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Interference effects in spontaneous two-photon parametric scattering
from two macroscopic regions
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Two types of interference were observed using two-photon spontaneous parametric radiation from two
nonlinear interaction regions. Two experimental setups analogous to the Young and Mach-Zehnder interfer-
ometers were used. An interesting feature of the two-photon Young interference is the opposite conditions for
its observation by two different methods: by measuring intensity of light at a single frequency and by
measuring correlation of intensities at two conjugated frequencies~method of coincidences!. Two-photon
Mach-Zehnder interference resembles the Ramsey method of separated fields, which is used in beam spectros-
copy. A simple macroscopic quantum model agrees well with the experimental results and enables their
interpretation in terms of ‘‘biphotons’’ carrying information about the pump phase.@S1050-2947~97!03210-1#

PACS number~s!: 42.50.Ct, 42.50.Hz, 42.50.Ar
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I. INTRODUCTION

The parametric scattering effect~PS!, or spontaneous
parametric down-conversion~SPDC!, is the most simple and
effective source of nonclassical light. This effect can be
terpreted as a spontaneous decay of pump photons with
quencyvp to pairs of photons with frequenciesv and v8
(v,v8,vp) according to the scheme\vp→\v1\v8. The
scattered field is represented by pairs of photons~‘‘ bipho-
tons’’ ! correlated in frequency and propagation directio
Phenomenologically, this field is described using the mac
scopic nonlinear susceptibilityx of the substance and quan
tizing the macroscopical scattered field. The pump is usu
a laser field, which is considered classical. PS is observe
transparent birefringent crystals with a largex and without a
center of symmetry~as lithium niobate or KDP!.

The PS attracts great attention in connection with
demonstration of Bell’s inequality violation@1–3# and with
the possible realization of quantum cryptography and qu
tum computing@4,5#. Applications of PS are also known i
spectroscopy@6#, metrology@5–7#, and the measurement o
group delay times@8,9#.

This work is devoted to the study of coherent propert
of PS field and of ways to construct a biphoton field. T
experiments carried out confirm that the information ab
the pump phase can be transmitted with the help of bip
tons.

In the case of a uniform crystal and a plane monoch
matic pump wave, spontaneous emission of photon pairs
curs mostly in the directions determined by the phase ma
ing conditionsv1v82vp50 andDW [kW1kW82kW p50 ~here
kW are the wave vectors inside the crystal!. These equalities
called phase matching conditions, together with the cry
dispersion v(kW ) determine the specific shape of th
frequency-angular spectrum of PS, that is, the probab
P(kW ,kW8) of a photon pair emission into the conjugate mod
kW andkW8. The field of given frequencyv is emitted mostly at
a definite angleu5u(v) betweenkW and kW p . One of the
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conjugated modes (kW ,kW8) ~with wave vectorkW and frequency

v! is called the signal, the other~with wave vectorkW8 and
frequencyv85vp2v! is called the idler. Two basic meth
ods to study PS are possible: by a single detector, when
properties of the signal modes with frequencyv are ob-
served, and by two detectors, using a coincidence circuit
measuring the intensity correlation in two conjugated mod
As one of the frequencies~e.g., v8! decreases and ap
proaches the region of strong IR absorption and dispers
the PS gradually turns into the Raman scattering of light
polaritons~optical phonons!. The border between these tw
processes can be set by the conditiona8l 851, wherea8 is
the absorption coefficient for the idler wave andl 8 is the

length of the scattering region alongkW8.
The probability of detecting a biphoton has the for

P(kW ,kW8)5uF(kW ,kW8)u2; see@11#. The functionF(kW ,kW8) can be
viewed as atwo-photon wave packetor a state vector of the

biphoton in the momentum space (kW ) ^ (kW8). The Fourier

transform ofF(kW ,kW8) may be interpreted as some effectiv
biphoton field in the space (rW,t) ^ (rW8,t8), which defines the
probability to detect a pair of photons at some point of t
space. Spontaneous scattering is closely related to indu
one @10,11#: let, for instance, a coherent field be fed to t
input of the idler modekW8, so that̂ akW8&Þ0; then the output
signal ^akW&5F(kW ,kW8)^akW8&. Therefore,F(kW ,kW8) plays the
role of the scattering matrix for the whole nonlinear regionV
~in our case, it consists of two interaction regions excit
coherently by a common pump!.

If the interaction regionV has inhomogeneous linea
and/or nonlinear optical properties or contains reflecting s
faces, the conditionDW 5kW1kW82kW p50, which is usually in-
terpreted as the momentum conservation law for photons
which defines the specific shape of the frequency-ang
spectrum of PS, can be modified. Then the frequen
angular spectrum displays an additional structure.

Effects of reflections that cause multiple interactions
waves in a single crystal were studied@12–14#. In Ref. @12#,
3214 © 1997 The American Physical Society
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56 3215INTERFERENCE EFFECTS IN SPONTANEOUS TWO- . . .
multiple reflections from the parallel sides of the crystal a
also absorptiona8 at the idler frequency were taken int
account. If the pump is intense enough, reflections can
to the enhanced regime, that is, the parametric generatio
light. In Ref. @13#, a periodic variation of biphoton emissio
intensity ~in fixed directions! was observed in two conju
gated modes as either one of three mirrors, reflecting
parametric radiation and pump back to the crystal, w
moved. In Ref.@14#, PS was observed from a thin nonline
layer parallel tokW p . Its frequency-angular spectrum wa
found to be periodically modulated due to multiple full in
ternal reflections of the idler waves.

It is well known that the spectrum of usual spontaneo
radiation by atoms and molecules significantly alters if
surrounding field configuration and its mode density is mo
fied by external mirrors. The specific feature of the expe
ments described below is monitoring the spectrum of tw
photon spontaneous radiation without any such mirrors
because of the interference of the spontaneous fields ge
ated in two regions separated in space by a macrosc
distance.

The goal of this work is to study interference and diffra
tion of the PS light due to the nonuniform distribution of th
quadratic nonlinearityx(rW) or to a slow variation of the
pump amplitudeEp(rW) in the region of interaction. The loca
amplitude of three-waves interaction is characterized by
effective field f (rW,kW ,kW8)[x(rW)Ep* (rW)exp(iDW •rW) ~considering
only linear approximation inxEp!. The frequency-angula
spectrum of PS is determined by the integral

F~kW ,kW8![E
V

f ~rW,kW ,kW8!d3r .

In the simplest case of a uniform crystal, this results i

F~kW ,kW8!}E
V

exp~ iDW •rW !d3r}dV
~3!~DW !, ~1.1!

wheredV
(3)(DW ) is a function with a sharp ‘‘resonant’’ maxi

mum atDW 50 and the width determined by the dimensions
the regionV. If, for example, the pump field inside the non
linear crystal is a converging spherical wave then the sp
taneous radiation observed by the method of photoco
coincidences may be said to focus in two points. The co
dinates of the points are related to the pump wave-fro
curvature according to the rules of geometric optics fo
spherical mirror@15#. A similar effect was observed by plac
ing a collecting lens in front of the signal detector@16#. In
the experiments of another type described below, the sp
nonuniformness of the interaction is due to the apertu
placed in front of the crystal~Sec. II! or by two subsequen
crystals separated by a linear medium~Sec. III!.

Interference of intensities in the PS field spontaneou
emitted by two~or more! coherently pumped crystals ha
been previously analyzed in@17–19#. Several types of inter-
ference in two-crystal cases were observed by Mandel
co-workers@20#; a general phenomenological description
those effects and their relation to induced ones has b
shown@21#. These experiments, as well as PS in a multid
main crystal@22#, may be formally described by spatially
d
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nonuniform distribution of nonlinearityx(rW). In the case of
several crystals~or domains!, the total probability amplitude
is F5(nFn exp(iDfn), wheren is the number of a specific
crystal~or domain! andDfn[fn1fn82fpn is an additional
~and adjustable! phase shift of the three waves. For examp
for two domainsF5F11F2 exp(iDf), so thatuFu2 contains
the interference term 2 Re@F1*F2 exp(iDf)#. In the experi-
ments @22#, each two neighboring domains had oppos
signs ofx, which corresponded to the additional phase sh
Dfn→Dfn1p.

Experiments with two crystals were considered@3,17,23#.
It is noteworthy that subsequent scattering in several crys
can be used to prepare two-photon field in an arbitrary
larization state@19#, which may be of practical interest fo
information transmission@24#.

There are two basic schemes analogous to the Young
Mach-Zehnder interferometers for the observation of bip
ton fields interference~Figs. 1 and 2!. Those schemes may b
called nonlinear Young and Mach-Zehnder interferomete
In these schemes, interference of amplitudes~that is, the
phase dependence of intensity! can be observed by either on
of two detectors. Moreover, the degree of correlation
tween photocurrents of two detectors reveals interferenc
intensities. Visibilities of these two types of interferenc
which we respectively call interference of the second a
fourth order, can be different. Moreover, as will be show

FIG. 1. Linear~a! and nonlinear~b! Young interferometers. The
circles with arrows denote phase rotators at a single frequency~a!
and at frequenciesvp ,v,v8 ~b!.

FIG. 2. Linear~a! and nonlinear~b! Mach-Zehnder interferom-
eters.
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3216 56A. V. BURLAKOV et al.
later, conditions for their observation may be mutually e
clusive. The scheme in Fig. 2~b! is analogous to Ramsey’
method of separated fields in beam spectroscopy@18#.

In the scheme 2~b!, the interference pattern observed
both methods depends on the phase delays in the three
of the interferometer:Df5f1f82fp , and hence the ef
fect can be considered as a three-frequency interferenc
Fig. 1~b!, the phase of the interference of amplitudes isDf
5f122fp 12, and the phase of the interference of intensit
is Df5f121f128 2fp 12 ~f12[f12f2 , and so on!. There-
fore, interference of intensities observed in the correlat
between two detectors’ photocurrents depends on thesumof
optical pathsf1f8 for the signal and idler waves. This is
specific feature of the interference of intensities obser
using PS.

The effects discussed here have induced analogues, w
the role of vacuum fluctuations is played by real coher

intense fieldskW and/orkW8 at the input of the scheme. Such a
experiment was performed@25# using two crystals. An in-
duced version of the scheme 2~b! is considered@26# and
called the SU~1,1! interference. Theoretical descriptions
the spontaneous and induced processes are closely conn
and have no principal distinctions@8,21#. Hence, spontane
ous interference effects have close classical analogs. To
scribe such effects in terms of classical theory, it is suffici
to add a ‘‘half photon’’ in each input mode of the optic
system, and to subtract them from the output modes@8,21#.
Therefore, we can envision spontaneous effects as cause
vacuum fluctuations of the field surrounding the nonline
crystals. In the presence of the pump, the crystals ‘‘actu
ize’’ these fluctuations and make them observable. Spa
and frequency spectra of the vacuum noise are unlimited,

the phase matching conditionDW kW50 selects from them two
narrow bands called the tuning curvesu~v! andu8(v). The
tuning curves link the frequencyv and the scattering angle
u,u8 together. All ‘‘two-photon’’ interference experiment
can be in principle reproduced in the induced~i.e., classical!
regime by supplying real noise fields of high intensity (N
@1/2) with frequenciesv andv8 to the input of the optical
scheme, and performing analog detection. However, the
sential difference will be a lower visibility of the observe
intensity interference.

In both schemes in Figs. 1~b! and 2~b!, spontaneous ra
diation is suppressed at some frequencies and angles
enhanced at others due to the existence of the second cr
At first glance, this effect seems to be paradoxical, espec
in the scheme with subsequently placed sources@Fig. 2~b!#:
it is not clear how the first crystal~the left one! can suppress
or enhance spontaneous radiation from the second cry
Spontaneous processes in spatially separated points m
seem to be independent, so the intensities should add
rather than the amplitudes. The paradox is formally resol
by taking into account that both crystals spontaneously r
ate into some pair of output modes (kW ,kW8)out under the influ-
ence of vacuum fluctuations in the same initial mod
(kW ,kW8) in , so the spontaneous fields are mutually coher
Also note that different interesting examples of the fou
order interference and diffraction using PS have been
served@27#.
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In the following Secs. II and III, simple models are d
scribed that explain PS in the schemes of Figs. 1~b! and 2~b!,
respectively. In Sec. IV, the actual experiments are
scribed.

II. THREE-FREQUENCY YOUNG’S INTERFEROMETER

The phenomenological description of PS can be based
the effective Hamiltonian of the interaction,

H5E
V
d3rx~rW !Ep

~2 !~rW !E~1 !~rW !E~1 !~rW !1H.c. ~2.1!

HereEp is the pump field, which is assumed to be classi
and monochromatic, andE is the operator of the scattere
field. In the first order of perturbation theory, the quantu
state of the scattered light has the entangled form

uC&5uvac&1(
kk8

F~kW ,kW8!u1&ku1&k8 , ~2.2!

F~kW ,kW8!5E
V
d3rx~rW !Ep

~2 !~rW !exp@ iDW ~kW ,kW8!•rW#, ~2.3!

v~kW !1v~kW8!5v~kW p!, ~2.4!

D~kW ,kW8!5kW1kW82kW p . ~2.5!

Here Ep(rW) is the slowly varying pump amplitude@without
the factor exp(ikz)#. Since we are only interested in the for
of the PS spectrum, hereafter we omit unimportant consta
The probability of a coincidence between photocounts of t
detectors selecting the modeskW andkW8 is

Pc~kW ,kW8!5uF~kW ,kW8!u2. ~2.6!

To calculate the probabilityP1(kW ) of a photocount from a
single narrow-band detector, the expression above shoul
integrated over all unregistered~‘‘idler’’ ! modeskW8:

P1~kW !5E d3k8Pc~kW ,kW8!. ~2.7!

This is a typical relation between marginal and full probab
ity distributions.

Let the scattering region have a shape of a layer w
thicknessl , perpendicular to the pump wave vectorkW p . Let
also all three wave vectorskW , kW8, and kW p lay in the same
plane (x,z) ~the x axis is directed along the layer, thez axis
is parallel to thekW p!. Let the functionf (x)[x(x)Ep(x) de-
scribe slow variation of nonlinearity and/or of the pump a
plitude. The functionx(x) describes possible variation of th
nonlinearity in the transverse direction~e.g., because of the
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56 3217INTERFERENCE EFFECTS IN SPONTANEOUS TWO- . . .
domain structure of the crystal@22#!, and the functionEp(x)
describes the amplitude profile of the pump beam in the n
field zone. In our experiments,l /kpa2!1 ~a is the typical
transverse size of the pump beam or of the crystal inho
geneities!, so the effects of transverse nonuniformness of
crystal @‘‘the nonlinear diffraction and interference;’’ se
Fig. 1~b!# are indistinguishable from those of the pump be
nonuniformness.

Let the pump be extraordinary and both scattered wa
be ordinary rays of the crystal. Thenk(v)5n(v)v/c,
k8(v)5n(v8)v8/c, v85v02v ~n is the refraction index!.
The scattered field wave vectorkW has two components:kx

[q,k and kz(v,q)5Ak2(v)2q2.0, so a mode is deter
mined by two parameters,v andq. Orientation of all wave
vectors is shown in Fig. 3. The scattering angle inside
crystal isu5tan21@q/k(v)#. We will be interested in the an
gular structure of the coincidence probability and single
tection probability at some fixed frequencyv. Then using
Eqs.~2.3!, ~2.6!, and~2.7! we get

Pc~q,q8!5uF~q,q8!u2, P1~q!5E dq8Pc~q,q8!,

F~q,q8!5Fx~q,q8!Fz~q,q8!,

Fx~q,q8!5E dx f~x!exp@ i ~q1q8!x#,

Fz~q,q8!5sinc@Dz~q,q8!l /2#, f ~x![x~x!Ep~x!.
~2.8!

Let us consider three typical cases.
~1! For a uniform crystal and a Gaussian pumpf (x)

}exp(2x2/a2), so

Fx~q,q8!5exp@2~q1q8!2a2/4#. ~2.9!

This function has considerable magnitude only whenuq
1q8u<1/a.

~2! For two crystals placed parallel to the pump beam
in Fig. 1~b!, the functionf (x) can be assumed to differ from
zero only in two intervals: (b2a)/2,x,(b1a)/2 and
2(b2a)/2,x,2(b1a)/2 ~now a is the transverse size o
the crystals andb is the distance between their centers,b
.a!. Then

FIG. 3. A scheme illustrating the geometry of scattering a
other necessary notation.
ar

o-
e
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Fx~q,q8!5sinc@~q1q8!a/2#cos@~q1q8!b/2#.
~2.10!

The above result is also valid in the case when the pum
diffracted by a double-slit screen placed right in front of
single wide crystal: effect of the functionsx(x) andEp(x) is
the same providedl !kpa2.

~2a! If the nonlinearities in the two crystals have oppos
signs,x152x2 , ~or if a phase delayp is inserted into the
pump beam in front of one slit!, then the interference patter
is shifted byp :

Fx~q,q8!5sinc@~q1q8!a/2#sin@~q1q8!b/2#.
~2.11!

Now the scattering in the exact transverse matching direc
q1q850 is suppressed.

~3! For x(x) periodically modulated because of the laye
type polydomain structure of the crystal@22#, the first har-
monic isx(x)}cos(Kx), so that

Fx'd~q1q81K !1d~q1q82K ! ~2.12!

~in the experiments@22#, each two neighboring domains ha
opposite signs ofx, so K5p/d, whered is domain thick-
ness!.

The angular structure of the spectrum caused by the tr
verse nonuniformnessf (x) may be smoothed by the functio
Fz(q,q8). This effect depends on the layer lengthl and the
scattering anglesu,u8. The longitudinal wave detuning is

Dz~v,q,q8!5kz1kz82kp

5Ak2~v!2q21Ak2~v8!2q822kp .

~2.13!

We will expand linearly the longitudinal wave detuning ne
the exact matching pointDz(v,q0 ,2q0)50 for a fixed fre-
quencyv. Let

q0~v![q05k0z tan u05k0z8 tan u08>0, u!1, u8!1,

k0z[Ak22q0
2>0, k0z8 [Ak822q0

2>0,

kp5k0z1k0z8 , ~2.14!

then

Dz~v,q0 ,q0!'Cv~v2v0!2Cq~q2q0!1Cq8~q81q0!,

Cv5@1/uz21/uz8#0 ,

Cq5tan u0 , Cq85tan u08 . ~2.15!

Hereuz5u cosu andu5dv/dk is the group velocity. Then
we find the effective widths of the functionFz with respect
to its three arguments:

Dv l52pluCvu l , Dql52plCql , Dql852plCq8l .

~2.16!
Note thatCvl has a simple meaning. It is the time differen
of the signal and idler photons traveling through the layel
~in experiment, the frequency is usually measured not a

d
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3218 56A. V. BURLAKOV et al.
fixed u but at a fixed external scattering angleQ; the follow-
ing corrections are usually inessential!.

Let us subsequently consider the conditions for the ob
vation of PS diffraction and interference by one and t
detectors.

A. Fourth-order interference

Let the frequencyv and one of the directionsq852q0 be
fixed ~and belong to the phase matching region!, and the
coincidence rate be measured as a function of the direc
q, that is, of the transverse coordinate of the signal detec
Then it follows from Eq.~2.8! that

F~q![F~q,2q0!5Fx~q!Fz~q!,

Fx~q!5E dx f~x!exp@ i ~q2q0!x#,

Fz~q!5sinc@D~q!l /2#, ~2.17!

where

D~q![Dz~q,2q0!5kz~q!1k0z8 2kp5Ak22q22k0z .
~2.18!

In the linear approximation,D(q)52tanu0(q2q0) ~see Fig.
3!, so

Fz~q!'sinc@~q2q0!l tan u0/2#5sinc@p~q2q0!/Dql #.
~2.19!

The observed angular dependence of the coincide
probability Pc(q)5uF(q)u2 is defined by the product of two
functions:F(q)5Fx(q)Fz(q). There are two extreme case

~A! Let the following condition hold:

e[ l tan u0 /a!1, ~2.20!

wherea is a typical length of nonuniformness along thex
axis ~i.e., either small scattering angles for the signal rad
tion observed by the movable detector, or a short crys!.
Then the functionFz is close to unity wheneverFx has sig-
nificant value, and hence

F~q!'Fx~q!5E dx f~x!exp@ i ~q2q0!x#, ~2.21!

that is, the angular spectrum of the scattering matrix is
fined by the Fourier transform of the functionf (x)
[x(x)Ep(x). This effect can be called nonlinear diffractio
or nonlinear interference@22#; e!1 can be interpreted as th
condition for the signal photons not to cross the transve
inhomogeneities of the scattering volume. There is no
striction on the scattering angles for idler photons~registered
by the fixed detector!.

If x(x)5const, the Fourier transform off (x) is the kx
spectrum of the pump. It may be defined by an object
serted into the pump beam~a two-slit mask in ournonlinear
Young’s experiment!.

~B! Let e@1 ~large scattering angles or long crystal; t
signal photons do cross the inhomogeneities whose rol
thus averaged!. Then F(q)'Fz(q2q0)5sinc@p(q2q0)/
Dql ], that is, the observed width of the resonance will
r-
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-
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-

is

determined by the length of the crystal,Dq5Dql . The trans-
verse nonuniformness of the scattering region does not m
ter.

Therefore, the structure of the angular dependencePc(q)
is mainly determined by the narrowest of the functionsFx(q)
or Fz(q) ~if the difference is significant!, and hence the con
dition required to observe interference or diffraction by t
coincidences method@the scheme in Fig. 2~b!# is e!1 ~small
signal scattering angles and/or short crystals!.

B. Second-order interference

Now let us study the angular shape of the signal usin
single detector~with narrow angular and frequency ban
aroundq0 ,v). The coincidence probability has to be int
grated over all idler modes, which are nonobservable n
see Eq.~2.8!:

P1~q!5E dq8uFx~q,q8!Fz~q,q8!u2. ~2.22!

The scales ofFx andFz variations as functions ofq8 are of
the order of 1/a and 1/lu8, respectively, so again we hav
two extreme cases. However, in order to observe diffracti
now we need to use large anglesu8 of the idler wave scat-
tering.

~A! Let

e8[ l tan u08/a!1 ~2.23!

~small scattering angles of the ‘‘central’’ idler wave conj
gated to the signal!. Then the dependence ofF on q8 for a
fixed q is again determined mainly by the most ‘‘narrow
functionFx . Now, however, its structure is ‘‘washed away
by integrating overq8, and the observed line shape is dete
mined by a more wide functionFz . In other words, the more
narrow functionFx plays the role of delta function while
integrating overq8: Fx(q,q8)'d(q1q8), and its shape
does not influence the observable angular structure.

As an example, let us consider the above case~2.9! with a
uniform crystal and a Gaussian pump. Forl tanu08!a, we
can substituteq8'2q into more slow functionsDz(q,q8)
andFz :

Dz~q,q8!'Dz~q,2q![Dz~q!5Ak22q21Ak822q22kp ,

Fz~q,q8!'Fz~q,2q![Fz~q!5sinc@Dz~q!l /2#.
~2.24!

As a result, the diffraction structure is ‘‘smoothed:’’

P1~q!'sinc@Dz~q!l /2#. ~2.25!
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One can say in this case that the transverse momentum o
field is conserved for an elementary three-photon interact
kx'2kx8 , and the finite width of the angular resonance
due to nonconservation of the longitudinal momentum. L
ear expansion near the exact phase matching direc
Dz(q)50, yields

Dz~q!52Dq~q2q0!,

Dq5tan u01tan u085q0 /k0z1q0 /k0z8 5q0kp /k0zk0z8 .
~2.26!

The dependence on the scattering angle is

Dz~q!52Du~u2u0!, Du5kp tan~u08!. ~2.27!

The effective linewidth is found from the conditionDzl
52p:

Dq85
2p

Dql
, Du85

2p

Dul
5

2p

kpl tan~u08!
. ~2.28!

Thus PS diffraction is not observable by the one-detec
method of registration for small scattering angles or sh
crystals, in contrast to the coincidence method of regist
tion.

~B! Now let e85 l tanu08/a@1 ~long crystal and/or large
scattering angles!, so the functionFx(q8) is wider than the
function Fz(q8). Consequently,q8 may be replaced by the
function

Q8~q![2Ak822~kp2kz!
252Ak822@kp2Ak822q2#2,

~2.29!

which is found from the equationDz„q,Q8(q)…50. Equation
Dz50 may be called the condition of ‘‘longitudinal’’ o
‘‘Cherenkov’s’’ matching. Now,

Fz~q,q8!}d„Dz~q,q8!…}d„q82Q8~q!… ~2.30!

and

P1~q!5U E dx f~x!exp@ i „q1Q8~q!…x#U2

. ~2.31!

Linear expansion near the exact phase matching give

Fz~q,q8!}d„Dz~q,q8!…}d„tan u0~q2q0!

2tan u08~q81q0!…. ~2.32!

From Eq. ~2.32! we find q1q85h(q2q0), where h[1
1k0z8 /k0z5kp /k0z.1. As a result,

P1~q!5U E dx f~x!exp@ i ~q2q0!hx#U2

5U E dx f~x/h!exp@ i ~q2q0!x#U2

. ~2.33!

Thus, the single-detector angular line shapeP1(q) is propor-
tional to the Fourier transform of the profilef (x/h), that is,
it repeats the usual diffraction pattern of a plane wave in c
the
n,

-
n,

r
t
-

e

of a screen with the transmission functionf (x), however,
with the scaling coefficienth.1 reducing the observabl
range of angles.

The conclusion is that to observe interference accord
to Fig. 2(b) by a single detector, long crystals and/or larg
scattering angles of the idler (not observed) photons
needed.The inequalitye8@1 can be interpreted as a requir
ment for the idler photons to cross transverse nonunifo
nesses of the scattering volume. This erases the ‘‘which
main’’ information and enables interference.Therefore, the
overlap of theidler wave packets from two distinguishab
macroscopic domains results in interference ofsignal.In this
way, the biphoton properties still play an important role
experiment involving the single-photon (as opposed to co
cident) detections.

Let us turn to the scattering angleu. From q5k sinu it
follows thatdq5k0zdu, so the angular line shape inside th
crystal is

P1~u!5U E dx f~x!exp@ i ~sin u2sin u0!kxh#U2

'U E dx f~x!exp@ i ~u2u0!kpx#U2

. ~2.34!

Taking refraction into account, we obtain the connectionq
5(v/c)sinQ, so thatdq5(v/c)cosQ0dQ, whereQ is the
external scattering angle. The observed angular line sh
takes the form

P1~Q!5U E dx f~x!exp@ i ~sin Q2sin Q0!vhx/c#U2

'U E dx f~x!exp@ i ~Q2Q0!vxh cosQ0 /c#U2

.

~2.35!

Usual diffraction of the pump on the amplitude profilef (x)
in vacuum gives the angular distribution

U E dx f~x!exp@ iqpx#U2

5U E dx f~x!exp@ iQvpx/c#U2

,

~2.36!

so the observed angular structure of a PS diffraction pat
at frequencyv is only different from diffraction of the pump
on the same profile by an angular shiftQ0 , and by a close to
unity scaling factor

vh cosQ0 /vp5np cosQ0 /nv cosu0 . ~2.37!

The result ~2.37! has a trivial geometric explanation
transverse nonuniformness of the interaction is equivalen
a certain distribution of the pump wave vector direction
direction of the signal is linked to the pump direction by t
‘‘phase matching triangle’’kW1kW85kW p , so the angular spec
trum of the pump is reproduced by that of the signal.

We also stress that the angular line shape of the scatt
radiation is of a three-frequency interference type: phase
lays introduced into any of the three modeskW , kW8, or kW p will
change the interference pattern~both in the second and
fourth order!.
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Note that if the pump is extraordinary and the optic axisC
of the crystal lies in the plane of diffraction (xz), then a sort
of ‘‘amplification’’ of interference is observed. This effect
caused by the dependence ofkp on the direction and the
corresponding change of the tuning curve. It is most noti
able in the degenerate case when collinear phase matc
takes place for the frequencyv05vp/2. For this reason, in
all experiments the geometry was chosen so as to avoid
effect, that is,C did not belong to (xz).

Thus, there is a complementarity of conditions for t
observation of Young’s three-frequency interference us
one (e8@1) and two (e!1) detectors~a similar type of
complementarity was obtained from general considerati
@28#!. It can be illustrated by a simple geometric interpre
tion ~Fig. 4!. Geometric sizesa andl of the scattering region
determine the set of allowed wave vectors in the spackW

^ kW8. For these vectors,

uDxu<1/a, uDzu<1/l ~2.38!

@in two-dimensional case and for the simplest distribut
f (x) when the pump is constrained by the aperturea#. The
frequenciesv, v8 and hence the wave vectorsk5nv/c, k8
5n8v8/c are assumed to be fixed.

Figure 4 shows the region of allowed wave detuningsDz
and Dx for Fz and Fx . The cross section of the shadowe
parallelogram in the direction parallel to theq axis deter-
mines the angular width of the signalP1(Q) and coinci-
dencesPc(Q).

III. THREE-FREQUENCY MACH-ZEHNDER
INTERFEROMETER

Let the scattering volume be uniform in the (x-y) plane
~diffractionless approximation,a@ l tanu0, a@ l tanu08!,
then the modes are bound strictly in pairs: conjugate mo
are uniquely determined by the conditions of stationarity a
transverse uniformness:

v85vp2v, kx852kx , ky852ky ,

kz85Ak2~vp2v!2kx
22ky

2. ~3.1!

If linear optical properties~dispersion! are uniform in all
volume, but the nonlinearityx(z) is arbitrarily distributed

FIG. 4. Geometrical illustration of observation conditions f
the second- and the fourth-order interference in the space of w
vectors. For simplicity, we suppose here that the functionsFz(Dz),

Fx(Dx) have rectangular profiles along the directions ofqW andqW 8.
-
ing

is

g

s
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along thez axis ~parallel to the pump wave vectorkW p!, then
our model describes parametric scattering in a multiply l
ered crystal with the pump propagating orthogonally to
boundaries of all domains. In a two-dimensional model,
probability amplitude of a photon pair birth in the mod
(v,q) and (v8,2q) ~here q[kx52kx8! is, according to
Eqs.~2.3!, ~2.13!,

F~v,q!5E dzx~z!exp@ iD~v,q!z#, ~3.2!

Dz~v,q!5kz1kz82kp5Ak2~v!2q21Ak2~v8!2q22kp .
~3.3!

In the linear approximation,

Dz~v,q!5Cv~v2v0!2Cq~q2q0!, ~3.4!

where

Cv5@1/uz21/uz8#0 ,

Cq5tan u02tan u085q0~1/k0z21/k0z8 !. ~3.5!

In the above expressionsuz5u cosu, u5dv/dk is the
group velocity. Now Eq.~3.2! takes the form

F~v,q!5E dzx~z!exp$ i @Cv~v2v0!2Cq~q2q0!#z%.

~3.6!

Thus the frequency line shapeP1(v,q0)5uF(v,q0)u2 ob-
served at a fixed angleu5u0 is determined by the Fourie
transform of the nonlinearity distributionx(z). This allows
us to study the domain structure of nonlinear crystals. If
distribution is uniform over the lengthl we obtain the spec-
trum of a pulse with rectangular envelope:

P1~v,q0!5sinc2@p~v2v0!/Dv l #, ~3.7!

whereDv l52p/uCvu l is the effective frequency linewidth.
Now let us have two similar nonlinear layers of thickne

l separated by a transparent substance with thicknessl 1 @Fig.
2~b!#. It follows from Eq. ~3.2! that

F~v,q!5sinc~d/2!cos„~d1d1!/2…. ~3.8!

~We replacedDz by D1z while integrating over the gap be
tween the crystals.! In Eq. ~3.8!

d[Dz~v,q!l , d1[D1z~v,q!l 1 ,

D1z~v,q!5k1z1k1z8 2k1p5Ak1
2~v!2q21Ak1

2~v8!2q2

2k1p . ~3.9!

Herek1(v)5n1(v)v/c is the dispersion of the intermediat
layer; conservation of the transverse componentq while the
light is refracted at the layers’ boundaries is also taken i
account. The first factor in Eq.~3.8! describes a usual sca
tering in a single layerl , the second one describes som
additional frequency-angular structure due to the interfere
of spontaneous radiation from two layers; see Figs. 6 an
If l 150, expression~3.8! reduces toF5sinc(d/2), describ-

ve



ic

of
ls

tc

ha
th

to

und

gu-

r

a

Th

ha

56 3221INTERFERENCE EFFECTS IN SPONTANEOUS TWO- . . .
ing scattering by a layer with double thickness 2l . This is
analogous to Ramsey’s interference in the spectroscop
method of separated beams@18#. The expression~3.8! as
well as ~2.10! is the Fourier transform of two segments
sine, that is, an oscillator response to two resonant pu
with rectangular envelopes.

Let us consider a particular case of collinear phase ma
ing, q050, for the degenerate frequencyv05vp/2. This
case corresponds to the crystal orientation for second
monic generation. The frequency-angular spectrum of
field scattered to the region adjoint to (v0 ,q0) has a specific
shape of a ‘‘cross,’’ see Figs. 6~a!,~b! and Fig. 7 below. We
pass to external scattering angles, which are assumed
small:

FIG. 5. Experimental setup for the observation of nonline
second-order Mach-Zehnder interference.

FIG. 6. Nonlinear second-order Mach-Zehnder interference.
separation of two LiIO3 crystals of lengthl is l 150. Polar axes of
the two crystals are directed oppositely.~a! Calculated frequency-
angular intensity distribution of signal radiation.~b! Photograph of
frequency-angular intensity distributions near degenerate p
matching.
al

es

h-

r-
e

be

q5k sin u5v sin Q'vQ ~3.10!

~we put c51!. Keeping the second-order terms inV[v
2v0 andQ, we have

kz~V,Q!5Ak2~v!2v2Q2'k0z1V/u01AV22BQ2,

kz8~V,Q!5kz~2V,Q!,

Dz~v,Q!5AV22BQ2. ~3.11!

In Eq. ~3.11!,

A[F d2k

dv2G
0

52F dn

dvG
0

1v0F d2n

dv2G
0

,

B[
v0

n0
, kp52k0z . ~3.12!

Thus the frequency-angular spectrum of scattering aro
the ‘‘cross’’ region in a single crystal is@cf. Eq. ~3.7!#

P1~V,Q!5sinc2@~AV22BQ2!l /2#. ~3.13!

The slope of the tuning characteristics, frequency and an
lar linewidths at the center of the ‘‘cross’’ (v0 ,q0) are

dQ

dv
5AA

B
, Dv5CA 2

Al
, DQ5CA 2

Bl
,

~3.14!

respectively. In Eq.~3.14!, C[4Ap/352.363 is the integral
of the function sinc2(x2) in infinite limits. The full width at
half maximum and the effective~with respect to the area!
width of the function sinc2(x2) are nearly the same. For ou
experiment, which is described below,

l052p/v050.65mm, n051.88,

A/2p50.151mm, 2pB50.818mm21, ~3.15!

Dn5Dv/2p50.028mm21, DQ50.69°,

dQ/dn524.6 degmm. ~3.16!

r

e

se

FIG. 7. The same as in Fig. 6~b! but for l 1510 mm.
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If two similar crystals are separated by a vacuum gapl 1 , the
‘‘cross’’ displays a fine interference structure~Fig. 7!. The
structure is described by expression~3.8! where, likewise
~3.11! and ~3.12!,

k1z~V,Q!5Av22v2Q2'v01V2v0Q2/2,

k1z8 ~V,Q!5k1z~2V,Q!, D1z~V,Q!'2v0Q2,
~3.17!

for n51. Expressions~3.8!, ~3.12!, and~3.17! were used to
draw the diagram in Fig. 6~a!; see below. LetV and Q be
connected by the phase-matching conditionsDz(v,Q)50,
i.e., 6Q0(V)56(dQ/dv)V. The signal intensity shows
beating according to Eq.~3.8!:

P1„Q0~V!…}cos2~D1zl 1/2!5cos2~v0Q2l 1/2!.
~3.18!

The signal vanishes when

Qm5Amp/v0l 15Aml0/2l 150.33°Am, m51, 3, . . . .
~3.19!

When the two crystals have opposite directions of polar ax
the cosine in Eq.~3.18! is replaced by sine, so the minim
happen at

Qm8 5Aml0 / l 150.46°Am, m50,1,2, . . . . ~3.20!

According to Eq.~3.14!, the ratio of the first minima position
Q18 and the half-width of the line in the center is

2Q18

DQ
5

3

2
A l

n0l 1
51.33. ~3.21!

These theoretical conclusions are in good agreement with
experimental results given below.

IV. EXPERIMENT

Three versions of the experimental setup have been u
to observe the interference:~1! two scattering regions per
pendicular to the pump wave vector; registration by a sin
detector~Fig. 8!; ~2! the same, registration by two detecto
~method of coincidences, Fig. 9!; and ~3! two vacuum sepa-
rated regions along the pump; registration by a single de
tor ~Fig. 5!.

FIG. 8. Experimental setup for the observation of Young no
linear second-order interference.
s,

he
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e
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A. Nonlinear Young’s second-order interference

The experimental setup is shown in Fig. 8. Two scatter
regions were obtained by using a screen with two slits pla
directly in front of the nonlinear crystal~lithium niobate
doped by 5% of MgO!. We used two screens~masks! with
different sizes:~1! Mask 1,a50.082 cm,b50.192 cm;~2!
Mask 2,a50.212 cm,b50.400 cm. The crystal length wa
l 51.05 cm. The pump was argon laser radiation~power 3
W, lp50.488mm, divergence 231024 rad, beam radius 1
mm!. The radius of coherence was also about 1 mm. T
signal radiation with wavelengthl was registered in the
range 0.54–0.7mm either photographically or by a photo
electronic scanning system. The corresponding idler wa
spectrum ranged from 5 to 1.6mm ~the upper polariton
branch! where LiNbO3 is still transparent. The type-I phas
matching was used, with the signal and polariton waves
larized in thex direction—normally to the optic axis~o
waves!, and the pump polarized alongy and being ane
wave. The pump polarization was parallel to the slits~y di-
rection!, i.e., the optic axis of the crystal lay in the (y-z)
plane and the diffraction occurred in the (x-y) plane.

The signal radiation propagated through a lens and
input slit of a spectrograph placed in the focus of the lens,F.
The input slit was parallel to they axis. This optical system
provided a two-dimensional intensity distribution observ
at the output of the spectrograph in coordinates wavelengl
angleQ ~‘‘crossed dispersion’’! @14#.

Figure 10 shows a snapshot of a part of the frequen
angular spectrum observed using mask 2, and Fig. 11 sh
the angular line shape~obtained by scanning along the ang
lar axis! at wavelengthl50.633mm, with mask 1. The the-
oretical curve~solid line! was found from Eq.~2.34!. Its
horizontal scaling was found from the linksx5CQ and Q
5lq/2p. The scaling coefficient C[dx/dQ5216
65 mm/rad was measured by two methods that gave alm
identical results: by the observation of the pump diffracti
on the same slits, and by a HeNe laser beam diffraction o
Fabry-Pe´rot cavity. The only fitting parameters were th
overall vertical and horizontal shift of the theoretical curv
and its vertical stretching. The dashed lines correspond to
calculated maxima positions on the diffraction curve at
pump wavelength (x156Clp /b560.55 mm); the solid
lines correspond to the same at the signal wavelength (x15
6Cl/b560.71 mm). We see from the figure that the e
periment confirms the theoretical prediction~2.34!: for e8
@1, nonlinear diffraction of the signal repeats~with a shift of
6Q053.8°! a usual diffraction of the pump on two slits.

- FIG. 9. Experimental setup for the observation of fourth-ord
nonlinear Young interference.
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Figure 12 shows analogous data in the case when a g
plate shifting the pump phase byp was placed in front of
one slit.

B. Nonlinear fourth-order Young’s interference

To register nonlinear diffraction by the method of coinc
dences, an argon laser with wavelengthlp50.351mm and a
BBO crystal were used~Fig. 9!. The laser power was 0.3 W
the pump beam radius was 0.1 cm, its radius of cohere
was of the same order of magnitude. The slit widths w
a5150mm, the distance between the slits wasb
5470mm, and the crystal length wasl 53 mm. The detec-
tors quantum efficiency was about 30%. Data accumula
time was 200 sec. Coincidence resolution was 10 nsec.
type-II degenerate collinear phase matching was used:
signal radiation and the pump wave were extraordinary r
polarized vertically—parallel to the slits. The ordinary idl

FIG. 10. Photograph of a fragment of the frequency-angu
spectrum of spontaneous parametric down-conversion with do
slit inserted in the pump. Parameters of the double slit area
50.085 cm andb50.192 cm.

FIG. 11. Angular line shape of the signal radiation atl
50.633 mkm. In this casea50.212 cm andb50.4 cm.
ss

ce
e
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wave was polarized along the horizontal axisx—normally to

the slits. The wave vectorskW , kW8, and kW p were parallel,l
5l852lp50.702mm. A polarizing beamsplitter BS place
after the crystal was used to separate the signal and
modes in space. Similar interference filtersf 1 and f 2 placed
in front of the detectorsD1 andD2 selected a narrow spectra
band of about 3 nm around the degenerate frequency. S
ning of coincidences angular distribution was performed
an encoder driver which shifted a mirror in the signal cha
nel, which is equivalent to scanning the detector. Pulses f
the photodetectors were supplied to the input of the coin
dence circuit. As a result, we obtained the coincidence nu
ber Rc(xm) registered during the accumulation timet as a
function of the positionxm of the mirror. The equivalent shif
of the detector was calculated asx52xm sinf51.84xm , f
574°.

Figure 13~a! shows the obtainedRc(x) dependence. The
theoretical curve~solid line! was calculated according to Eq
~2.21!. Its horizontal scaling was found from the linksQ
5lq/2p and xm5CQ, where C[dxm /dQ5z/1.84
5504 mm/rad, andz5927 mm is the distance between th
crystal and the signal detector. The only fitting paramet
were the overall vertical and horizontal shift of the theore
cal curve, and its vertical stretching. The stretching pro
dure was carried out according to the relationRc(xm)
5Rc8(lm)/Rs(xm), whereRc8 is the number of photocount
coincidences andRs the number of singles in the signa
channel during the same time interval~200 sec!. It was nec-
essary to normalize the coincidences byRs because the finite
detector aperture restricted the number of signal photoco
as we shifted the mirror. The dashed lines correspond to
calculated positions of the first additional maxima on t
diffraction curve at the pump wavelength~Q* 5lp /b
50.74 mrad,x* 560.68 mm!, the solid lines correspond to
the same at the signal wavelength (x561.36 mm). We see
from the figure that the experiment confirms the theoreti
prediction given by Eq.~2.21!: for e8!1 nonlinear diffrac-
tion observed by the coincidence method repeats usual
fraction of the signal on two slits.

r
le

FIG. 12. The same as in Fig. 11 but with a glass plate shift
pump phase byp placed in front of one slit.
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3224 56A. V. BURLAKOV et al.
Figure 13~b! shows analogous data in the case wher
glass plate shifting pump phase by approximatelyp is placed
in front of one slit.

C. Nonlinear second-order Mach-Zehnder interference

For this type of interference, a HeCd laser operating
lp50.325mm and two similar LiIO3 crystals with l
51.5 cm were used~Fig. 5!. The crystals were separated b
a variable distancel 1 . Their optical axes made an angleup

559.2° with the pump wave vectorkW p inside the crystal, and
the scattering angle for the wavev5v85vp/2 was equal to
zero, so the tuning curve had the shape of a cross~type-I
phase matching!. The crystals’ optical axes were directe
antiparallel, so that their effective quadratic susceptibilit
had opposite signsx152x2 . The optical scheme used fo
the collection of the scattered radiation was similar to
one described in Sec. IV A. Registration was performed p
tographically and by means of a detector scanned in the f
plane of the spectrograph.

The photograph obtained forl 150, together with the cor-
responding calculated diagram is shown in Figs. 6~a!,~b!.

FIG. 13. Nonlinear fourth-order Young interference. The id
detector is fixed in the position of exact phase matching. The wa
lengths arel5l852lp5702 nm.~a! Angular distribution of pho-
tocount coincidence rate with respect to the signal detector posi
~b! The same but with a glass plate shifting the pump phase
approximatelyp placed in front of one slit.
a

t

s

e
-
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Note the suppression of radiation in the directions and at
frequencies of the exact phase matching when the crys
are placed close to each other,l 150, and their polar axes
have opposite directions,x152x2 . Then the radiation from
the first crystal is completely suppressed by the second
~and vice versa! in the directions of perfect phase matchin
For l 1Þ0, the frequency-angular spectrum has a complica
interference structure depending onl 1 . In agreement with
Eqs.~3.8! and~3.10!, the distance between the maxima alo
the frequency and/or angular scale decreases as the ai
between the nonlinear crystals gets larger. Figure 7 dem
strates the interference distribution of the PS intensity wh
l 1510 mm. In Fig. 14, the observed dependence of the
nal intensity on the distance between two crystals atl
50.65mm and at fixed scattering angleQ51.2°. The oscil-
lation periodD l 1 was found to be 1.6 mm, in a good agre
ment with calculations performed according to Eq.~3.8!:
D l 15l/Q251.5 mm. Note that according to Eq.~3.8!, D l 1
sharply depends on the scattering angle for given wavelen
Q~l!; that angle can be varied in the range of 0–10°
altering the angleup of the crystal optical axis orientation
with respect to the pump beam.

We would like to emphasize that the oscillation period
determined by the relative phase shift at all three frequen
f1f82fp and turns out to be on the order of a millimete
Therefore, these types of nonlinear interferometric schem
do not require precise tuning up to a wavelength.

V. CONCLUSION

The experiments performed demonstrate possibilities
manipulating the structure of biphoton fields, based on
nonuniformness of the interaction region. They convincing
show that the simple model of PS effect applied here is q
adequate. This circumstance once again confirms that m
roscopic quantum models can be used to describe spon
ous effects of nonlinear optics.

The observed diffraction and interference effects of pa
metric scattering in two nonlinear crystals may find a pra
tical application for measurements of optical paramete
such as refraction and absorption, of optical materials
placing them between two crystals. In the above-develo
theory, possible absorption at the signal and/or idler frequ
cies was not taken into account. As the idler frequen
moves deeper into the IR range, its absorption should lea

e-

n.
y

FIG. 14. Dependence of the signal intensity onl 1 at l
50.633mm and scattering angleQ51.2°.
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a decrease in the visibility of the observed interference
diffraction effects. This provides an opportunity to measu
the absorption coefficient of nonlinear crystals in the pol
iton range. We have demonstrated here that the bipho
interference and diffraction is in some sense equivalent to
pump interference and diffraction. If a technical problem e
isted to build an interferometer for the pump in a mediu
that absorbs it but does not absorb the down-converted
diation, a two-photon interferometer would have been a
lution.
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