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Susceptibility of strongly driven two-level atoms: A non-Markovian analysis
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The absorptive part of the susceptibility of a system constituted by a strongly driven two-level atom~inter-
acting with a reservoir! is analyzed when probed by a weak field. Memory effects are taken into account~the
correlation time of the reservoir variables is finite! and we verify that they lead to several distinct features for
the absorption and stimulated emission of radiation, when compared with those obtained in the Markovian
approximation. Moreover, we verify that memory effects lead to a signature, namely, the sensitive dependence
of the maxima of the absorption lines on the Rabi frequency at off-resonance pumping. Other characteristics of
the spectrum are enhanced, even in the presence of a small but non-null correlation time of the reservoir, for
instance, the maxima of the dispersionlike absorption curves at on-resonance pumping. In this work several
situations are analyzed for different values of the parameters of the problem: the off-resonance frequencies of
the driving field, the Rabi frequency, the memory time, and temperature of the reservoir.
@S1050-2947~97!09607-8#
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I. INTRODUCTION

It is well known that several interesting effects arise in t
interaction of atoms with radiation when non-Markovia
~NM! characteristics of the reservoir are assumed, and
may manifest in many physical situations. For instance,
wenstein, Mossberg, and Glauber@1# predicted the supres
sion of spontaneous emission related to the decay of ca
two-level atoms in the presense of a strong driving fie
Other authors@2# studied NM effects in the atomic absorp
tion band shape for the transient and steady-state reg
and concluded that no information can be obtained about
NM character of the system in the steady-state regime
cause the line-shape function is Lorentzian as it is in
Markovian approximation~MA !; the effects are perceptibl
only in the transient regime, where the line shape is as
metric. In this same line, in@3# the authors derived a NM
master equation by expanding the density operator in
power in the correlation timet of the reservoir, obtaining
thus the same qualitative results as in@2#, with a model-
independent reservoir spectrum. Later, it was shown@4# that
the intensity of the diffracted light in degenerate four-wav
mixing processes can be expressed as a simple functio
the memory function of the reservoir. More recently, in@5#
the transient four-wave mixing from a three-level system w
examined when quantum beats and NM effects occur sim
taneously; the authors showed that it is possible to dis
guish between oscillations due to correlations of the re
voir from oscillations arising from quantum beats.

In previous papers@6,7# we analyzed and discussed th
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NM effects in driven two-level atoms in the steady-state
gime. We pointed to the possibility of distinguishing sol
tions of the master equation under the MA from those co
ing from a NM treatment~NMT! with a model-dependen
reservoir spectrum. We showed that the distinction occur
the entropy function: for Markovian processes it behaves a
monotonously decreasing function of the detuning going
ymptotically to a constant value, whereas in NM ones
shows a minimum before also attaining asymptotically
same value. Therefore, the presence of the minimum in
entropy function would be a signature of a NM reserv
interacting with the atom. Since the entropy function can
written in terms of the real and imaginary parts of the s
ceptibility, that function can be constructed from the expe
mental data in order to look for memory effects. Moreov
we also verified the existence of a phase transition in
absorption line shape, the transition from a single to a s
peak, which depends on the temperature of the reservoir
on the correlation time of its variables.

Continuing the study on the manifestation of no
Markovian effects in the matter-radiation interaction ph
nomena, in this paper we analyze those in which a two-le
atom is driven by a strong field, as reported in Ref.@8#,
where several interesting effects arise when the reservo
assumed Markovian. For instance, a novel effect was p
dicted by Mollow @9# in the absorption spectrum of a prob
field interacting with a system composed of a two-level at
driven by a strong laser field. This effect is the amplificati
of the probe field intensity by the stimulated emission fro
the atom at on-resonance frequencies of the strong fi
Dv[v12v050, wherev0 is the atomic transition fre-
quency andv1 is the laser frequency. Later, this effect w
verified experimentally at on- and also at off-resonance
quencies, the latter case with even higher gain@10#. Theo-
retically, this phenomenon is viewed as an amplificati
322 © 1997 The American Physical Society
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56 323SUSCEPTIBILITY OF STRONGLY DRIVEN TWO-LEVEL . . .
without population inversion in the atomic bare state pictu
in the dressed state picture the amplification occurs du
emission from a population inversion in the levels, f
Dv.0. Besides, at on-resonance pumping the amplifica
occurs near the absorption since the curve shows a s
dispersionlike shape, which decreases as one increase
Rabi frequency (V); this ‘‘anomalous’’ behavior was dis
cussed in@11#.

In this work we verify that the NM character of the re
ervoir affects significantly the whole probe absorption sp
trum x9: at the on-resonance pumping, the dispersionl
shapes in the probe field, tuned in the neighborhood of
frequency (v11V), are enhanced proportionally to the in
crease of the Rabi frequency; this is contrary to what occ
in the MA. This enhancement occurs even for a very sm
memory time. At off-resonance pumping, the left-side ba
of the spectrum shows a behavior that can be character
as a signature of memory effects: when, at a given R
frequency, the maxima of the absorption lines are plot
against the detuningDv, one notes that the curve shows
maximum before decreasing to a constant value; in the
this curve increases and then saturates at this same v
without passing through a maximum. In the right-side ba
of the spectrum one verifies that the amplification by stim
lated emission in the NMT is enhanced when compared
the case of MA, but both spectra have similar behaviors
this band. All these effects persist when the temperatur
the reservoir is not null, although the intensities are atte
ated. However, as already noted in@7#, here too the absorp
tion line shape of the probe presents a splitting at a crit
temperature.

The presentation and discussion of these effects in
paper are organized as follows: in Sec. II we present
modifications that arise in the generalized master equa
~GME! due to the presence of the probe field and in Sec
we give its solution. In Sec. IV we derive the susceptibil
corresponding to the probe and discuss the behavior o
absorptive part; Sec. V contains a summary and conclusi
Finally, in the Appendix we present the relation betwe
nonlinear optics ~field-dependent susceptibility! and the
structure of the polarization vector derived from the GME

II. THE GENERALIZED MASTER EQUATION

Firstly, we consider a system of noninteracting two-lev
atoms coupled to a reservoir and driven by a strong class
monochromatic fieldE1(t). The excited and ground state
are represented by the statesu1& and u2&, respectively, and
v0 is the atomic transition frequency. The reservoir is,
usual, assumed to be constituted by a very large numbe
photons in thermal equilibrium at some temperatureT. The
atom-field interaction, in the rotating-wave approximati
~RWA!, is given by (F1e

iv1tu2&^1u1H.c.), where
F152m12* •«1* , m12 is the matrix element of the electric d
pole moment of the atom between the excited and gro
states,v1 is the frequency of the laser field, and«1 is its
amplitude.

For this system the reduced density matrix can be
panded in terms of the complete set of operators that span
Hilbert space,
;
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r̂0~ t !5W1~ t !u1&^1u1W2~ t !u2&^2u1W3~ t !u1&

3^2u1W4~ t !u2&^1u, ~1!

where the coefficientsW1(t) andW2(t) are the occupation
probabilities of the levels subject to the normalization co
dition W1(t)1W2(t)51. The coefficients of coherence
W3(t) and W4(t), have a complex conjugate relatio
W45W3* . With the decomposition~1! the GME satisfied by

r̂0(t) @6# is transformed into the following system of couple
equations for the coefficientsWj :

Ẇj~ t !5 (
k51

2 E
0

t

dt8Qjk~ t,t8!Wk~ t8!

2~21! j@ iF 1e
iv1tW3~ t !1c.c.#, j51,2 ~2!

and

Ẇ3~ t !5E
0

t

dt8Q33~ t,t8!W3~ t8!1 i ~F1e
iv1t!*

3@W1~ t !2W2~ t !#2 iv0W3~ t !, ~3!

given in the Schro¨dinger representation. The occupatio
probability kernels are

Qjk~ t,t8!522~21! j1k(
m

uKm~vm!u2@ n̄~vm!1dk1#

3cos@~v02vm!~ t2t8!#, j ,k51,2 ~4!

and the coherence kernels are

Q33~ t,t8!52(
m

uKm~vm!u2@2 n̄~vm!11#e2 ivm~ t2t8!,

~5!

and Q44(t,t8)5Q33(t,t8)* . In the above expression
n̄ (vm)5(e\vm /kBT21)21 is the mean number of photons o
the reservoir with frequencyvm , kB is the Boltzmann con-
stant,T is the absolute temperature, and theKm (Km* ) are the
coupling parameters related to the atom-reservoir interact

The stationary solutions for Eqs.~2! and ~3!,
Wj

` , j51,4, were already determined in both the MA@9# and
NM @6# cases and@6# presents the general expression f
them. It is worth recalling that whereasW1

` andW2
` are

time-independent quantities,W3
` andW4

` are time dependent
their steady state is driven by the oscillation of the fie
namely,W3

`5W̄3
`e2 iv1t andW4

`5W̄4
`eiv1t.

Now, we consider the driven atomic system probed b
weak field, in whose susceptibility we are interested. Its
teraction with the atom is given by (F2e

iv2tu2&^1u1H.c.),
whereF252m12* •«2* , v2 is the frequency of the probe, an
«2 is its amplitude satisfying the conditionu«2u!u«1u.

Since the probe is a perturbing field, its effect on t
density matrix of the driven atom in the steady state cor
sponds to a small correction; thus we write the total den
matrix as

r̂~ t !5 r̂0
`1Dr̂~ t !, ~6!
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or, making explicit the corrections for each component of
expansion~1!,

r̂~ t !5@W1
`1DW1~ t !#u1&^1u1@W2

`1DW2~ t !#u2&^2u

1@W̄3
`e2 iv1t1DW3~ t !#u1&^2u1@W̄4

`eiv1t

1DW4~ t !#u2&^1u. ~7!

Then, the GME forr̂(t), written in terms of the expansio
components, turns into four coupledc-number integrodiffer-
ential equations,

d

dt
@Wj

`1DWj~ t !#5 (
k51

2 E
0

t

dt8Qjk~ t,t8!@Wk
`1DWk~ t8!#

2~21! j$ i ~F1e
iv1t1F2e

iv2t!

3@W̄3~ t !e
2 iv1t1DW3~ t !#1c.c.%,

j51,2, ~8!

d

dt
@W̄3

`e2 iv1t1DW3~ t !#

5E
0

t

dt8Q33~ t,t8!@W̄3
`e2 iv1t81DW3~ t8!#1 i ~F1e

iv1t

1F2e
iv2t!* $@W1

`1DW1~ t !#2@W2
`1DW2~ t !#%

2 iv0@W̄3
`e2 iv1t1DW3~ t !#, ~9!

and

d

dt
@W̄4

`eiv1t1DW4~ t !#5
d

dt
@W̄3

`e2 iv1t1DW3~ t !#* .

~10!

III. THE SOLUTION TO THE GME

Before calculating the corrections to the coefficien
DWj (t), we point out that in the Appendix we determine
their time behavior by exploring the properties of the pol
ization of the medium in the presence of a weak probe fie
The expressions given by Eqs.~A11! and ~A12! for the
DWj (t) are formally the same as those proposed in@9#:

DW1~ t !5dW11he2 iDnt1h* eiDnt,

DW2~ t !52dW12he2 iDnt2h* eiDnt,
~11!

DW3~ t !5e2 iv1t~dW01dW1e
2 iDnt1dW2* e

iDnt!,

DW4~ t !5eiv1t~dW0*1dW1* e
iDnt1dW2e

2 iDnt!,

whereDn5v22v1 is the detuning of the probe from th
driving field frequency.

Introducing the quantitiesDWj (t), given by Eqs.~11!,
into Eqs.~8!–~10! and equating the coefficients of the sam
exponential functions to the lowest order in the probe fi
strength, one gets the following equations for the unkno
parameters of the Eqs.~11!:
e

,

-
.

d
n

@2 iDn1L~Dn!#h2 iF 1dW11 iF 1* dW252 iF 2* ~W̄3
`!* ,

~12!

@ iDn1L* ~Dn!#h*1 iF 1* dW1* 2 iF 1dW2* 5 iF 2W̄3
` ,

~13!

L~0!dW11 iF 1* dW0*2 iF 1dW052~ iF 2* dW1* 2 iF 2dW1!,
~14!

Z* ~v1 ,Dv!dW02 i2F1* dW12 i2F2*h*50, ~15!

@ iDn2Z* ~v2 ,Dv!#dW11 i2F1*h52 iF 2* ~W1
`2W2

`!,
~16!

@2 iDn2Z* ~v12Dn,Dv!#dW2* 1 i2F1*h*50, ~17!

whereDv5v12v0 is the detuning of the driving field fre
quency from the atomic transition frequency. In the abo
equations

Z~x,Dv!5 iDv2Q̃33* ~2 ix !, ~18!

L~y!52Q̃11~2 iy !1Q̃12~2 iy !, ~19!

whereQ̃33 is the Laplace transform of the coherence ker
@6#

Q̃33~p!52E
0

`

dv8g~v8!uK~v8!u2@2 n̄~v8!11#
1

p1 iv8
~20!

andQ̃11 andQ̃12 are the Laplace transform of the occupati
probability kernels@6#

Q̃jk~p!522~21! j1kE
0

`

dv8g~v8!uK~v8!u2

3@ n̄~v8!1dk1#
p

p21~v02v8!2
. ~21!

To determine the parametersh, dW1 , anddW2 we solve
the system composed of Eqs.~12!, ~16!, and the complex
conjugate of Eq.~17!. To get the remaining paramete
dW0 anddW1 we work with Eqs.~14!, ~15!, and the com-
plex conjugate of Eq.~15!.

In Eqs. ~20! and ~21! the functiong(v8) is the density
distribution function for the frequencies of the reservoi
photons, whose shape determines the character of the e
tion of the reduced density operator. Forg(v8) a constant
for all frequencies, the reservoir operators are Markov
correlated, whereas forg(v8) not a constant the operator
become non-Markovian correlated. In this work we adopt
g(v8) the Cauchy distribution

g~v8!5g0
1

11~v82v0!
2t2

, ~22!

wheret is the memory time. With this choice, for the qua
tities Q̃33(p) andL(p) we get
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Q̃33~p!52g@ n̄~v0!11/2#
1

11~p1 iv0!t
~23!

and

L~p!5g@2 n̄~v0!11#
1

11pt
, ~24!

whereg[2pg0uK(v0)u2 is the natural damping constant o
the atom.
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IV. THE SUSCEPTIBILITY CORRESPONDING
TO THE PROBE

The susceptibility with respect to the probe field, det
mined in the Appendix, Eq.~A15!, is

dA1~v1 ,v2 ,«1!52dW1

N

e0

um12u2

3F2*
, ~25!

where the quantitydW1 , solution to Eqs.~12!, ~16!, and
~17!, is written as
dW152 i
F2*

f ~2 iDn!
~W2

`2W1
`!F2uF1u2S 12

2 iDn1Z~v12Dn,Dv!

Z~v1 ,Dv! D1@2 iDn1L~Dn!#@2 iDn1Z~v12Dn,Dv!#G ,
~26!

with

f ~2 iDn!52uF1u2$@2 iDn1Z~v12Dn,Dv!#1@2 iDn1Z* ~v2 ,Dv!#%1$@2 iDn1Z~v12Dn,Dv!#@2 iDn

1Z* ~v2 ,Dv!#@2 iDn1L~Dn!#%. ~27!
or
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In Eq. ~26! (W2
`2W1

`) represents the difference between t
populations of the driven atom levels and was already de
mined for both the MA and the NMT, in@6#, Eq. ~19a!.

Now, we shall analyze the imaginary part of the dime
sionless susceptibilityx9(Dng21)[Im dA1(v1 ,v2 ,«1)/g,
where the positive~negative! part of the spectrum corre
sponds to absorption~emission! of radiation by the atom.
Besides the one-photon process, the occurrence~at off-
resonance! of a stimulated emission at the right-side band
the spectrum was recognized; it is currently interpreted a
three-photon process, involving the absorption by the a
of two v1 photons from the driving field and the emissio
into the probe field of one photon of lower frequency. Th
can also be viewed as an amplification~of the probe field!
without population inversion in the atomic bare state ba
or amplification with population inversion in the dress
state basis@10,8#, for Dv.0.

In Figs. 1–10 we assign several values for the Rabi
quencyV[2uF1u (\51) as well as forDv; we also con-
sider the effect of temperature by settingn̄56, besides the
casen̄50 (T50 K!. The memory effects are introduced b
assuming for the correlation timet ~in units of natural decay
time! the valuetg50.2. We recall that this problem wa
already investigated@9–11#, however, only in the MA and
for T50 K.

We first give attention to the situation where the fie
E1 is resonant with the two-level atom,Dv50 ~Figs. 1–4!,
whose curves are symmetric forDn. The MA andn̄50 case
~Fig. 1! shows that for low Rabi frequencies there is a stro
absorption aroundDn50. On increasingV, there is practi-
cally neither absorption nor emission;x9 shows only quite
small dispersionlike shapes atDn around the Rabi frequenc
@9#. Within the NMT, (tÞ0), significant changes occur a
can be verified in Fig. 2; with increasingV an enhancemen
in the intensity of the ‘‘anomalous’’ dispersionlike shape o
r-

-

f
a
m

s,

-

g

-

curs atDn'V, having approximately the same intensity f
both the absorption and emission neighbor lines. Moreo
with increasingV a narrowing of the lines is verified and fo
low values ofV the stimulated emission is absent, as in t
MA. When a non-null temperature is considered, in the M
x9 is significantly reduced; see Figs. 1 and 3. In the NM
~Fig. 4! the lines are also reduced by a factor of ord
(2 n̄11), and we observe a broadening of the widths in
dispersionlike shapes; compare with Fig. 2. Moreover,
lines become narrower with the increase ofV. Another in-
teresting feature is observed in Fig. 4 for low values ofV,
the central peak of absorption is split~we recall that the
curve is symmetric!, which is identified by the depression o

FIG. 1. Imaginary part of the dimensionless susceptibility
plotted vs the detuningDn in units of the natural decay constan
calculated in the MA (t50), for on-resonance pumping,Dv50,

and n̄50. The numbers associated with each curve represent
Rabi frequency. The dispersionlike structure of the spectrum
quite imperceptible.
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x9 at Dn50. As discussed previously@7#, the reservoir is
competing with the probe field for the photon absorption
the atoms; nearbyv15v25v0 the mean number of photon
of the reservoirdN5 n̄ (v0)g(v0)dv is maximum; therefore
the atom eventually absorbs more photons from the re
voir.

With regard to the off-resonance spectrum~Figs. 5–10!
we assigned the valuesDvg2153,10,20,30, . . . and
Vg2158 ~for higher values of the Rabi frequency we d
not find significant qualitative changes!. In Figs. 5 and 6 we
depictx9 in the MA and n̄50 for Dn,0 andDn.0, re-
spectively. ForDn,0 only absorption occurs; its intensit
increases with increasingDv and then saturates. Fo
Dn.0 the stimulated emission occurs but at a much low
strength than the absorption, as already noted@9,10#. The
x9 in the NMT and n̄50 is depicted in Figs. 7 and 8; fo
Dn,0 the heights of the absorption peaks attain their ma
mum aroundDvg21510 and then decrease, saturating
the same value as in the MA~Fig. 5!. This kind of behavior
constitutes a signature of the memory effects in an exp
mental observation. ConcerningDn.0 ~Fig. 8! the behavior
of the emission line does not change when compared w

FIG. 2. Same as Fig. 1 but in the NMT, withtg2150.2. The
dispersionlike shapes are enhanced compared to the MA case

FIG. 3. Same as Fig. 1 but withn̄56.
y

r-

r

i-
t

i-

th

the one obtained in the MA~Fig. 6! except for the strength o
the emission lines whose peak is enhanced.

Concerning the effects of the temperature,n̄56, in the
MA ~Fig. 9!, one notes that the main differences from t
n̄50 case~Fig. 5! are the broadening of the linewidths an
the reduction of their strengths. ForDn.0 the stimulated
emission is highly reduced, hence we omitted this part of
plot. In the NMT ~Fig. 10!, we observe a significant differ
ence by comparing to then̄50 case~Fig. 7!. The lines
present a splitting that is independent ofDv. Each split line
becomes asymmetric and this feature is more pronounced
lower the detuningDv; for increasingDv the asymmetry
tends to disappear, although the splitting persists —
lower peak increases in intensity whereas the higher one
its height decreased. Another characteristic is that for h
values ofDv the height of the peak, in the MA~Fig. 9!
coincides with the minimum of the splitting, as already ve

FIG. 4. Same as Fig. 1 but in the NMT withtg2150.2 and

n̄56. The dispersionlike shapes are enhanced compared to the
case.

FIG. 5. Imaginary part of the dimensionless susceptibility
plotted vs the negative sideband detuningDn in units of the natural
decay constant, calculated in the MA with the same value of

Rabi frequency,V58.0, for all absorptive curves andn̄50. The
numbers associated with each curve represent the off reson
Dv.



e

s

f
e

-

s

d in
is

abi

n

arly

e

T,
e
e

is-

hen
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fied @7# in the case of absorption from the driving field in th
absence of a probe.

V. COMMENTS AND SUMMARY

Recalling that in the dressed atom formalism@8#, for
Dv.0, the absorption and emission occur between level
transition frequencies v085v12A(Dv)21V2 and
v095v11A(Dv)21V2, respectively, the NM behavior o
the lines can be physically understood by looking at the r
ervoir distribution function of frequencies, Eq.~22!. At the
absorption frequencyv08 , g(v) depends only on the fre
quenciesDv andV,

g~v08!5g0
1

11@A~Dv!21V22Dv#2t2
. ~28!

At on-resonance frequency,Dv50, the NMT dispersion-
like lines ~Figs. 2 and 4! increase in intensity for high value

FIG. 6. Same as Fig. 5 but for positive sideband detuningDn.
The negative peaks correspond to the amplification of the prob
stimulated emission.

FIG. 7. Same as Fig. 5 but for calculation in the NM
tg2150.2. After attaining values higher than in the MA, th
maxima decrease with increasingDv and saturates at the sam
values; compare with Fig. 5.
at

s-

of the Rabi frequency, as compared with the ones obtaine
the MA ~Figs. 1 and 3!, which, oppositely, decrease. Th
feature is present for any value oft, however small it is, as
seen from Fig. 11, whose curves~for each value oftg21)
represent the maxima of the absorption lines versus the R
frequency. In this case,g(v08) reduces to

g~v08!5g0
1

11V2t2
, ~29!

and by increasing the Rabi frequencyV, g(v08) decreases,
thus reducing substantiallythe influence of the reservoir o
the atom-field system. The dispersionlike structure ofx9 will
characterize analmost lossless process: the lines become
quite sharp and narrow, and the intensities increase line
with V.

At off-resonance frequency,DvÞ0, in the MA ~Figs. 5
and 9! the absorption peaks~for V fixed! occur at values
v25v08 (,v0), or (Dn)max52A(Dv)21V2; the atom will
also absorb photons from the pump field~which is much
stronger than the probe!, as long asDv/V is not too large.
However, asDv increases

by

FIG. 8. Positive sideband detuning of Fig. 7. Compare the em
sion peaks with those of Fig. 6.

FIG. 9. Same caption as Fig. 5 but withn̄56. There is a broad-
ening of the absorption lines and a decrease in their intensity w
compared with those of Fig. 5.
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v08[v02@A~Dv!21V22Dv#→v0,

the absorption from the probe attains its maximum va
because the frequencyv1 is now quite far fromv2 and the
pump field does not compete, anymore, for the absorpt
this leads to the saturation of the line intensities of the pro
In the NMT ~Fig. 7! the saturation of the absorption pea
occurs at the same values as in the MA because asDv be-
comes much larger thanV,

g~v08!'g0
1

11V4t2/~Dv!2
'g0 ~30!

approaches the MA in this limit. ForDv of the same order
of V, g(v08),g0, the effect of the reservoir is reduce
hence increasing the absorption from the probe. The abs
tion lines in the NMT, when compared with the MA ones
this region, appear, each one multiplied by a factor lar
than 1; the rate at which these factors decrease asDv in-
creases provides the structure of the maximum for the p
values. We consider that this behavior characterizes a si
ture of the memory effects.

For TÞ0, the absorption line structure for the NMT~Fig.
10! reproduces the corresponding one forT50 ~Fig. 7!, al-
though now each line is split becausetg(2 n̄11).1 @for
tg(2 n̄11),1 there is no split#. The splitting of the line
into two bumps ofequal intensity was already discussed f
the absorption from only one field@7#. That splitting follows
from a thermal phase transition, in which the number of p
tons of the reservoir increases with increasing temperat
thus, the photons compete with the field for being absor
at frequencies around the center of the line. Now, in
presence of a pump field the absorption line profile of
probe shows an asymmetry of the heights of the two bum
Again, this behavior is due to the reservoir density of f
quenciesg(v): if one considers that for one single line th

FIG. 10. Same as Fig. 5 but for calculation in the NM

tg2150.2 andn̄56. Note the splitting of the line; after attainin
values higher than in the MA, the maxima of the higher peak
crease with increasingDv whereas the maxima of the lower pea
increase. For highDv the two peaks of the line attain the sam
value.
e

n;
e.

rp-

r

ak
a-

-
e,
d
e
e
s.
-

peaks of the bumps are located at6« from v2,05v08 , or
more explicitly, atv2,65v12AV21(Dv)26«, then

g6[g~v2,6!5
g0

11@AV21~Dv!22Dv7«#2t2
~31!

shows thatg1.g2 ; thus, the influence of the reservo
throughg2 , at the left bump (Dn)252AV21(Dv)22«,
is less than it is for g1 at the right bump
(Dn)152AV21(Dv)21«, permitting a higher absorption
from the probe at (Dn)2 than at (Dn)1 . In the limit
(V/Dv)→0 we have

g6'
g0

11~6«!2t2
, ~32!

therefore, the asymmetry disappears and the twin-bumps
profile of @7# is recovered.

In this work we presented several peculiar characteris
in the absorption of the probe field and in the atomic stim
lated emission — the imaginary part of the susceptibil
function x9 — when memory effects of the reservoir a
taken into account. We considered the steady state of
GME, which describes the dynamics of the atom~imbedded
in a reservoir! interacting with two classical fields~pump and
probe!. New features arise inx9 when compared with the
one calculated from the GME within the MA.
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FIG. 11. Maxima of the dispersionlike shapes of Figs. 1 an
are plotted vs the Rabi frequency in units of the natural de
constant, fortg2150.0,0.02,0.04,0.06, showing that only in MA
tg2150.0, the heights of the peaks decrease for high values of
Rabi frequency.
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APPENDIX

In this Appendix we determine the time dependence of the matrix densityr(t) by exploring the features of the expressio
for the polarization. For a medium composed of noninteracting two-level atoms, which are invariant by spatial invers
polarization is highly nonlinear and is written as an odd power series of the field, namely@12#,

P~ t !

e0
5E

2`

`

dt1R
~1!~ t1!uE~ t2t1!1E

2`

`

dt1E
2`

`

dt2E
2`

`

dt3R
~3!~ t1 ,t2 ,t3!uE~ t2t1!uE~ t2t2!uE~ t2t3!1•••. ~A1!

The response function of the medium,R(n)(t1 , . . . tn), is a tensor of rank (n11), E(t) is the applied field, and the vertica
bars indicate contraction.

For a single monochromatic field,

E~ t !5«e2 ivt1«* eivt, ~A2!

the integrals in Eq.~A1! provide for the polarization

P~ t !

e0
5$e2 ivt@x~1!~v!z«13x~3!~v,v,2v!z«««*110x~5!~v,v,v,2v,2v!z««««* «*1 . . . #1c.c.%

1$e2 i3vt@x~3!~v,v,v!z«««15x~5!~v,v,v,v,2v!z«««««*1 . . . #1c.c.%1•••, ~A3!
he

n
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o-
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-

where x(n) is the susceptibility tensor of rankn11 and
where the intrinsic permutation-symmetry property of t
tensor components was used.

Since the macroscopic polarization is defined as

P~ t !5NTr@r~ t !m#, ~A4!

with N the atomic density, we take forr(t) the density ma-
trix for the driven atom, expansion~1!, Sec. II, and we obtain
in the stationary regime

P~ t !5N~W̄3
`e2 ivtm211c.c.!. ~A5!

Comparing Eq.~A5! with Eq. ~A3! we conclude that the
nonlinear susceptibilities for which the sum of the freque
cies is different from6v must vanish. Then Eq.~A3! re-
duces to

P~ t !

e0
5e2 ivtx~v,«!•«1c.c., ~A6!

where the field-corrected susceptibilityx was introduced.
Now, for the same medium in the presence of two mo

chromatic fields of different frequencies, the total polariz
tion is obtained by taking

E~ t !5E1~ t !1E2~ t !5~«1e
2 iv1t1«2e

2 iv2t!1c.c.
~A7!

into Eq. ~A1!. The fieldE1(t) drives strongly the two-leve
atoms whereasE2(t) is a weak probe field (u«2u!u«1u) per-
turbing the stationary state of the driven atoms. Therefor
the expression of the polarization we shall keep terms u
the quadratic power of the perturbing field, like«2«2* ,
which corresponds to the absorption of only one photon fr
the probe field,
-

-
-

in
to

P~ t !

e0
5„e2 iv1t$x~v1 ,«1!u1@6x~3!~v1 ,v2 ,2v2!u160x~5!

3~v1 ,v1 ,2v1 ,v2 ,2v2!u«1«1*1•••#«2«2* %«1

1c.c.…1$e2 i ~v11Dn!t@6x~3!~v2 ,v1 ,2v1!u«1«1*

130x~5!~v2 ,v1 ,v1 ,2v1 ,2v1!u«1«1«1* «1*

1•••#«21c.c.%1$e2 i ~v12Dn!t

3@3x~3!~2v2 ,v1 ,v1!u«1«1120x~5!

3~2v2 ,v1 ,v1 ,v1 ,2v1!z«1«1«1«1*1•••#

3«2*1c.c.%, ~A8!

whereDn5v22v1 is the detuning of the probe from th
driving field frequency.

To observe more clearly the effect of the probe field a
for later use, we cast Eq.~A8! into the following short form

P~ t !

e0
5$e2 iv1t@x~v1 ,«1!1dA0~v1 ,v2 ,«1 ,«2!#•«11c.c.%

1@e2 i ~v11Dn!tdA1~v1 ,v2 ,«1!•«21c.c.#

1@e2 i ~v12Dn!tdA2* ~v1 ,v2 ,«1!•«2*1c.c.#. ~A9!

From Eqs.~A8! and ~A9! we verify that the effect of the
weak probe field on the stationary state of the driven tw
level atom is to induce corrections to the unperturbed po
ization and also to introduce additional terms oscillating
frequencies differing by6Dn from the frequency of the un
perturbed polarization.

Now, evaluating the macroscopic polarization, Eq.~A4!,
with r(t), the perturbed density matrix, given by Eq.~7!,
Sec. II, we obtain

P~ t !5N$@W̄3
`e2 iv1t1DW3~ t !#m211c.c.%. ~A10!
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Comparing Eqs.~A9! and ~A10! we note that the term
DW3(t) can be written as a sum of three time-depend
contributions:

DW3~ t !5dW0e
2 iv1t1dW1e

2 i ~v11Dn!t1dW2* e
2 i ~v12Dn!t;

~A11!

this form leads us to consider the same structure as the
rections of the other components ofr(t). Recalling that
Trr(t)51 and^1ur(t)u2&5^2ur(t)u1&* we write

DW1~ t !5dW11he2 iDnt1h* eiDnt,

DW2~ t !52dW12he2 iDnt2h* eiDnt, ~A12!

DW4~ t !5@DW3~ t !#* .

Now we identify the quantities introduced in Eq.~A10!:

@x~v1 ,«1!1dA0~v1 ,v2 ,«1 ,«2!#•«15
N

e0
~W̄3

`1dW0!m21,

dA1~v1 ,v2 ,«1!•«25
N

e0
dW1m21 ~A13!
e

s.

. A
t

or-

dA2* ~v1 ,v2 ,«1!•«2*5
N

e0
dW2* m21,

from which we obtain the scalar susceptibilities with resp
to the fields. Taking the first two equations of Eq.~A13!,
assuming the medium is isotropic, and averaging them o
all directions we have

x~v1 ,«1!1dA0~v1 ,v2 ,«1 ,«2!52~W̄3
`1dW0!

N

e0

um12u2

3F1*
,

~A14!

which is the total susceptibility with respect toE1, and

dA1~v1 ,v2 ,«1!52dW1

N

e0

um12u2

3F2*
, ~A15!

the susceptibility corresponding to the fieldE2. In these
equationsF1*52m12•«1 andF2*52m12•«2.
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