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Above-threshold ionization of negative hydrogen

L. A. A. Nikolopoulos and P. Lambropoulos
Department of Physics, University of Crete and Institute of Electronic Structure and Laser, Heraklion-Crete 71110, Greece

and Max-Planck-Institut fu¨r Quantenoptik, Garching 85748, Germany
~Received 23 May 1997!

We present detailed calculations for two-and three-photon above-threshold ionization of the negative hydro-
gen ion. In addition to calculated values for partial wave amplitudes and phase shifts pertaining to recent
experimental results@Xin Miao Zhaoet al., Phys. Rev. Lett.78, 1656~1997!#, we also address the question of
the asymmetry of photoelectron angular distributions in ionization under elliptically polarized radiation, which
has been studied experimentally in other negative ions@C. Blondel and C. Delsart, Laser Phys.3, 3 ~1993!;
Nucl. Instrum. Methods Phys. Res. B79, 156 ~1993!; F. Dulieu, C. Blondel, and C. Delsart, J. Phys. B28,
3861 ~1995!#. @S1050-2947~97!08810-0#

PACS number~s!: 32.80.Wr, 32.80.Rm, 32.80.Gc
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I. INTRODUCTION

It has been known@1–7# for quite some time now tha
multiphoton ionization of atoms with radiation ellipticall
polarized can lead to photoelectron angular distributio
~PAD! lacking the usual fourfold symmetry found under li
early or circularly polarized radiation. This effect is prese
in the fundamental description of the process in perturba
theory and has been indentified to be connected to the
zero value of the phase shift of the final continuum sta
Formally the phase shift leads to a complex multipho
transition amplitude, which when combined with the ellipti
ity parameter produces terms that, depending on the va
of the other parameters~such as radial matrix elements!, can
lead in general to a more or less asymmetric PAD. From
structure of the resulting expressions it is evident that if
phase shifts of all partial waves were zero~corresponding to
plane waves! the asymmetry would disappear. The co
tinuum state resulting from electron detachment of a ne
tive ion might be thought of as coming as close to a pla
wave as one can expect in a real system with a bound in
state. This aspect has been investigated experimentall
Blondel and collaborators, who have produced extensive
sults on PAD’s including elliptical polarization, which ha
not shown any significant asymmetry. Is it because of a n
plane wave character of the final state?

Above-threshold ionization~ATI ! adds a further aspect t
this question. A multiphoton transition amplitude involvin
absorptions within the continuum, as ATI does, is by nec
sity complex because of the presence of poles within
continuum. This led one of us~P.L.!, some time ago, to the
assertion that the asymmetry should be present in ATI e
if all phase shifts were zero, which has to be understood
the limit to plane waves. As we shall see later on, that as
tion was overenthusiastic and the actual situation is sub
It was nevertheless that question in fact that motiva
Blondel and collaborators to search for that asymmetry
negative ions including ATI in one case. It is against th
background that we undertook the present work in nega
hydrogen.

Our chief objective was to explore in a quantitative s
ting the question of the asymmetry including ATI. Negati
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hydrogen being a two-electron system poses serious
mands on the calculations of multiphoton transitions as ill
trated by previous work@8–15# on aspects of this system
Our approach has evolved as a side product of our work
the nonpertubative solution of the time-dependent Sch¨-
dinger equation for two-electron atoms in strong laser fie
@16–19#, with the atomic structure handled in terms ofL2

discretized bases constructed as linear combinations oB
splines@20,21#. The calculation of ATI through a discretize
basis also requires appropriate handling, as discussed
where@22#, where a new versatile method applicable to a
discretized basis has been shown to provide accurate re
within perturbation theory, which is the case of interest he
Through a combination of the above techniques, we h
been in a position to obtain results on two- and three-pho
ionization including ATI over an extensive energy rang
which by a happy coincidence also covers the range of
perimental data reported most recently by Zhaoet al. @1#. We
have at the same time examined PAD’s for polarization
varying degree of ellipticity and, as discussed in the follo
ing sections, the asymmetry is in general present depen
of course on the degree of ellipticity and the wavelength
the radiation, as expected to be the case. One of the c
advantages of and motivation for studies in negative hyd
gen is its fundamental significance as a negative ion an
the same time a very special two-electron system combi
with the possibility of performing accurateab initio calcula-
tions. Atomic units are used throughout this work.

II. THEORY

A. Photoelectron angular distributions

The transition probability per unit time within lowest non
vanishing order of pertubation theory for nonresona
N-photon ionization can be written as

Wf g
~N!5ŝNI N, ~1!

whereŝN is the total angle-integrated generalized cross s
tion given by
3106 © 1997 The American Physical Society
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ŝN5
~2pa!Nk

4p2 vL
NE dVkuM f g

~N!u2, ~2!

with a being the fine structure constant,k the wave vector of
the outgoing photoelectron related to its energy byEk5k2/2,
b
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the integration is over all angles of propagation of the ph
toelectron and the symbolsf ,g denote the final and initia
state, respectively.

The dependence of the angular distribution of the pho
electrons on the atomic structure and the polarizationê of the
field is now contained in the quantityM f g

(N) defined by
M f g
~N!5 (

nN21

•••(
n1

^ f uDêunN21&•••^n1uDêug&
@vg1~N21!vL2vnN21

#•••@vg2vn1
1vL#

, ~3!
The
sed,
to-
ical

sys-

for
e,
whereD is the atomic dipole moment operator that can
expressed either in the length (D5qr ) or in the velocity
gauge (D5q“/vL), with q being the electronic charge. Th
summations are carried out over all possible intermed
states including the discrete and continuous parts of
atomic spectrum. The generalization of Eq.~3! to ATI of
orderN1R, whereN photons are needed to ionize the ato
plus R extra photons, which are absorbed in the continuu
involves the presence of poles in the integral. In that ca
Eq. ~3! requires the removal of the poles from the real a
through quantitiese i and taking their limits to zero@23#.

Although spin-orbit coupling plays no role in this work
we have chosen, for the sake of completeness of the form
ism, to exhibit the spin variablems in the final state of the
photoelectron and the core. Alternatively, we could ha
written all equations without reference to spin. In general
order to calculate the photoelectron angular distribution fo
process that leaves the residual core in a state characte
by l c , mc , andmsc

quantum numbers, the continuum stat

are expanded as
e

te
e

,
e,
s

al-

e
n
a
ed

s

u f l c ,mc ,msc
; k̂,ms&

5 (
Jf ,l ,m

i le2 id lYlm
! ~ k̂!~SLJfMJF

uSMSLML!

3~scsSMSuscmsc
sms!~ l clLM Lu l cmclm!uSLJfMJf

&,

~4!

whereJf are the allowed angular momenta andl ,m,ms the
associated partial waves for the outgoing photoelectron.
explicit presence of the core states, as we already discus
is here important only when one wants to calculate pho
electron angular distributions. The angles in the spher
harmonic specify the direction of propagationk of the pho-
toelectron. These angles are in reference to a Cartesian
tem of coordinates whosez axis is taken alongê for linearly
polarized light and along the photon propagation vector
elliptically or circularly polarized light. In the present cas
the polarization vector is written asê5(11h2)21/2( x̂
1 ih ŷ) where the ellipticity parameterh varies from 1 to
21.
Substituting the above state representation into Eq.~3! and carrying out the angular momentum algebra we obtain@12#:

M ~N!~ l c ,mc ,msc
; k̂,ms ;h!5 (

Jf ,l ,m
i le2 id l~21!L2S1 l 2 l c2MJf

2MS2MLYlm
! ~ k̂!DJf

~N!~h!@~2Jf11!~2L11!~2S11!#1/2

3S S
MS

L
ML

Jf

2M f
D S sc

msc

s
ms

S
2MS

D S l c

mc

l
me

L
2ML

D . ~5!

HereDJf

(N) is given in Eq.~3! with the difference that the final state is of the formuSLJfMJf
&:

DJf

~N![ (
nN21

•••(
n1

^SLJfMJf
uDêunN21&•••^n1uDêug&

@vg1~N21!vL2vnN21
#•••@vg2vn1

2vL#
. ~6!

The differential cross section forN-photon ionization is given by

dŝN~ l c ; k̂;h!

dV
52p~2pa!N (

mc ,msc
,ms

uM ~N!~ l c ,mc ,msc
; k̂,ms ;h!u2 ~7!
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from which integrating over all angles we obtain th
N-photon generalized cross section as

ŝN52p~2pa!N(
Jf

uDJf

~N!~h!u2. ~8!

The exact dependence on the photoelectron angles an
ellipticity h of the quantityM f g

(N) , for N52,3, are given in
Appendix A. Given the initial and final ion state, Eq.~5!
contains all the necessary information to calculate ang
distributions sinceuM (N)u2 is proportional todŝN /dV. The
unknown quantities are theDJf

(N) for each ionization channel

The way in which we calculate these quantities is descri
in the next section.

B. Atomic basis

The computational procedure used here has been
sented in detail in a series of articles@11,24,25#. In brief, we
use one-electron hydrogenic orbitals:

fnlmms
~r !5

xnl~r !

r
Ylm~u,f!s~ms!. ~9!

The radial functionsxnl(r ) satisfy the equation:

S 2
1

2

d2

dr22
Z

r
1

1

2

l ~ l 11!

r 2 Dxnl~r !5Enlxnl~r !, ~10!

with Enl being the eigenvalue. Thexnl functions with nega-
tive or positive eigenvalues are expanded on a set oB
splines of orderk and total numberp defined in the finite
interval @0,Rmax#. Two-electron states with total angular m
mentum L are constructed in theLS coupling of
two-electron configuration space Cnj l 1 ,n2l 2

SL (r1 ,r2)

5Au l 1s1l 2s2LMSMs&Rn1l 1 ,n2l 2
(r 1 ,r 2) where A represents

the antisymmetrization operator. The two-electron ene
eigenfunctions are written in the form@26#

Fn~E!
SL 5 (

n1l 1 ,n2l 2
Cn~E!

SL ~n1l 1 ,n2l 2!Cn1l 1,n2l 2
SL ~r1,r2!,

~11!

where Cn(E)
SL (n1l 1 ,n2l 2) is the eigenvector of the atomi

Hamiltonian matrix for thenth energy eigenvalue. Her
uCn(E)

SL (n1l 1 ,n2l 2)u2 is the probability density for the con
figuration (n1l 1 ,n2e2) in the nth energy eigenstate. ForE
.0, Fn(E)

SL represents discretized continuum states. In
present case, the order ofB splines isk59 with p5150 and
Rmax5150 a.u. The knot sequence that we use is sine
used first by Tang and Chang@11# for calculations of multi-
photon processes. In that reference, one can find the de
of the method we have used to calculate the phase shifts
each channelL50,1,2,3 needed for the PAD’s.

In order to calculate the summations over intermedi
states in the ATI case, we use the recently developed
trapolation method whose details can be found in@22#. Be-
cause of the discretization of the continuum, the detachm
rates and phase shifts are calculated for discrete ener
the
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Consequently, these rates and phase shifts in general do
coincide for different channels. For the energy region that
examine, the smoothness and density of data points are
ficient to use a cybic spline interpolation in order to obta
data for intermediate energies. The value of the ground s
differs by about 14% from that calculated by Pekeris@27#.
To obtain a better ground-state energy, we would have
include a large number of states within each series of c
figurations associated with each excited ‘‘inner’’ electro
Calculations of ATI by a discretized basis require a suf
ciently dense spacing of continuum states, which must a
extend high in energy. In order to have continuum wa
functions, as well as the correlated ground state simu
neously, our primary criterion was the agreement betwe
velocity and length gauge for the calculated dipole mat
elements. With much more effort, the ground-state ene
could be improved, but would not have a significant effect
the quantities of interest in this work.

III. RESULTS

A. Two-photon detachment

We consider absorption of two photons from the grou
state of negative hydrogen in the photoelectron energy
gion ~0–0.15 a.u.!. From the dipole selection rules, the num
ber of independent channels are two, with final total angu
momentaL50,2 ~i.e., S and D!. The resulting H atom for
these energies remains in its ground state and so we
haveJf50,2. In Fig. 1, we show, for linearly polarized light
the partial photodetachment ratesG(S) andG(D) whereG is
the intensity-independent rate in a.u. defined by

1

I 2 G~2!~ i !52p~2pa!2uDi
~2!~h50!u2, i 5S,D. ~12!

FIG. 1. Photodetachment partial rates in a.u. for two-pho
ionization. Energy region covers ionization with and without AT
which begins at photoelectron energy 0.0277 a.u.~indicated by the
arrow!. Note that 1 a.u. of energy is 27.112 eV, while 1 a.u. of ra
is 2.41310217 s21.
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56 3109ABOVE-THRESHOLD IONIZATION OF NEGATIVE HYDROGEN
Our calculations are in good agreement with those of v
der Hart@15# in the case without ATI. The same holds tru
for the calculations that Proulx and Shakeshaft@8,9# have
performed for two-photon ionization for a wide photon en
ergy region. Calculations of cross sections for two-phot
above-threshold detachment of negative hydrogen have
been performed by Sanchezet al. @13# for a different photon
energy region. Very recently, in experimental work@1# in
negative hydrogen with ATI at photoelectron energy abo
0.058 a.u. the brancing ratio of theS andD partial waves has
been measured. For this particular energy, the reported d
show branching by 90%610% into theD wave, an obser-
vation that is in excellent agreement with our calculation
which predict 89%. Furthermore, the agreement between
theoretical values and the experimental ones suggests tha
laser intensities at least up to 331010 W/cm2 the interaction
between the negative hydrogen and the laser field can
described well by pertubation theory.

Turning now to our results, we see that the dominant co
tribution comes from theD symmetry. We also note the
threshold behavior where the dominant channel is the ch
nel with the lowest angular momentum, an effect well esta
lished for negative ions from the Wigner law:

s l;e l 11/2. ~13!

This particular behavior for negative ions originates fro
the absence of a long-range Coulomb potential for the o
going photoelectron. Also we note that a rise in the detac
ment rate for the partial wave, which corresponds to the lo
est angular momentum, occurs when the photoelect
reaches an energy of about 0.028 a.u. The agreement
tween length and velocity gauge remains satisfacto
throughout the energy region under consideration. The d
ference is within the thickness of the line of the graphs. T
phase shifts for the channelsL50,2 necessary for the calcu
lation of PAD are shown in Fig. 2. From that figure, it i
evident that since the phase shift of the channelS is consid-
erably different from zero, it exhibits a strong nonplane wa

FIG. 2. Phase shifts corresponding to channelsS and D with
angular momentumL50,2.
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behavior for a rather large photoelectron energy range. A
expected, the value of the phase shift decreases with
energy of the outgoing electron. Using Eq.~5!, after the in-
terpolation in energies and phase shifts for the channelsS,D,
we produce angular distributions for different photon ene
gies and various values of the ellipticity parameterh ~Fig. 3!.
These graphs reveal a gradually increasing asymmetry
angle u, as the absolute value of the ellipticity paramete
increases. The valueh50 corresponds to linear polarization
where it is well established that the angular distribution
have fourfold symmetry. The asymmetry can in principle
always be present for elliptical polarization, independently o
whether we have excess photon absorption or not. A bri
argument as to why that happens is the following. The stru
ture of the angular dependence of the outgoing photoelectr
in the case of elliptical polarization for a fixedu and for
arbitrary number of absorbed photons will be of the type@7#

FIG. 3. Two-photon detachment angular distributions as fun
tions off of photoelectrons for kinetic energiesEp50.006, 0.0583,
0.077, 0.011, 0.062, 0.104 a.u. and for various values of the elli
ticity parameter~starting from the inner graphs! h50.0, 0.18, 0.36,
0.54, 0.70, 0.90. For visual facility, the azimuthal angular depen
dence distribution is on the polarization plane (uk5p/2) and the
polar plots have been expanded with increasing ellipticity. Th
does not imply increasing rate with ellipticity.
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M f g
~N1R!5U(

m
ameimfU2

, ~14!

where all the nonvanishing terms have either even or oddm.
The amplitudesam are integrals over the intermediate state
involving the reduced radial elements. From the above fo
mula, we are led to fourfold symmetry when the amplitude
are real. The amplitudes in a multiphoton process are com
plex for two reasons@6#. The first reason is that, in the con-
tinuum, in the absence of spin, which for this argument i
unimportant, the wave functions of photoelectrons can b
written as@28#

uk&54p (
t50

`

(
ml52 l

l

i le2 idtGkl~k,r !Ylml
~uf!Ylml

* ~ukfk!,

~15!

whered l are the phase shifts due to the potential of the ato
andGkl(k,r ) are real radial functions. Therefore the comple
amplitude here is due to the existence of phase shifts. T
second reason has to do with the case in which we have
excess photon absorption~ATI !. The presence of the poles at
certain energies in the integralsam introduces an imaginary
part at these energies. Thus even when we have no ATI,
the elliptical case, the asymmetry in angular distributions ca
appear because of the phase shifts. In the present case,
existence of the asymmetry when we do not have ATI sug
gests that the state of the outgoing photoelectron is not
plane wave. Now regarding the ATI case, it can be prove
~see Appendix B! that in the perturbation theory regime and
the plane wave approximation, under the assumption th
there are no other bound states except the ground one,
fourfold symmetry is conserved. A different argument by
Crance@29#, assuming plane waves for the photoelectron
leads to the same conclusion. Finally we present the to
detachment rate~Fig. 4! as a function of the ellipticityh of
the light for selected photoelectron energies. The explic

FIG. 4. Total two-photon detachment rate as a function of th
ellipticity h of the light for four photoelectron energies. Photoelec
tron energies correspond to ATI and no-ATI cases.
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form for the detachment rate is given in Appendix A. Fro
this graph it is apparent that when the dominant partial w
corresponds to the lower angular momentum~here theS
wave! there is a large decrease for the transition rate w
increasing ellipticity of the light, i.e., going from linear to
ward circular. That is what is expected in general, since
number of possible paths that end up to the final state, fo
multiphoton process, is the maximum one when the ligh
linearly polarized. But when the dominant partial wave co
responds to higher angular momentum~here theD wave! it
is possible to observe a different behavior for the transit
rate, namely, its increase with increasing ellipticity of t
light. But there is an upper limit for this increaseG~h51!/
G~h50!→1.5 whenAS /AD→0, as is known@30#, which is
easily obtained if one considers the two limiting casesh
50 ~linear light! andh51 ~circular light! in the correspond-
ing formulas in Appendix A, where the definition of symbo
AS ,AD can be found.

B. Three-photon detachment

Here we calculate partial photodetachment rates and
gular distributions for elliptically polarized light, for the cas
of three-photon ionization in the energy region where it
possible to have one and two excess photon absorpti
Now the angular momentum of the final states can beL
51,3 and again we consider the case where the resultin
atom remains in its ground state. The order of the proc
now is higher than for the two-photon case and we need
enlarge the atomic basis in order to preserve the reliability
the calculations. The reason for this is that the extrapola
method@22# we use demands a sufficiently high density
states in the energy region where the poles occur. The s
able density of states depends also on the photon ene
independently of the order of the process. Consequently
enlarge the box radius to 250 a.u. and at the same time
improve the quality of theB-spline set, takingk511, p
5202, and a knot sequence that is dense in the energy re
close to the nucleus and that decreases nearly linearly
away from the nucleus. The value of the ground state that
obtain differs from that of Pekeris as much as in the tw
photon case. In Fig. 5, we show partial photodetachm
rates for the symmetriesL51,3. Again the dominant contri
bution to the detachment rate near the threshold comes f
the partial wave with the lower angular momentum as
pected from Wigner’s law.

At this point, it is perhaps useful to discuss a feature
N-photon detachment, namely, the rise of the rate at ev
photoelectron energy where a threshold is crossed. This
general effect that should happen for all negative ions in
ATI case, at energies that can be determined given the e
tron affinity, the order of the process, and the number of
excess photons. The number of such rises is exactlyN, the
order of the overall process. The reason for this is again
Wigner threshold law and occurs every time the number
excess photons in ATI increases. The rise is present for e
channel, but the Wigner law leads to a sharper rise for
channel with the lowest angular momentum. If the electr
affinity is Eaf , the order of the processN, and the number of

e
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56 3111ABOVE-THRESHOLD IONIZATION OF NEGATIVE HYDROGEN
the excess photonsR, then the photoelectron energiesEr at
which one should expect rises for the detachment rates~if
there is no other reason for this, such as autoionizing stat!
are given by the formula

Er
~R!5Eaf

R

N2R
, R50,1,2,...,N21. ~16!

Therefore, for the two- and three-photon detachment ra
and for the energy region that we consider, since there is
structured contunuum, the rises occur at the expected en
gies and they are completely predictable as we can see fr
the corresponding figures~Figs. 1 and 5!.

Er
~0!50, Er

~1!5Eaf , N52, ~17!

Er
~0!50, Er

~1!5Eaf/2, Er
~2!52Eaf , N53. ~18!

Now, regarding how large these rises are for a given ph
toelectron energy, it depends on the number of the exce
photons needed to reach this energy. Increasing this numb
we should expect a tendency for the rises to be less sha
since the order of the process is increased.

The above analysis is compatible with the observation
Proulx and Shakeshaft@9# in their investigation of the two-
and three-photon detachment rates of negative hydrogen
the case of three-photon detachment, they found a rise of
detachment rate due completely to a rise in the partial wa
corresponding to the lowest angular momentumL51 at a
photoelectron energy where the two-photon detachme
threshold is located, but not in the two-photon case. That
correct if one examines the total two- or three-photon rate
as Proulx and Shakeshaft did. Since theL52 wave in the
two-photon case overwhelms theL50 ~see Fig. 1!, the rise
is masked in the total two-photon rate. On the contrary th
L51 andL53 contributions at the position of the rise are
comparable in the three-photon case~see Fig. 5!, which

FIG. 5. Photodetachment partial rates in a.u. for three-phot
ionization. Energy region covers ionization with and without ATI
which begins at 0.0139 a.u.~arrow! while the ATI involving two
photons begins at 0.0554 a.u.~second arrow!.
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makes the rise discernible even when the total rate is exa
ined. We have chosen to emphasize the partial wave featur
since these threshold effects are intimately connected wi
the angular momentum. Also, we present total detachme
rates ~Fig. 6! as a function of the ellipticity of the light.
Behavior similar to that of the two-photon case is observe
for the three-photon transition rate for selected photoelectro
energies. Finally, we present the phase shifts for the chann
corresponding to angular momentumL51,3 ~Fig. 7!. Angu-
lar distributions for different energies and various ellipticities
are shown in Fig. 8. Here again the asymmetry is observab
and increases gradually with increasing ellipticity of the
light. Note also the energies of the photoelectrons corr
sponding to ATI with one~Ep50.01018, 0.0532 a.u.! and
two excess (Ep50.0617 a.u.) photons.

n FIG. 6. Total three-photon detachment rate as a function of th
ellipticity h of the light for four photoelectron energies. Photoelec
tron energies correspond to ATI and no-ATI cases.

FIG. 7. Phase shifts corresponding to channelsP and F with
angular momentumL51,3.
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FIG. 8. Three-photon detachment angular distributions as functions off of photoelectrons for kinetic energiesEp50.006, 0.036, 0.078,
0.191 a.u. and for various values of the ellipticity parameter as in the two-photon case. For visual facility, the azimuthal angular de
distribution is on the polarization plane (uk5p/2) and the polar plots have been expanded with increasing ellipticity. This does not
increasing rate with ellipticity.
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IV. CONCLUSION

As far as the photoelectron angular distributions are c
cerned, we have shown that elliptical polarization will
principle lead to the breakdown of the fourfold symmetry
is the case with neutral atoms. Of course the degree of as
metry will depend on the ellipticity parameter as well as t
wavelength, and the absence of the asymmetry at s
wavelength does not imply its nonexistence. Although o
results have been obtained for a case of anS0 initial state
leading to anS0 residual core, the effect should, if anythin
be even more pronounced in more general cases. We ha
addition shown that, in the case of a single bound state,
absence of nonzero phase shifts in the continu
states~plane waves! preserves the fourfold asymmetry eve
in the presence of ATI. This modifies the validity of an a
sertion made by one of us~P.L.! in an earlier paper@6#.
Finally we have provided results for phase shifts and ra
into the channels of final states that are in excellent ag
ment with recent experimental data@1#, as well as for the
results for three-photon detachment, which may be of us
extensions of the relevant ATI experiments. This work at
-

s
m-

e
r

in
e

-

s
e-

in
e

same time served as an example of the versatility of
techniques we have employed, which can be readily
tended to provide answers even in the nonpertubative
gime, when related experimental data become available
has been shown in the case of two-electron atoms@16–18#.
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APPENDIX A:
TWO- AND THREE-PHOTON TRANSITION RATES

Here we present the explicit dependence on the elliptic
of the light of the two- and three-photon total transition rat
The following formulas apply to ionization or detachme
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from an atomic system having angular momentumL50 in
its ground state. For a two-photon transition the amplitu
given by Eq.~5! is

M ~2!~h!5
Ap

3~11h2!
~12h2!~2As2AD!

13AD@~12h2!cos2uk2~11h2!

3sin2ukcos2fk2 i2n sin2uksin 2fk#%,

~A1!

where the quantitiesAS ,AD are complex in general an
given by

Ai[(
n

R1,S
n,PRn,P

k,i

vg2vnP2vL
, i 5S,D. ~A2!

The R’s are reduced matrix elements@31# and the sub-
script i refers to the final value of the angular momentum
each channel. Here the intermediate states, denoted bn,
should be understood as belonging to the discrete and
tinuum spectrum of symmetryP. The relation between ellip
ticity h and the polarization vector of the field has alrea
been defined in the main text. The angular variables (uk ,fk)
determine the direction of the photoelectron in the final sta
Integrating the quantityuM (2)(h)u2 over these angles, w
obtain the total cross section through Eqs.~1! and ~2!:

1

2p~2paI !2 W~2!~h!5
16p2

45 F5S 12h2

11h2D 2

uASu2

14
114h21h4

~11h2!2 uADu2G .
~A3!

For the three-photon transition, the amplitude is

M ~3!~h!52 i
2Ap

~11h2!3/2 sin uk
e

r

n-

e.

3F ~12h2!S QP1
3QF

5
~5 cos2uk21! D

3~cosfk1 ih sinfk!2QFsin2uk@~113h2!

3cos3fk1 ih~31h2!sin3fk#G , ~A4!

with QP ,QF :

QP5
5ASP14ADP

15
, QF5

ADF

4
~A5!

andASP,ADP ,ADF defined through integrals of reduced m
trix elements over discrete and continuum states:

AL1 ,L2
[(

n1
(
n2

R1,S
n1 ,PRn1 ,P

n2 ,L1Rn2 ,L1

k,L2

~vg2vn1P2vL!~vg2vn2L1
22vL!

,

L15S,D and L25P,F. ~A6!

From the quantityuM (3)(h)u2, performing the integral
over the angles, we obtain for the total three-photon tran
tion rate:

1

2p~2paI !3 W~3!~h!5
16p2

525 F7

9 S 12h2

11h2D 2

u5ASP14ADPu2

112
118h21h4

~11h2!2 uADFu2G . ~A7!

APPENDIX B: „112…-PHOTON DETACHMENT

In this appendix, we prove that for systems without bou
states other than the ground state, in the plane-wave app
mation and in the perturbation theory regime, angular dis
butions preserve the fourfold symmetry in the elliptical p
larization case. In order to discuss a case from which
generalization toN photons is straightforward, we conside
two excess photons. We also consider photon energy s
that one photon detachment is allowed, which does not m
that this procedure is not applicable for more general sit
tions. The crucial point is that there are no sums over d
crete states, since they are absent, but only integrals con
ing Dirac delta functions.

In this case, generalization of Eq.~3! is written as
M f g
~112!5 lim

~e1 ,e2!→0
(
n1n2

^ f uDêun2&^n2uDêun1&^n1uDêug&
~vg12vL2vn2

1 i e2!~vg1vL2vn1
1 i e1!

. ~B1!
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Now the poles are at the positionsk1
2/25v15vg1vL ,k2

2/2
5v25vg12vL .

When one-photon ionization is allowed using the we
known identity

lim
e→0

1

x1 i e
5PS 1

xD2 ipd~x!, ~B2!

relation ~B1! is written as

M f g
~112!5P(

n1n2

^kf uDên2&^n2uDêun1&^n1uDêug&
~v12vn1

!~yhv22vn2
!

2p2^k f uDêuk2^k2uDêuk1&^k1uDêug&

2 ip^kf uDêuk2&P(
n1

^k2uDêun1&^n1uDêug&
v12vn1

2 ip^k1uDêugP(
^kf uDêuk2&^k2uDêuk1&

v22vk2

.

~B3!

Here P denotes the principal value of the corresponding
tegrals. In the plane-wave approximation, we represent
continuum wave functions as

uk&5
1

~2p!3/2 eik–r. ~B4!

Using the velocity gauge, it can be shown easily that
dipole matrix element between two continuum states lead
the Dirac delta function, namely,

^kuDêuq&5kêd~k2q!. ~B5!

Thus from the above relation we have

^k f uDêuk2&5k f êd~k f2k2!50 ~B6!

sincekf
2/2m5vg13vL andkf2k252mvL /(kf1k1)Þ0.

Finally we have

^k f uDêuk2&50, ~B7!

^k f uDêuk2&^k2uDêuk1&5~e•k f !
2d~k f2k2!d~k22k1!31.

~B8!

The sum integral
es

e

-
e

e
to

P(
^k f uDêuk2&^k2uDêuk1&

v22vk2

~B9!

can be separated into a sum over bound states and an int
that contains only the continuum. The integral vanishes
cause of Eq.~B6! and only the sum over the intermedia
bound states remains. This sum makes the amplitudes of
~14! complex and therefore reduces the fourfold symmetry
angular distributions to twofold symmetry. Under the a
sumption that the negative ion has no intermediate bo
states, the final expression is

M f g
~112!5PE d3k2d3k1

^kf uDêuk2&^k2uDêuk1&^k1uDêug&
~v12vk1

!~v22vk2
!

.

~B10!

Since the matrix elements are delta functions, it is eas
calculate the integral and therefore we have

M f g
~112!5

~ ê•k f !
2

2!vL
2 ^kf uêDug&. ~B11!

If we use the relations

^kf uêDug&5ê•k fFg~k f !,

ê•k f5kfsinu
cosf1 ih sinf

A11h2
, kf

2/25vg13vL ,

~B12!

we obtain for the angular distributions the formula

uM f g
~112!u25

~vg13vL!3

~232! !2~11h2!3vL
4 uFg~k f !u2sin6u~cos2f

1h2sin2f!3 ~B13!

where Fg(k) is the Fourier transform of the ground stat
From the above formula, the fourfold symmetry of the PA
for elliptic polarization is evident. Under the same assum
tions, it is possible to generalize the above formula
N-photon ionization, with the result

uM f g
~N!u25

~vg1NvL!N

~2N~N21!! !2~11h2!NvL
2~N21!

3uFg~k f !u2sin2Nu f~cos2f f1h2sin2f f !
N.

~B14!
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