-

TDcsfatomic um’z‘sl

FIG. 2. Same as in Fig. 1, except fBy=20 eV.

IV. CONCLUSION
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plays the power and strength of the hyperspherical partialabout 30 min of computer time for a double precision calcu-
wave method and exhibits that it is a promising formalismlation for | ,,=6, | 1mx=l>mx=7, andn,,,=6 and about 75
for treating atomic ionization problems. min for | =1 1mx=l2mx=9 andn,=6.

The calculations reported here were done on a Hewlett-
Packard personal computer, Model No. 486, with Linux as

the operating systertthanks to all at SYBEX who contrib- ACKNOWLEDGMENT
uted to the development of Linux, a free operating sygtem
For a single pointi.e., for fixed energy and angleg& took K.C. is grateful to CSIR for financial support.
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