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Molecular effects on antiproton capture by H, and the states ofpp formed
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Complete five-body dynamical calculations of antiprotg) ¢apture by the hydrogen molecule Jrhave
been carried out using a generalization of the Kirschbaum-Wilets méiebohging to a class of quasiclassical
methods sometimes called fermion molecular dynami€ke differences between capture by &hd the H
atom are found to be dramatic. The effects due to the two-center structure, rotational motions, and vibrational
motions are distinguished. Of particular importance, the vibrational degree of freedom enables the molecule to
capture antiprotons having lab energies above 100 eV, whereas atomic capture cuts off sharply above the
ionization threshold of 27 eVin the lab system Antiproton capture by the atom is calculated by the same
method as well as by the classical-trajectory Monte Carlo method, which is applicable only to the atom. The
initial quantum numbersgassigned quasiclassicallpf the pp formed are found to be shifted to significantly
smaller values for the molecular target; theistribution is also narrower for the molecular target as compared
with the atomic targe.S1050-294®7)05011-7

PACS numbg(s): 36.10—k, 34.10:+x, 25.43+t, 03.65.Sq

[. INTRODUCTION low energies because the molecule cannot be adiabatically
ionized? A coupled-channel semiclassical approximation
Antiprotonic atoms, in which an antiprotgnis bound to  (CCSA) with an adiabatic basifl17], which took into ac-
a normal nucleus, have been of interest since the discovemgount the anisotropy of the molecule but ignored vibration
of the antiproton in 1955. Modern experiments include casand rotation, seemed to corroborate this conclusion with a
cade and spectroscopy, probes of nuclear structure, armossover point at-9 eV (for u~).2
nuclear absorption and annihilatidi], and, recently, the There have been few calculations pfcapture, but there
Barkas effect on stopping powef2—6], and anomalously have been a number of calculationsof capture by the H
long-lived mixedp/e~ atoms[7—10]. The most studied, ex- atom, which is expected to be qualitatively similar. These
perimentally and theoretically, and fundamental of these atinclude quantum-mechanicdll9,20, quasiclassical[21],
oms is antiprotonic hydrogepp. Already in this simplest and model[18] calculations, which yield results in quite
case, there is an experimental-theoretical disconfwcich  good agreement. Even for the atomic target, completely
also applies to capture of other heavy negative particles likguantum-mechanical calculations are difficult. Generally
wn—, w, andK ™). All the experiments have been done with time-independent quantal methods are not suitable since
a molecular H target! while the theoretical subject has been x~ +H at small distances is embedded in an electronic con-
an atomic H target or frozen molecule. tinuum and capture occurs in high Rydberg states; thus it is
To connect experiments with theory, the earliest work ashecessary to include a large number of lower-lying and in-
sumed that the Ktarget could be represented two sepa- termediate states. Time-dependent methods, with the wave
rate H atomgBragg's rulg, but it became clear that such an function solved on a spatial grid, have been used success-
approximation is unjustified when it was shown that capturefully, and their recent developmef22] might make them
occurs only after the negative particle is slowed to an energgven more apropos. However, the molecular target is still
comparable to the target ionization potenti#). Then it more difficult since the collision involves particle rearrange-
was suggested that the IP was the controlling parameter arflent and the Hartree-Fock;Hnolecule does not dissociate
that the stopping op (or ., etc) by H, would be about the correctly.
same a®neH atom since the IP’s are simil§l5.4 eV for On the other hand, the classical-trajectory Monte Carlo
H, vs 13.6 eV for H. Furthermore, it was speculated that the (CTMC) method is quite easy to apply, and has been used
cross section for Flwould be slightlylarger than that for H
at the higher collision energies since kas two electrons, a
higher IP, and a larger geometric size, but sligistiyallerat 2pdiabatic ionizatior{15] in p+ H collisions occurs when the-p
distance becomes small enough that the dipole formed can no
longer bind an electrofil6]. In the case op+H,, the electron can

*Electronic address: cohen@lanl.gov migrate to the opposite end of the diatomic molecule, to form a

!Formation in corotating beams of antiprotons and negative ionstable negative atomic ion, and adiabatic ionization does not occur.
via p+H™ collisions has been proposétil] and calculated12— 3The CCSA method is a generalization of the diabatic-states
14], but the experiment has not been carried out. model used earligl8] for atomic capture.
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with remarkable success far~ +H [21] andp+H [13] col-  in Sec. lll, along with then and| quantum numbers of the
lisions. But the CTMC method is generally limited to one- PP atom formed.

electron target atoms since molecules or multielectron atoms

are classically unstable with respect to dissociation or auto- Il. QUASICLASSICAL METHOD

ionization. The utility of the qua;iclassical approach Was X~ A Momentum-dependent potentials and the Hamiltonian
tended by Kirschbaum and WiletkW) [23], who intro- ] S ]
duced physically motivated constraining potentials which 1" the KW model[23], the effective Hamiltonian is writ-
stabilize all quasiclassical atoms and many molecules. Fden

atoms_ the KW_modeI displays a shell structure; thg total Kw=Ho+Vi+Vp 1)
energies are fairly accuratbetween the Thomas-Fermi and

Hartree-Fock theorigsand the ionization potentials are of where

useful accuracy(aside from a few shell anomalie$24].

These quasiclassical atoms have proved useful for calculat- Ho=T+Vcou (2

ing ion-atom collision$25], stopping power$26], and char- is the usual Hamiltonian containing the kinetic energy and

acteristics of Iong-hyedape .states[27]. But the simple Coulomb potentials, an¥l,; andV; are effective potentials
molecules H and H" are seriously overbound by the KW o5 aqenting the quantum-mechanical effects of the Heisen-
model(the dissociation energies are 4—6 times, respectivelyyerg yncertainty and Pauli exclusion principles, respectively.
the true valuels One can observe that this overbinding is duegscn contribution toVy or Vp is of the formr~2f(rp),
to thelocalization of the electrofs) at high-symmetry posi- \yherer andp are the relative distance and momentum of an
tions, namely at the molecular midpoint of Hor the bisect-  electron with respect to @ppositely chargeducleus in the
ing plane of H. case ofVy, and are the relative distance and momentum
For atoms, a necessary condition for stability is that thepetween two electrons of the same spin in the casépof
electrons are not allowed to collapse to the symmetry point, In the present modéKWC) we introduce two additional
i.e., to the nucleus. The effective potential enforcing thisterms to improve the treatment of the Hand H, molecules;
condition is motivated by the Heisenberg uncertainty prin-the effective Hamiltonian becomes
ciplerp=%, wherer andp are the distance and momentum

of an electron with respect to a nucleus. For the H atom, this Hkwe=Hkw+ Vmi+ Ve €)
condition is equivalent tq the de Broglie desc;ription Of_thewhere V., is a one-electron operator and,, is a two-
hydrog'en atonfi28]. In a similar way, the effectlve potential electron operator, of form similar t6,, andVp except with
that brings about a shell structure is motivated by the PauliotactorR=2, whereR is the internuclear distance, instead
exclusion principle, which, somewhat less rigorously, isgy -2 Following KW, we use
mimicked by the conditiom;;p;;= &pf, wherer;; andp;; are
the relative distance and momentum of two electrons having _ (éh)? rp\4
like spin, andép is a constant of order unity. These potentials f(rp;&)= da exp{ all= (g_ﬁ) ] )
are of the formr ~2f(rp), wheref is some monotonically
decreasing function of its arguméhtn the same spirit, in  Where & is one of four parametergy, &p, &mi, andémy,
this paper we introduce a similar ansatz to exclude the eledliscussed below, and a constant=4) whose precise value
trons from their high-symmetry points in the,Hand H, IS unimportant but affects thévalues. Note that(rp;£) —0
molecules. A very satisfactory form of these potentials isaS¢—0, thus going over to the purely classical treatment.
found to beR™2f(rp), which differs only in the internuclear ~ FOr later reference it is convenient to build up the Hamil-
distanceR, instead ofr, being used in the prefactor. Here tonlan forp+H, coII|S|o_ns, startl_ng with tha_t for the H atom.
andp are relative to the midpoint in the case of the homo-W& Will use the following notation: subscripsfor the an-
nuclear molecule. The details are discussed in Sec. Il A. t|p_roto_n,b andc for protons, 1 and 2 for ele_ctrone,for the
This extension of the KW model with molecular con- mldpomt .Of the molecule, or, §8 for any pair of these; the
straints(termed KWQ is used for thegp+ H, collision. The relative distance
five-body dynamics is solved by formulating Hamilton's
equations of motion including the momentum-dependent po-
tentials. To our knowledge, this is the first calculation tothe relative momentum
include the molecular rotational and vibrational-dissociative

lap=Tp—Ta; ®

degrees of freedom during capture. The results show that _MaPp™MgPa ©6)
the previous conjecture that negative-particle capture is h m,+mg '

mainly controlled by the ionization threshold is too simplis-

tic. The capture cross sections for thetairget are presented s;= spin of electrori (up or down); 0

SAtomic units (a.u), defined bye=m,=7%=1, are used except
“The exact analytic form of seems not to be too important, but Where otherwise indicated. In terms of familiar units, atomic units
its argument and prefactor conjoin to satisfy a virial theoremare 0.529% 1078 cm (distance ay), 27.21 eV (energy, and
[23,24]. We use the form of suggested by KW23]. 2.188x 10° cm/s(velocity).
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TABLE |. Coordinates and momenta of the minimum-energy molecular configuration aitld.0, &,=0.9428, &,,,=0.90, and
&m2=1.73. The minimum-energy states are planar, and the positions and momenta are given hexe-in phene (in atomic units.
H, Hy"
X z R P2 X z R P2
First nucleus 0 0.6955 0 0 0 1.1614 0 0
Second nucleus 0 —0.6955 0 0 0 —1.1614 0 0
First electron 0.8714 0.3283 1.0331 0 0.6572 0.5095 1.0362 0
Second electron -0.8714 —0.3283 —1.0331 0
and the reduced mass In the present work, the Harget is taken to be in itésin-
glet) ground state, and spin-orbit coupling is neglected, so
__MaMg ®) the term in&p vanisheqthis term would be positive definite
Kap™m + mg’ for like sping. Then the value ot,,, is fixed such that the
. minimum of Eq.(12) is the correct energy of the ;Hmol-
with ecule. o
Finally the complete Hamiltonian for the+ H, collision
Mo=2my. 9 s given by

The Hamiltonian for the H atorfwith protonb and electron

1) is®
2

1 1
H[H]= pb 2mep2 - —+ M_Tf(rblpbl €n).
(10

It is from minimization of Eq.(10) that the value of¢, is

fixed to give the correct binding energy of the H atom. The

resulting minimum for the H atom occurs at=1.0 and
p=0.9428. With the addition of a second protar) (o make
H,™,

e2 eZ

1
H[H;" 1= HIH]+ 5 pc
Mbe le1

1 1
+ —Zf(rclpcl;gH)+ —Zf(rolpol;gml)-
Mcilcy Mo1lbe

13

The value of¢,, is fixed such that the minimum of E¢L1)
is the correct energy of the,f1 molecular ion. Then, for kj

e? e g
P e

H[H HH+1L
[He]=H[H, "] fp2 T2 T12

1 1
+ —— F(rpaPo2;én) + —— F(reaPe2i én)
b2l b2 M2l o

1
7 F(r12P12:8p) 65, s,
2

1 1
+ _Tf(r02p02 Em) T+ —2—f(r12p12 Ema)-
Mo2l e M2

(12

5The conventional notation here ugd<for “Hamiltonian,” “hy-

2 2

e e e €
pa————+—+—

Hp+Ha]=H[H,]+ 5 —
[p 2] [2] fba Tca Ta1 a2

+

f(rbapbaagH) 2 f(rcapca;fH)

Mpal ba Mcal ca

+ f(roaPoas€mi)- (13

Moal be

Note that there are no new parameters in this last expression.
__For comparison purposes, we will also do calculations on
p-+H collisions, with the Hamiltonian

2 2

e
pa——+—

H[p+H]=H[H]+ 5 —
Mba Ta1

1
(T paPaién). 14

Mbal pa
Note that the CTMC Hamiltonian is obtained in the limit
&u—0.

B. Ground-state and clamped-nuclei energies

At the minima of the KW and KWC functionals, the val-
ues of all particlegelectrons and nuclepositionsr and mo-
mentap are fixed to withinindependentigid-body rotations
when the molecular center of mass is fixed at the origin. This
energy depends on the paramet&ys &1, and&,,,, which
are determined as follows;=0.9428 to give the H-atom
ground-state energy+0.5 a.u.),thené,,;=0.90 to give the
ground-state energy of HI (—0.603 a.u.),then &,,=1.73
to give the ground-state energy of, i—1.174 a.u.). The
coordinates and momenta for the ground-state configurations
are given in Table |I. The model is how completely defined,
for collisions as well as for molecular structure.

One of the great advantages of the quasiclassical method
is the ease of treating nonadiabatic behavior, i.e., the cou-
pling of nuclear and electronic motions. However, it is still

drogen,” and “Heisenberg.” The context should make the meaninginstructive to view the Born-Oppenheimer-like energies,

clear.

both because of the availability of accurate quantum-
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FIG. 1. Unmodified KW (dashed curye and quantum- 4
mechanicalfull curve) potential curves for kl(lower paip and H* @ SN

(upper paiJ. Note overbinding in the KW model.

mechanical Born-Oppenheimer potential curves and the im-

portance of Franck-Condon-likesertical or fixedR) elec- FIG. 2. Minimum-energy configurations for,tand H" in the
tronic transitions. For ionizing and/or dissociative KW and KWC models for different ranges of fixed internuclear

transitions, the relative positions of the minimum of the distanceR. Protons are designated By signs and electrons by
lower curve and the sigma poitwhere the attractive poten- signs. All topologically distinguishgble gonfjgurations are shoyvn.
tial curve crosses the asymptotic energy viloiethe upper Boxes_ are drawn around the configuration in the_ range containing
curve can be especially important. The quasiclassical poterf® minimum of the potential curve, and the positions of the par-
tial curves are obtained by conditionally minimizing Eg2) ~ Ucles at the global minimum are indicated.

with r,.=R fixed, as a function of paramet&

The potential curves of the unmodified KW treatméoti-
tained in the limit¢;, and &,—0) for H, and H* are
shown in Fig. 1. Both are greatly overbound. The reason ca
be inferred from the KW columns of Fig. 2, which shows the
positions of the electrds) at the minima. The classical elec-

trons occupy the symmetry points where the screening of th L L
p-p Coulomb repulsion is maximized. Quantum mechani- W He atom, where the ionization potential is 28.9 eV, be-

cally, of course, an atomic or molecular electron cannot p&ause of the extra constraining potenti@ecluding double

localized at a point, and the screening is reduced. Within gounting ofVy).

classical dynamics approach, it is still highly desirable to , _ .

deal with point particles, but it is possible to effectively C. Trajectories and cross sections

spread them out by repelling them from the symmetry point. The calculation of each trajectory proceeds in three steps:

This is accomplished by the potentidlg,, and V. The (i) choose initial conditiongr, and p, for all particles, (ii)
Hamiltonian maintains the axial symmetry of the diatomic

molecule, but the ground-state configuration spontaneously 0.00
breaks this symmetry as shown in the KWC columns of Fig.
2. In effect, the one-dimension@lD) coalescence becomes a
2D surface. The resulting potential curves are shown in Fig.
3. They are in excellent agreement with the quantum-

mechanical curves in the range relevant to the present appli- -050
cation. e N ——

For completeness, though it is of little consequence in the
present work, we note that &rge distances the KWC in-
duced dipole moments are zero ordes can be seen in Fig.

2, rather than the correct first order, and the potential curves -100
thus become too attractive. Of course, in real collisions the \/“"—
electron is not fixed, even classically, and the motion will 125 ‘ \ ‘ ‘ ‘

1 2 3 4 5 6
R {units of a )

tend to wash out the zero-order contribution. At veryall R

the KWC potential curves behave correctlyRist. The en-

gray difference aR=0.014a,, near the united-atom limit, is

about 18 eV, which can be compared with the true ionization

potential of 24.6 eV for the He atom. The electronic binding
nergy in the Hunited-atom limit is smaller than that of the

-025 |- =

au)

-075 - =

Energy

Zero order means that an arbitrarily small electric field can in-
duce the maximum dipole moment in the static limit. In first order, FIG. 3. KWC (dashed curyeand quantum-mechanicéafull
the dipole moment is proportional to the field. curve potential curves for kl(lower paip and H" (upper pai).
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integrate Hamilton's classical equations of motion, diid method fully treats all the molecular degrees of freedom. We
examine asymptotic trajectory for final state. The equationgttempted to isolate the molecular effects by test calculations
are solved in a space-fixed system, unlike our previous worlat three levels(i) by using the same method to qo+H
[21,13, where barycentric coordinate systems were eme<ollisions, for which there are no molecular effediis) by
ployed. For more than four bodies the disadvantage due tasing the same method to g+ H, with the diatomic target
the complexity of the equations in barycentric coordinatesonstrained as a rigid rotdgr.e., with thep-p distance fixed,
outweighs the advantage of eliminating the equations for théut no other degrees of freedom restrigtexhd(iii ) by using
center-of-mass motion. The targej id initially placed at the the same method treating lds a rigid “nonrotor” (i.e., with
origin with the coordinates and momenta given in Table I ,the p-p vector having fixed magnitudand spatial orienta-
and independent random Euler rotations are applied to eaction). The p+H calculations interest us for another reason;
The projectile is started at= — 10 ay with impact parameter they can be done with the standard CTMC method as well as
b chosen by uniform sampling d§i’e[(b;_;)?,(b))?]. In  the KW method. Results of these two methods will now be
the first rangd by ,b,], by=0 andb, is taken to be such that compared.
a few (typically 3—4 ranges of impact parameters will be
required to converge the cross sections v.in'.m1=f2bi C A. p+H: CTMC and KW calculations

The present space-fixed code was verified by comparison ) _ o o
with the previous, mostly independent, barycentric code for a _Cross sections fopp formation in low-energy collisions

variety of three- and four-body calculations. of p with the hydrogen atom have previously been calculated
The computer code is capable of recognizing all particle!Sing the CTMC methodl13]. That work showed that the
rearrangements, including those containing botande~. P+ H capture cross section is quite similar to the +H

However, such combine@-e~ atoms are generally short Capture cross section. Both are monotonically decreasing as a

lived. Metastable states afpe exist, but analogous states function of collision energy with a sharp decrease at a c.m.
like ppe~ or pppe” are not known. More relevant is the collision energy of 0.5 a.'u.,_whlch is the IP of the target
state ofpp afterthe electron has been ionized. In almost all&tom. Above 0.5 a.u. the ionized electron must carry off the

cases it was possible to run the trajectory long enough t§XCess as kinetic energy. The two reactions differ signifi-

determine a definite state pp. cant]y only in this region, wh.ere thp+H capture cross
After accumulation of the results of the trajectories, theSection falls off even more rapidly than that@f +H, cor-
cross section for a reactidR is given by re_spondlng to the more adiabatic behavior of the reaction
with the heavier particl¢13].
B 0 The CTMC and KW results for thep formation are
UR—Z OR (15 given in Tables Il and Ill, respectively, and shown in Fig. 4
along with the corresponding total ionization cross sections.
in terms of the partia| Ccross sections The CTMC results are the same as in F{G.B] except that

more trajectories were run, and consequently the error bars
i Ni ) 5 are smaller. The agreement between the two methods is sat-
or =t 7L(b) "= (bi-1)7], (16)  isfactory. The KW cross section is somewhat higher at the

! lowest collision energies and somewhat lower at higher en-

whereN(® is the number of trajectories in whidhoccurred ~ €9i€S. It is interesting to note that, in the caseuof+H
out of the totaN'® trajectories run witth e [b; _,b;]. In the collisions? a similar small difference was found between the
1 =1~

L ot ) R) /nitot classical-quantal-coupling methof20] and the CTMC
limit N; % the ratio N'( )/_Ni becomes constant. The method. l?/lore applicgtiogs will be required to tell whether
standard statistical error i is KW really is a significant improvement in the quasiclassical
Ry treatment of the one-electron case.

AO’R:(Z (Aag))z) (17) The distribution of quantum numbersl for the initially

‘ formedpp atom is the next important characteristic. It pro-
vides the initial conditions for the subsequent cascade, which
also depends on the target density and temperature as well as

N(R)

in terms of the error in each interval,

Nt N(R)\ 172 any admixture of other species. The initial-state distribution
AUS)=0(R” W) (18 is actually a product of the competition between slowing
i N down,
For p+H, calculations, 100 trajectories were run in each . p+H +e”
range of impact parameters withy=1.53,, except at the p+H— PHH : (19

smallest collision energies(b;=3.0a, was used for
E.m=0.1la.u. andb;=5.08y for E.,,=0.01a.u. For p

; ) ; . and capture,
+H calculations, ten times as many trajectories were run. P

p+H—pp(n,l)+e, 20
Ill. RESULTS P —pp(n.l) 20
The main focus of this work is opp formation in colli-

sions ofp with the H, molecule. Features that do not occur 8ror comparison of several methods usedfor capture by the H
in atomic capture are of particular interest. The KWCatom, see Ref29].
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TABLE II. Cross sectiongop, and o), parameters for fits of distributions(n, and »—see Appendix A and parameters for fits of
| distributions(b, a, andl;—see Appendix Bfor pp atoms formed imp+H collisions, calculated by the CTMC method.

Ecm. (a.u) o5p (a5) ot (35) No Y b a Iy
0.01 67.41-2.10 67.41-2.11 29.55 0.91 —3.25x10°? 1.31x10°3 30
0.10 15.91-0.44 15.91-0.44 32.53 1.18 —5.39x10°2 2.03x10°2 34
0.20 11.42-0.12 11.42-0.12 37.12 1.53 2.9610°° 3.66x10°°2 39
0.30 9.97-0.12 9.97-0.12 44.40 2.74 -3.11x1073 8.22x 1073 47
0.40 8.99:0.13 8.99-0.13 57.94 6.31 —1.87x1078 5.91x 1072 60
0.50 8.25-0.14 8.25-0.14 97.49 25.23 —2.27x1074 1.69x10°* 74
0.55 3.210.12 8.12-0.20 112.28 41.26 1.0810°2 5.11x10°* 76
0.60 0.58-0.06 8.01-0.16 108.20 70.11 7.2710°2 5.04x 10™° 78
0.70 0.06-0.02 7.73:0.14 a

0.80 0.0%0.01 7.41-0.15

1.00 =<0.004 7.130.15

@There were not enough trajectories formipg at the higher energies to allow reliable fits of the quantum-number distributions.

since it depends on the collision energy. For examplenthe Ocapl E)

quantum-number histograms and the fiége Appendix A Feap(E) = O_—(E)Farl(E) (21)

are shown in Fig. 5 for two different collision energies. A o

rigorous formulation of the capture distributions has beens adequately determined by just the ratio of cross sections to
given in terms of the “arrival function’F,(E), which is a  within a normalization constant.

solution of an integral equation involving the energy- Thus we make the approximation

dependent differential energy-loss cross secfi®®,21]. In

principle, this differential cross section is required at all en- B _ Tcap( E)
ergies, ranging from that of the fast-(L keV) free antipro- Pn= | Fn(E)Fcap( E)AE=Ny | Fr(E) oioi(E) dE,
ton down to near zero since some antiprotons are not cap- (22

tured until they are essentially stationary.

In the present work, cross sections have not been calciwhereNy is a normalization constant. We also neglect the
lated at energies higher than where capture is probable. Evé;q)ntnbgnons of elastlc_and nonionizing inelastic sgat'gerlng
s0, an observation made in RE21] allows the initial distri- O slowing down, sar is approximated by the total ioniza-
bution to be calculated approximately. That is, it was ob-llOn Cross section.
served that the mechanisms of reacti¢h9) and (20) were Direct calculations Oﬂ:“.(E)’ ‘TC?P(E)’ and oo(E) are
similar, with capture resulting when the energy I¢taget madg at only a few energidghose in Table§ Il .and DI In
IP plus kinetic energy of the ionized electjoexceeds the carrying out the quadrature of E(R2), spurious structures

incident energy of tha. Hence the typical energy loss in can result ifF(E) is not accura_ttely interpolated, and the
slowing down is compérable to the collision energy Wherequadrature performed with a fairly small energy step. We
4 found a satisfactory spline interpolation sche(see Appen-
AHix A) that depends mainly on the peajcand widthy of the
Mistribution F, at each calculated energy. Their values are
given in Tables Il and Ill. This procedure smoothes the sta-

tistical histogram as well as providing adequate, physically

rable to or greater than the energies at which capture occu
the arrival functionF ,,(E) is fairly flat and the capture pro-
file

TABLE Ill. Cross sectiongop, and o), parameters for fits afi distributions(n, and y—see Appendix A and parameters for fits of
| distributions(b, a, andl,—see Appendix Bfor pp atoms formed imp+H collisions, calculated by the KW method.

Ecm (@U) Opp (a(z)) Otot (a(z)) No Y b a Iy
0.01 163.21+5.06 166.19-5.19 29.45 0.93 —2.90x10°? 1.81x10°2 31
0.10 19.08-0.42 19.08-0.42 32.31 1.24 6.1410°° 2.31x10°2 34
0.20 10.64-0.12 10.64-0.12 36.66 1.76 1.3210°2 1.15x 1072 38
0.30 8.04-0.10 8.04-0.10 43.53 2.94 1.5710 2 2.47x10°2 42
0.40 6.56-0.10 6.56-0.10 56.14 6.80 1.0810 2 1.83x 1072 44
0.50 5.51-0.10 5.61-0.10 88.67 16.67 3.7810 2 2.79<10° 1 56
0.55 2.56-0.11 5.25-0.15 132.55 52.82 3.6810 2 5.86< 107! 58
0.60 0.21-0.04 5.08-0.11 178.08 192.89 1.x10°t 2.45x10"° 60
0.70 0.01-0.01 4.54-0.11

0.80 =0.004 4.350.11
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FIG. 4. Capturgfull curve) and total ionizatiordashed curve p capture by atomic H, integrated over collision energies using the
cross sections fop+H calculated by the KWopen circlesand KW results(full curve) and the CTMC resultedashed curve
CTMC (closed circles methods. At collision energies below the
target ionization threshold, ionization can occur only if fhes 7. The corresponding distributions, integrated over capture
captured. energy, are shown in Fig. 8. They are similar except that the
CTMC-calculated distribution extends to higher values.of
motivated fits. The integrated distributions, calculated in theAn interpretation given in Refl.21] suffices to explain this
CTMC and KW models, are shown in Fig. 6. They are indifference. It was shown theféor u.~ capture that the main
good agreement. features of the distribution are qualitatively interpretable in
The distributions of, summed oven, and their fits(see  terms of the overlap of the unperturbed orbital of the target
Appendix B at a midrange capture energy, are shown in Figelectron with the orbital of the captured heavy negative par-

024 T T T T 0.06 T T T
(a) (a)
020 | - B 005 + .
D/( \\ o
! v
- ! [mRY - | -
> 016 ;o > 004 8 o B
:J_:D ! \ E o //’D ot N
s oer / Voo 8 003 | 0 & \ .
i \ Ko} o B o O
9 I’ \\ 9 o // = 0 \\D
s / 1 o o =] v
008 |- - b 002 iy o
P \ o0& o ‘o
/ Y 2o !
004 / - 00l 4 .
o II A i
o | ,BZ (m) | a
0.00 Lo todadgom@er? ) by 000 & 9 | | ! ! ! | i i
27 29 31 33 35 37 39 41 43 45 47 49 5 10 1 20 25 30 35 40 45 50
n {
0028 [ 1 0.07 . \
(b)
0024 006 |- - =
0.020 005 |- o ® e
- - D/D/—\\\
= £ oo Pa ,
= 0.016 = 004 + /sz \&1
3 8 0 |
S 0o o 003 - o,¢" \ ]
o a a //D [m] \\
// \
0008 002 | % o B 1
o~ a
L DDE"/ b ]
0.004 0.01 g .- oo v
50 v
0.000 o 000 B2 I ] I ! | | it
40 80 120 160 200 240 280 320 5 10 1 20 25 30 35 40 45
n {
FIG. 5. Distribution ofn quantum numbers qfp resulting from FIG. 7. Distribution ofl quantum numbers fgo capture by the

p capture by the H atom, calculated by the CTMC method at enerH atom at a collision energg, ,=0.30 a.u., calculated by th@)
gies(a) E;;,=0.30 a.u. andb) E.,=0.50 a.u. The points are the CTMC and (b) KW methods. The points are the results of the
results of the Monte Carlo trajectoriés 1300 contributing to each  Monte Carlo trajectorieé~ 1300 contributing to each cgsand the
case, and the dashed curve is a fitee Appendix A dashed curve is a fisee Appendix B
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Based on this simple consideration, thaximum Ipopulated E
in CTMC calculations is _‘§ 006 - - e 1
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cer_respond!ng to z_ero-angL_lIar-mementum electr@tsen- 000 e o Y i
tricity 1.0 with classical turning point at 22Q), and thepeak 5 10 5 20 25 30 35 40 45
in thel distribution occurs at {
12 o .
[CTMC__ \/— l— M (24) FIG. 9. Distribution ofl quantum numbers, integrated over col-
peak = lision energies, fop capture by atomic H to form pp atom having

n=57, calculated using the@ CTMC and(b) KW methods. The
corresponding to maximum angular-momenturd={1.0)  points are the results of the Monte Carlo trajectofiesl00 con-
electrons(eccentricity 0 with classical distance lag). Cap- tributing to each cage and the dashed curve is a fisee
ture orbitals neaf$1v' overlap only with the most eccentric Appendix B.
electron orbitals in the microcanonical distribution, while o
those belowl S overlap with all the target electron orbit- B. p+H,: KWC calculations
als. It can be seen in Fig. 8lashed curvethat this is a In capture ofp by H,, intermediate states such pppe~
faithful representation; fopp, 152 “(all n)=61. The agree- or ppe~ are possible, but are predissociative and/or autoion-
ment with formula(24) for the peak cannot be ascertainedizing. For this reason we have adopted the approach of fol-
from Fig. 8 since the distribution has been summed owver |owing the trajectories long enough that the isolgpgdatom
For this purpose it is necessary to look at capture in a spezan be characterized. The reactions distinguished are then
cific n state, where our Monte Carlo statistics are not as L
good. As an example, CTMC results, along with a nonlinear pp+H+e” (263
least-squares fitsee Appendix B are shown fom=57 in D+ H.{ pp+H" 26b
Fig. %(a); the valued ;1¥“(57)~51 andl 5o (57)~40 from P+ PP (26D
Egs.(23) and(24) are close to the fit.
In the KW model,all initial electron orbits have distance
1.0a, from the nucleus. The same considerations then yield'he total capture cross sectionsg,, are given in Table IV
" and _shown i_n Fig._lO. Additionally, the to_tal _reactive cross
KW kW _ ool M 25 sectionso g (|r_lclud_|ng dissociation and ionization as well as
max " ' peak~ V<A 2n? capture are given in Table IV.
The mechanism seen in mgs# H, reactive collisions is
The valuel h(all n)~43 is borne out by Fig. &ull curve).  that one electron is ionized upon close approach ofpthe
The peak |n this figure occurs at a somewhat lower valugeaving behind an unstableppe™ complex. At the higher
value because sonmmp’s are formed in lowen states and, energies the ionization is usually prompt, but at the lower
of course| must be less than. Figure 9b) shows that the energies a five-body precursor complex often survives for
distribution found forn=>57 is in good agreement with the several vibrational periodéccasionally even splitting into
values| KW~ Ipeak 40 predicted by Eq(25). It should be  ppe™ +H before ionization Thepppe™ complex then usu-
emphasized that the estimates of E@8)—(25) are provided ally dissociates intgp+ H after the first electron is far re-
for heuristic purposes, and in no sense are rigorous boundsioved. In fact, the reaction products are so strongly domi-

pp+pte +e . (260
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TABLE IV. Cross sectiongop,, and oy, parameters for fits afi distributions(ng and y»—see Appendix 4, and parameters for fits of
| distributions(b, a, andl,—see Appendix Bfor pp atoms formed irp+ H, collisions, calculated by the KWC method.

Ecm. (a.u) o5p (a5) Tror (3) No Y b a Iy
0.01 148.32:10.97 148.32:10.97 24.58 1.32 —7.38<10°3 6.88x 1074 21
0.10 43.42 1.67 43.42 1.67 25.15 1.56 —8.85x1074 1.02x 102 27
0.20 28.11* 0.89 28.4 0.90 25.72 3.51 —4.00x10°2 2.35x1074 30
0.40 15.6%* 0.57 20.14- 0.88 26.20 3.71 —2.61x10°8 1.67x10°2 32
0.60 11.0% 0.38 17.25 0.80 27.07 4.54 —1.90x10°2 3.91x10°? 50
0.80 7.98= 0.40 15.83 0.84 25.88 2.05 —8.30x10°4 9.05x 1072 52
1.00 6.28- 0.37 14.07% 0.73 26.41 1.81 —4.88x107* 1.37x10°* 55
1.20 4.38 0.36 12.58 0.76 27.92 4.42 2.9010°° 1.65x10™° 57
1.60 2.12- 0.33 11.7% 0.73 31.29 8.57 3.9410°° 2.29x10"° 59
2.00 1.34- 0.28 11.03 0.70
2.40 0.85- 0.23 10.74 0.71
2.80 0.28 0.14 9.97 0.64
4.00 0.07 0.07 9.47% 0.67
6.00 =<0.04 8.9t 0.68

nated by EQ.(269 that quantitative presentation of cross tion may also prove useful for comparing with future
sections for Eqs(26b) and (260 is not statistically justified. quantum-mechanical calculations. Quantum mechanically,
Qualitatively speaking, Eq26h) was seen in up te-2% of  the rigid-rotor approximation is a great simplification. Qua-
the trajectories at the lowest energies, though it should bsiclassically the treatment provides insight but the effort re-
noted that H is overbound in the KW moddby 0.063 a.u. quired for solution of the equation of motion is basically
as compared to the experimental value of 0.028)aReac- unchanged.
tion (260 was seen even more rarelf1% of the time at The p capture cross section in the rigid-rotor approxima-
collision energies below 1 a.u., though it appears to becomton is also shown in Fig. 10. It lies in between the results for
relatively more common at higher energigghere the total the H atom and vibrating Hmolecule at all energies. How-
pp formation cross section is small ever, it is close to the Hresult at collision energies below

Figure 10 shows that the capture cross section for,is ~ ~0.8 a.u. and falls to zero much more rapidly than does the
more than a factor of 2 larger than that of H at all collision cross section for the unconstrained target. As might be ex-
energies except the very lowg6t01 a.u).® More important,  pected, it appears that only rotational excitation is probable
the pp formation with the molecular target extends to muchat low impact energies while vibrational excitation becomes
higher collision energies. There are three notable possiblprobable at the higher energies. The dividing energy is close
sources of this differencei) the two-center, two-electron
structure of H (even though the first ionization potentials are a2
similar); (i) molecular vibrations and dissociation, afiiil)
molecular rotations. Note that a dissociative result is not, by
itself, proof that the dissociative coordinate was important
for the p capture since, in principle, predissociation could
occur after a purely electronic excitation. In fact, dissociation
musteventually occur in the present calculations if the exci-
tation energy exceeds the dissociation energy since we do
not take radiative relaxation into account. If the dissociation
dynamics occurred only after the collisidie., after thepp
was far removey then it would not affect the capture cross
section. SN

In order to distinguish rotational effects from vibrational- = L
dissociative effects, we performed the calculation treating the 04 08 12 16 20 24 28
H, target as a rigid rotor—with the internuclear distance Ecm fau)
fixed atR=Ry=1.4 a, but otherwise unhindered. This con-
straint is imposed by addition of a Lagrange multiplier term
to the Hamiltonian(see Appendix € This special calcula-

28 - B

2% |- -

NE |

Cross Sections {units of a_’)

FIG. 10. Cross sections fgup formation in collisions ofpp

with the H, molecule(full curve). This calculation was done with
the quasiclassical KWC method including full five-body dynamics.
The other curves, shown for comparison, use the same method
treating H as a rigid rotor(long-dashed curye treating H as a

%The calculations aE=0.01 a.u. were done primarily to obtain rigid nonrotor(short-dashed curygand for the H-atom targétiot-
then,| distributions. The cross sections are not necessarily accuratied curve. The circles show the calculated points, which are con-
or converged, since the starting distance o&gl&s not really far  nected by straight-line segments. Note that the laboratory-frame
enough for such a slow collision. energy,Ep, is 1.E, ,, for p+H, and 2.E,, for p+H.
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FIG. 11. Distribution ofn quantum numbers opp resulting FIG. 13. Distribution ofn quantum numbers opp resulting

from p capture by the imolecule, calculated by the KWC method from p capture by the limolecule, integrated over collision ener-
at energyE. ,=0.20 a.u. The points are the results of the Monte gies using the KWC result§ull curve). For comparison the corre-
Carlo trajectories~ 300 contributing, and the dashed curve is a fit sponding result for the H-atom target is sho@@ashed curve
(see Appendix A
H atom, typical fits(see Appendixes C and)@f then andl
to the energy E. ,~1.0 a.u.) where the cross sections peakdistributions for capture by the molecule are shown in Figs.
for vibrational excitation of Hby H* impact[31]. At ener- 11 and 12. In view of the limited statistics provided by the
gies above 2.0 a.u. the capture cross section essentially smaller number of trajectories, the smoothing by the analytic
vanishes when vibration is disabled. With the vibrational dedit is helpful. The simple schemes for the peak and maximum
gree of freedom enabled, it extends to much higher energiesf the distributions, as found for the atomic case, are not
and falls off in a manner similar to the™H, vibrational  applicable here since the quantum numbers are modified by
excitation cross sectiof81]. the dynamics and dissociation of an intermediate complex.
In order to further investigate the effect of internal mo- The results integrated over the energy-dependent capture
lecular dynamics, we also did rigid- “nonrotor” calculations cross sectiofisee Eq(22)] are shown in Figs. 13 and 14 in
in which the target was constrained not to rotate or vibratecomparison with the results given in Sec. Il A for capture by
(see Appendix D As can be seen in Fig. 10, tiecapture  the atom. Then distribution peaks at about 25 instead of
cross section then falls off even more rapidly then in the(0.5mp/me)1/2~30, where the peak occurs in the atomic
rigid-rotor case. As in the atomic case, the rigid-nonrotorcase. Some of this decrease can be ascribed to the larger
capture cross section rapidly decreases above the ionizatiednization potential of the molecule, but it is mostly due to
potential, which is 0.605 a.u. f® fixed at 1.4,. However, the dissociation dynamics. The distribution is narrowed, and
the rigid-nonrotor cross section is still substantially largerthe tail is greatly diminished as compared to the atomic case.
than the atomic cross section, showing that the two-center, The | distribution resulting from molecular capture is
two-electron effect is also important. compared with the atomic case in Fig. 14. Again the distri-
The n and| distributions ofpp formed inp-+H, colli-  bution is shifted toward smaller values. The distribution is
sions also differ significantly from those calculated for also considerably rounded and is no longer dominated by the
+H collisions. Analogous to Figs. 5 and 7 for capture by thestatistical (proportional to 2+ 1) behavior evident in the

atomic case.
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FIG. 12. Distribution ofl quantum numbers opp resulting

from p capture by the imolecule, calculated by the KWC method FIG. 14. Distribution ofl quantum numbers opp resulting
at energyE. ,=0.20 a.u. The points are the results of the Montefrom p capture by the Himolecule, integrated over collision ener-
Carlo trajectories~ 300 contributing, and the dashed curve is a fit gies using the KWC result$ull curve). For comparison, the corre-
(see Appendix B sponding result for the H-atom target is shof@ashed curve
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IV. CONCLUSIONS where the only independent parametersraye y, 8, and é.

The results op capture by the Bimolecule differ greatly Mo and y (and_a which is renormalized latgrwere deter-
. mined by nonlinear least squares, whiteand § were deter-
from those for capture by the H atom. The cross sections for

both have been calculated using the Kirschbaum-Wilets quam'?_eglbya}? T\c/)cf_?r:mula}s. The \(/jagues dftohandylarel %'VC?E
siclassical method extended for accurate treatment of the 2P o> V. Iheva uegs and o were then calculated by
molecule(this class of methods is known as fermion molecu- max1000h3,0.1) for p+H (CTMC)

lar dynamic$. Though such qualitative differences had not ) —

been anticipated, they can be understood in the light of cross B=1Y Max1500h5,0.1) for p+H (KW) (A2)
sections for collisions of normal Hwith H,. max 550h2,0.1) for p+H, (KWC)

Thep capture has been demonstrated to be affected by the
two-center, two-electron molecular structure as well as byand
the molecular rotational and vibrational dynamics. But the —
most important effect is due to the vibrat)i/onal—dissociative 30-580QE~0.5 for p_+H (CTMC)
dynamics, which enables capture to occur at much higher 5=14 30—320QE—0.5 for p+H (KW) (A3)
energies than in coII|S|on_s Wlth the_ atom. We should be a bit 18- 20(E—0.6) for p+H, (KWC).
cautious since the low-lying vibrational states of &e not
highly accurate in the quasiclassical treatment, owing to itSfhe parameterb, n,, ¢, or c,, andn, are then determined
large vibrational qguantum. However, the energy where théy continuity conditiongfunction and first derivative Thus
effect sets in is the same as that where vibrationally inelastic
collisions of H" with H, are seen experimentally. This cor- ni=no— 3 B&° (A4)
respondence lends credence to the results.

These results are in contrast to those previously found fopnd
pu~ +H,in a treatment that neglected the ro-vibrational dy-
namics. In that work17], the reaction cross sections for H b=a ex;{ —(
and H, targets were of similar magnitude and both cut off
sharply above their respective ionization potentials. The-or E>E,
close connection with rovibrational excitation suggests that
capture by molecules may depend significantly on the mo- 3
lecular isotope and the mass of the incident negative particle. c1=a(n,—9)” exp —
In the future, we plan to use the KWC model to determine if
rovibrational dynamics is also important far~ capture by and
H, and forp capture by D. o 2 211

Since all existing experiments formirngp have used mo- No=3{no+ o+ [(No+ 8)*~4nos+ 6514 (A7)
lecular targets, the differences between the atom and mofor e<E,,
ecule are highly relevant. At the present time, there would

(A5)

nz—no)2 (A6)

seem to be no purely quantum-mechanical method capable Na—No|?
of doing the full five-body reactive dynamics required to C2=a ex;{—( BN, (A8)
solve this problem. On the other hand, the fermion molecular
dynamics developed in the present work has been straigh@nd
forward to apply without further approximations. L
I’I2=n0+ EB'}/ . (Ag)
ACKNOWLEDGMENTS The long-range forrm™3 corresponds to a uniform en-

) ) . _ergy distribution. This distribution can extendre- only
This work was stimulated by the Institute for Theoreticalif E>E, | the ionization potential of the target, since other-
Atomic and Molecular Physics 1996 Workshop on Exoticyjse the remainder of the ionization energy has to come

Atoms. The work was performed under the auspices of thgrom binding energy of the antiproton to the proton. Thus
U.S. Department of Energy.

1/2
(L) for E<E,
n3:

APPENDIX A: FITS OF n DISTRIBUTIONS 2(B—B) (A10)
o ' o for E=E,.
The n quantum-number distributions were fit by the
spline form For H,, then3 form was found still to yield a better fit for
E somewhat belovE, . Thus we took

bef" for n<n, (Ala) E,=E(H) (A11)
a exp{—[(n—ng)/y]?} for n;<n=n, (A1D)  for hoth H and H.

F,=1¢ Ci/(n— 5)% for E=E; andn,<n<nz; (Alc) Finally the entire fit is renormalized by a common factor

c,e B for E<E; andn,<n=n, (ALd) N~+, usually close to unity, wherl is given by

0 for n>ng, (Ale) N=Nga+Np+N¢ (A12)



3594 JAMES S. COHEN 56

with ) A
pb:_vrbH,:_vrbH_ﬁ(rc_rb)a (C30
n,—n ni—n
N,=1ayy7 c1>( 2 °)—c1>( ! 0) (A13)
Y Y . A
pc:_VrCH,:_VrCH"'ﬁ(rc_rb)a (C3G)
(® is the error function
b JH’
szﬁ(eﬁnl—l), (A14) W:_(|r0_rb|_R):O- (C3e
and Note that the form of only the six Hamilton’s equations for
pp andp, is modified by the constraint.
1 In differential form, constraintC2) becomes
EC[(”2_5)_2_(n3_5)_Z] for E=E; ..
No= (re=Tp)- (Fe=Tp) =0, (Ca)

c
E(e*B”Z—e*3”3) for E<E;. which, with substitution of Eqs(C3a and (C3b), can be
(A15) written in terms of the dynamic variables as
Fits of then distributions at energies not calculated were (re=rp)-(VpH=Vp H)=0. (€9
obtained by interpolating the parametegsand y in Tables ) ) )
-V using a monotonically constrained cubic splif@2], e now have a set of8+1 equations folN particles in

and then obtaining the complete fit by the above method. 3N+1 unknowns including\. Unfortunately, these equa-
tions are not easily put into the generic fogw f(y), and

would probably need to be solved by an implicit scheme.
However, for the present problem, there is an excellent ap-

Thel distributions were fit by the global functional form Pproximation that still allows our usual solver to work.
The simplification comes from considering the nuclear

APPENDIX B: FITS OF | DISTRIBUTIONS

. al? masses to be infinitéut only for the calculation of the KWC
Fi=c(21+1)exp(bl)exp — =02 (B1)  effective potentialsThen the gradients are trivial,
wherek=1 for p+H andk=2 for p+H,. The fits were V. Ho ipb’ (C63
done separatelfl) for given E summed oven, and(2) for Po My

givenn integrated oveE. In case(1), the procedure was to

setl=1at1, wherel o Was the largest seen in capture vV oHo —

trajectories at energlf, and determin&, b, andc by non- Pc m. Pc.

linear least squares. In ca$g), the procedure was to set

b=0 and determin@, c, andl, by nonlinear least squares. and the corresponding Hamilton’s equations reduce to the
Fits of thel distributions at energies not calculated wereusual ones,

obtained by interpolating the parameteas b, and |, in

(C6b

Tables II-IV using a monotonically constrained cubic spline ; _i (C7a
[32], and then normalizing to obtain the coefficient > m, Po;

APPENDIX C: RIGID-ROTOR CONSTRAINT . 1 c7b

FOR HAMILTON'S EQUATIONS fe=mPe- (C7h

. The r|g|d.-body consfcraln_t Is enforced bY a Lagrange mLII'With this form it is easy to solve fox. We first rewrite the
tiplier term in the Hamiltonian. To constrain.=R, where

. differential constraint$C5), using Eqs(C6), as
R is a constant, we use ! ' int$C5), using Eqs(C6)

H' =H-\(r,.—R) (Cy (re=rp)-

! ! =0 C8
Epc_m_bpb =0. (C8

where, in terms of the dynamic variables, By differentiating this equation and using E¢€.7), we ob-

Moe=|rc=rol- (C2 tain
The constrained Hamilton’s equations are then L L 2+ t. 1. -0
m.Pe” m Po (Fe=Tp)- m Pe™ i P/ =0
rp=VpH =Vp.H, (C3a (C9

This relation betweemp, andp., together with Eqs(C30

re=VpH'=V, H (€30 ang (C3d), then yields an explicit expression far
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1 2 1 1 APPENDIX D: RIGID-NONROTOR CONSTRAINT
—|—pe— —pp| +(re—rp)-|—V, H——V, H ,
m, Pc my Pp| +(re—rp) (mc M e Ve FOR HAMILTON'S EQUATIONS
A= 1 1 ) The rigid nonrotor is defined by the constraint
—+—|R
My Me Fo—rp=R, (D1)

(C10

This Lagrange multiplier has an intuitive interpretation. If WhereR is a constant vector. Though three Lagrange multi-

we identify pliers (a vectoy are needed to enforce this condition, the
analysis is similar to that of the rigid rotor in Appendix C.
—VrbHEFb=ordinary force on nucleudp, We write
(C11a
H'=H—-\-(r.—rp,—R). (D2)
1
Hpbzvb=velocity of nucleusb, (C11b The constrained Hamilton’s equations are then
b
rp=Vp,H =V H, (D3a)
——VrbHEab=acceIeration of nucleu® due to _
Mo fe=V,H =V, H, (D3b)
ordinary force, (Cli9 ¢ ¢
(likewise for nucleus), and Po=—V, H ==V, H-A, (D3¢)
1.1 1 De=—V,H'=—-V, H+ D
—+ —=— (u=reduced mass obc), (C11d Pe=—Vr, e+ (D3d)
mp, M
VaH == (r.—rp,—R)=0. (D3¢
Ve™ Vb= Viel (Cllé
As in Appendix C, we differentiate ED1) and use Eqgs.
then (D3a) and (D3b) to write it in terms of the dynamic vari-
Vierr R=0 (c1g aPles:
and Vp H=Vp,H=0. (D4)
)\:_M[(ac_ab)'li_l—vrzeI/R]- (C13 With the infinite-nuclear-mass approximation in the KWC

effective potentials, EqD4) implies (1) pp,= (1/m¢) pc,
Thus we can interpret as theconstraint forcenecessary to  which can be used in Eq$D3c) and (D3d) to obtain an
balance the centrifugal force and the differential force onexplicit expression for the Lagrange multipliers:
nucleib andc due to forces exerted by all other particles.
We have done calculations to verify that the infinite-

1 1
nuclear-mass limit for evaluating the KWC potentials is a EVrCH_ _VrbH

my

good approximation. In representative cases, the usual KWC A= 1 1 . (D5)
equations were solved again, using this approximation, and = 4=
the results were hardly changed. My Mc
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