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Measuring the cyclotron state of a trapped electron
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We propose the cyclotron state retrieval of an electron trapped in a Penning trap by using different mea-
surement schemes based on suitable modifications of the applied electromagnetic fields, and exploiting the
axial degree of freedom as a probe. A test for the matter-antimatter symmetry of the quantum state is proposed.
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I. INTRODUCTION Il. MODEL

. We consider the motion of an electron in a uniform mag-
The quantum state of a system is a fundamental concepﬁt 9

. . _ . “~netic fieldB along the positive axis and a static quadrupo-
in quantum mechanics, because the density matrix descr|b|r]gr potential. As is well knowr{11], the motions of that

it contains the complete information we can obtain about thatoctron in the trap are well separated in energy scale. In
system. Recently, in quantum measurement theory, a gregfhat follows we shall consider only the cyclotron and the
interest has been devoted to the possibility of reconstructingyig) degrees of freedom, which radiate in the GHz and MHz
the density matrix by measuring a complete set of probabilityanges, respectively, neglecting the slow magnetron motion
distributions over a range of different operator representamn the kHz region. To simplify our presentation, we assume
tions. an a priori knowledge of the electron’s spiri2], then we

A tomographic approach to the problem of state retrievaheglect all the spin-related terms in the Hamiltonian that, for
was first introduced by Bertrand and Bertrgid, and some  an electron of rest mass and charge-|e|, can be written
measurement schemes proposed to implement quantum state the quantum counterpart of the classical one
tomography are reviewed by Royg?]. Later on Vogel and
Risken[3] showed thas-parametrized quasiprobability dis-
tributions can be obtained from the probability distributions ~ 1. e.
of rotated quadrature phases, a technique which allows prac- H= %[p— EA
tical implementation within the field of quantum optigcy.

The method relies on the possibility of making homOdynewhereA=(—98/25(8/2,0), ¢ is the speed of lightd char-

measurements of the field of interest by scanning the phasg.ierizes the dimensions of the trap avglis the potential
of the added local oscillator field, which is called optical gppjied to its electrodes.

homodyne tomographyOHT). Recently, another method |t is convenient to introduce the rising and lowering op-

[5,6] was introduced, based on direct photon counting byerators for the cyclotron motion,

scanning both the phase and the amplitude of a reference

field. The latter method, also called photon humber tomog- ) )

raphy(PNT) [7], has the advantage of avoiding sophisticated ~ L L. 1 . .

computer processing of the recorded dgghand is appli- =5 B(X_'y)+ﬁ(py+'px) @

cable when direct access to the system is inhibid ) ’
Although the reconstruction of the phase-space distribu-

tion was already proposed for nonoptical systems, i.e., par- i . . 1 . ]

ticles [8,9], it is based on optical measurements performed =5 B(X+W)+B—ﬁ(py—ipx)

on the field radiated by these particles, exploiting the reso- . -

nance fluorescence phenomenon. These methods would ngfip, B=(mw/2h)Y2 andw.=|e|B/mc being the cyclotron

be suitable in systems without an internal electronic structurgmgmar frequency. For the axial motion we define

such as a trapped electrdor proton [10]. The purpose of

this work, instead, is to show how to reach the characteriza-

2 ;(2+92_222

reVo— (0

(©)

tion of the quantum state of a trapped “elementary” particle, ~ [me Y2 [ 1 Y2,

not having an electronic structure, by using tomographiclike a,= 5 Z+i o, P2, (4)

measurements without the use of the radiated field. In par- . : . z

ticular, we shall consider an electron trapped in a Penning

trap [10] developing technigues resembling both OHT and me Y2 [ 1 2

PNT, which allow one to obtain the state of the cyclotron al= 27— 0 5
. o eTE a, z—| Pz, &)

motion by probing its axial degree of freedom. | 2% | [2Mh w,|
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with wZ=|e|Vo/md?. Thus, by using these new operators, Egs. (6), (7), and(8), the evolution in thecyclotron inter-
Hamiltonian(1) simply becomes action picture will be determined by the Hamiltonian

A=fhwd(ala.+ 1) +hoala,+1), (6) H=fiw,(aja,+5)+hgX($)z , (10

where all terms not containing the raising or lowering operaWhere the cyclotron quadrature phagecan be set by the

tors have been omitted. The obtained Hamiltor(i@nis de-  €xperimentalist as shown in E(Q).

composed into two indipendent parts, each forming a com- We now assume that the interaction time is much shorter

plete Hilbert space with their own basis. The state of thethan the axial period, i.er<<27/w,, so that the free evo-

electron is thus the inner product of the two states we shalltion of the electron in Eq(10) can be neglected. This as-

call the cyclotron and axial statelsh)=| )| ). sumption allows us to disregard a possible detuning of the
To go further, we also remark that the best way of observapplied field with respect to the cyclotron frequency. Indeed,

ing the microscopic system from the outside world is throughn the usual experimental setup the detuning is of the order of

the measurement of the current due to the induced charge @éhfew kHz[11]. Hence the effect of the interaction is deter-

the cap electrodes of the trap, as a consequence of the ax/@ined by applying a unitary kick

motion of the electron along the symmetry axis, because

there are not good detectors in the GHz range to measure the

cyclotron radiation[11]. Therefore, since the motions are K(r)=exd —igX.(¢)z]. (11

completely decoupled, only the axial one is easily detectable

[11]. In the following we shall consider some interaction By measuring the current due to the induced charge varia-

Hamiltonians suitable for an indirect characterization of thetion on the cap electrodes of the trap, one obtains the axial

cyclotron motion. momentum[11], then the value of quadraturé.(¢) by
means of
Ill. DETECTION TECHNIQUES

The OHT technique is based on the possibility of measur- A et AR D
ing different quadratures of the field of interest; let us then (po(t+ 1) =(KI(1)pOK())

define in our case the generic cyclotron quadrature =<f>z(t)>+ﬁg7'<5(c(¢)> cogw,t). (12

R L Repeated measurements allow us to recover the probability
X(p)=ae *+ale'?, (7)  distribution (X, , ¢) for that cyclotron quadratur@narginal
distribution. However, the measurement process is state de-
where ¢ is the angle in the phase space of the cyclotrorstructive; hence the initial state of the electron has to be reset
motion. Furthermore, as mentioned above, the axial motiomprior to each new measurement. After one has performed a
could be considered as a meter; then, in order to couple tharge set of measurements for each phase awmglehe
meter with the systerfcyclotron motion, we may consider s-parametrized Wigner function can be obtained from the
probability of experimental dat®(X.,¢) through the in-
verse radon transfori8]

Hin=fhg(ae '¢tiod+aleldiocz, (8)

where g is the strenght of interaction. This interaction * :J+°°dr|r|J”d_¢J+°°
Hamiltonian could be obtained by applying the following W(a,a,s) o 4 Jo 7T )-u dXe P(Xe, )

fields on the trapped particle ) 4
X exp{sr?/8+ir[x—Regae” )]} (13

[ mc . It is evident from this expression that convergence problems
A= @gz Sin(¢p— wt) arise fors=0.
In analogy with Refs[5,7] we now show how one can
B. mc . B. probe the quantum cyclotron phase space by measuring the
- Ey,wgz cog p—wct)+ EX’O , number of cyclotron excitations. In Ref13] the quantum

nondemolition measurement of the latter is shown to be ac-
©) cessible by only considering the coupling between the axial
and the cyclotron motions induced by the relativistic correc-
o R tion to the electron’s mass; however, in order to obtain a
- x%+y2—27? m stronger coupling we shall consider the magnetic bottle con-

=Vo 492 - 2eh?B? gz, figuration, which leads t§11]

which differ from the usual ondq. (1)] for time-dependent . ~tn 2o
terms added at the preexistent components. By considering Hinn=1ikacacz", (14
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where the constant is related to the strength of the field  Hence, in the interaction picture we may write
characterizing the magnetic bottle. As a consequence of Eq.
(14), the axial angular frequency will be affected by the

number of cyclotron excitations; in fact, it will result in I‘chc( T):f)T(E)ﬁcyc(O)ﬁ(E), (18)
R 7k with
O2=w2+ 2Fé§éc : (15)

Then, probing the resonance frequency of the output electric D(E)=exdEal-E*a;], E=er, (19

signal, one can obtain the number of cyclotron excitations.
The axial motion relaxes much faster than the cyclotronwhere 7 represents the driving time interval. One can again
one[11], so, when Hamiltoniai14) is added to the Hamil- get rid of the detuning with respect to the cyclotron fre-
tonian of Eq.(1), by considering the axial steady state, andquency, provided one chooses the interaction timi® be
neglecting a very small anharmonicity term, we can write much shorter than the axial period.
Once one has “displaced” the initial state, the measure-
A R ment process of the axial frequency allows one to obtain the
Heye=fi(wc+ k(%)) alac, (16)  number of cyclotron excitations present in the statér);
L . hence the probabilityP(n.) =(n¢DT(E)pcy(0)D(E)|nc)
2\ 2 c c cyc! c/
with (z%) =kgT/mw; the thermal equilibrium value of the '\ nich pecomesy n, after a large set of measurements.
free axial motion, from which we may recognize a shift ef- Then, by referring to the expression of teearametrized
fe_ct also on the cyclotron angular frequency due to the CouWigner function introduced in Ref14], we may write
pling.
Furthermore, to perform a PNT-like scheme, according to
the optical case of Ref7], we need a reference field which

displaces the state one wants to recover or, equivalently, one W(E,E*,s)= i (ﬂ) e

which is mixed to it by means of a beam split{&;6] that, T 1-sn=o0\s—1

however, in this case is not applicable. To this end we can . . .

use a driving field with amplitude acting immediately be- X(Nne|DT(E)pey 0)D(E)|ng),  (20)
fore the measurement process induced by Hamilto(fidh

and given by a Hamiltonian term of the type where the quasiprobability distribution corresponds to the

state ;BCyC(O), and can beentirely obtained by varying the
- ) Lot it complex paramet€E (i.e., the reference fie)d
Have= —ifi(ee™'“Ca; —e*e'“ca,). 17 This scheme requires the use of the following fields:

Zmlm 7iwct —EA ZER *iwct _’_E;( 0 t<r
alel lee )=y, alel gee” v+ ox,0f, 1<
A= B. b... .. B. b .. . (21)
- Y5 VY3l ox+ S [ =%%3],0],  t>1,

which means turning on the magnetic bottle as soon as thierent measurement schemes based on suitable modifications
driving field is switched off. The latter may consist of an of the external electromagnetic fields. In particular the PNT-
electromagnetic field circularly polarized in they plane like scheme could be considered more powerful with respect
and oscillating atv,. The scalar potential remains the sameto the OHT-like scheme, since it does not need any filtered
as Eq.(1), while Egs.(14) and(17) can be obtained from the back-projection process, directly giving the desired phase-
above fields by considering<B and making the rotating- space distribution from measured data. We confined our
wave approximation and dipole approximation; in doing thattreatment to the case of undamped cyclotron motion, which,
one also obtains=|e|lb/2mc. We wish to point out that however, could be reasonable for a perfectly off-resonant
these fields are commonly used in the experimental setup @fituation[15]. To simplify the presentation of the measure-
the Penning trap, differently from an OHT-like scheme, ment schemes we also assumed unity efficiency in the detec-
where nontrivial modifications of the fields are required. tion process. For nonunity efﬁciency itis possib]e to show
[16,6] that one never reconstructs the full Wigner function
IV. CONCLUDING REMARKS but only a smoothed version of it. Moreover, the present
In conclusion, we have shown the possibility of recon-model can be applied to reconstruct the quantum state of a
structing the cyclotron state of a trapped electron using diftrapped antiparticle such as the positfon antiproton, and
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FIG. 1. Simulations of the reconstruction of tegparametrized
Wigner function = —0.25) for an odd cat state with=1.5 by

means of OHT; 27 phases are scanned withddia each. FIG. 2. Simulations of the reconstruction of the Wigner function

for an odd cat state with=1.5 by means of PNT; fOevents are
sampled for each of the 255 points of the grid.

to test whether particle and antiparticle have the same quan- . f th kes th ical aloorithm f
tum state under charge conjugation transformation. tivity of the parametes makes the numerical algorithm for

Let us give some numerical simulations to emphasize thgggagv?:;srloEee?es":\?jri'ly-r?eeaélrjmlelz dwgg/n(r;regjnnsw(ﬂs;ﬂ?_é' 'Zr;
discussed possibilities of reconstructing quasiprobability d'SWhere no convergence problems arise and cumbersome nu-

tributions. We demonstrate the methods assuming that thr%erical algorithms can be avoided

gyclotron tst?te is an odd coherent state stai (or Schre Cat states could be created in a Penning trap by consider-
inger cat state ing relativistic effects(which introduce an anharmonicjty
la_)=N_(|a)—|—a)) (22) having a macroscopic character whenever strong excitations

are considered, and they can be displayed with the aid of the

with |@) being a coherent state ahd. a normalization con- discussed method48]. From the experimental point of view
stant. States of this type exhibit quantum interferences, givthe difficulty in using PNT is connected with the measure-
ing rise to negative values and sharp structures in the Wignenent of the cyclotron excitation number, and the need to
function, so that their reconstruction necessitates particulatistinguish among the Landau level and its nearest. = 1.
care. It was shown in Ref[13] that with the sensibility already

In Fig. 1 we show a smoothed version of the Wignerreached for the axial resonance frequency, this measurement
function (s= —0.25) reconstructed by using OHT; the nega-is feasible when the electron’s spin is known.
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