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Atom localization via Ramsey interferometry: A coherent cavity field provides a better resolution
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We investigate the position localization of a polarized atom interacting with an off-resonant quantized
standing-wave field. We show that a coherent cavity field achieves a higher resolution than a classical field. An
almost perfect localization is possible when the atom passes through several identically prepared cavities.
@S1050-2947~97!04010-9#
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I. INTRODUCTION

The problem of localizing an atom by scattering light, t
Heisenberg microscope@1#, dates back to the early days o
quantum mechanics. The modern tools of quantum op
have made such gedanken experiments reality@2,3#. More-
over, most recently, the localization of atoms in doma
smaller than the wavelength of light has been discussed t
retically @4# and achieved experimentally@5# using a classica
standing-wave light field. In the present paper we show t
an even more dramatic localization results from the use
quantum field.

A variation of the Heisenberg microscope has been d
onstrated by Gardneret al. @6#. In this method an inhomoge
neous light intensity causes a spatially varying atomic-le
shift that correlates the atomic resonance frequency with
atomic position. Several proposed methods@7–11# for high-
precision measurements of atomic position rely on the in
action of an atom with a standing wave inside the cav
This interaction leads to a quantum entanglement betw
the atomic degrees of freedom including the center-of-m
motion and the state of the field. This entanglement arise
the position of the atom is highly correlated with the phase
the field inside the cavity. A measurement of the inter
state of the atom or the state of the field leads to a quant
state reduction of the center-of-mass motion and hence
atom localization.

Reference@12# utilizes these ideas to localize the positio
of a polarized atom by passing it through a classical stand
wave and measuring the phase of the atomic dipole mom
in a Ramsey-type experiment@13,14#. In this scheme a rela
tively large narrowing of the atomic position distribution
achieved by increasing the intensity of the field. This
creased narrowing is, however, accompanied by an incr
in the number of peaks in the position distribution of t
atom.

In this paper we analyze the interaction of a single-mo
quantized standing-wave cavity field with a three-level at
moving in the Raman-Nath regime and far off resonance.
show that for a coherent-state field inside the cavity,
quantum interference due to different photon number exc
561050-2947/97/56~4!/2972~6!/$10.00
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tions would substantially alter the results for the atom loc
ization, resulting in acollapseof the atom position around
the nodes of the field. This collapse is reminiscent of
collapse of the population inversion in the Jaynes-Cummi
model of the atom-field interaction. A substantial localiz
tion takes place when the atom is passed through a num
of identically prepared setups. It is then possible, under c
tain conditions, that almost complete localization is obtain
around the field nodes.

In Sec. II we present the model and give results fo
single atom passing through the Ramsey-type experime
setup with a quantized field inside the cavity. In Sec. III w
extend these results to include the passage through an
of Ramsey setups. We conclude in Sec. IV by summariz
our main results and briefly outlining a possible experime
We emphasize that the currently available technology allo
to perform this experiment.

II. LOCALIZATION OF AN ATOM: A COHERENT-STATE
FIELD IS BETTER THAN A CLASSICAL FIELD

In the present section we summarize the essential in
dients of atom localization using Ramsey interferomet
The measurement of the atomic dipole provides a tool
localize an atom in a standing wave beyond a wavelength
the light. In contrast to earlier work@12#, however, we focus
on a quantum field and the resulting position distributio
We show that a coherent cavity field significally enhanc
the resolution compared to a classical field.

We start our discussion by briefly discussing the Ram
setup shown in Fig. 1~a!. We consider a three-level atom
with two near-degenerate ground statesua& and ub& and an
optically excited stateuc& crossing a Ramsey-type exper
mental setup shown in Fig. 1~a! and used recently in Refs
@12, 13#. The experimental setup includes a standing-wa
cavity light field that is sandwiched between two microwa
Ramsey fields. The off-resonant cavity field couples b
lower levelsua& and ub& to the upper leveluc& via electric-
dipole transitions. The resonant Ramsey fields induce tra
tions between the lower levelsua& and ub& via magnetic-
dipole coupling. We neglect damping of the cavity and t
2972 © 1997 The American Physical Society
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56 2973ATOM LOCALIZATION VIA RAMSE Y . . .
spontaneous emission of the atom and take the dipole
rotating-wave approximations. The initial momentum of t
atomic motion along the longitudinalz direction is assumed
to be large enough so that it can be treated classically.
motion of the atom in the transversex direction along the
standing-wave mode, the internal degrees of freedom of
atom, and the cavity light field are quantized. We consi
the Raman-Nath regime where the kinetic energy of
transverse motion of the atom can be ignored.

Suppose that the initial state of the atomic transverse
tion is a pure state described by the state vector

FIG. 1. Localization of an atom by a single Ramsey setup~left
column! and an array of Ramsey setups~right column!. A classical
field prepares a dipole between levelsua& and ub& of a three-level
atom before it crosses a cavity field. This field is in either a Fo
state or a coherent state of an identical average number of pho
Another classical field with a fixed phase relative to the first cl
sical field and a detector measuring the population of either le
ua& or ub& read out the change of this dipole. This setup~a! leads to
a conditional position distributionW(x) shown in ~b! and ~c! for
two different interaction parametersk50.3 andk50.6, respec-
tively. In the position distribution corresponding to a coherent st
of uau2510 shown in~b! and~c! by the solid curves, the maxima a
k0x50,6p, . . . , that is, at the nodes of the field, are enhanc
compared to the corresponding distributions of a Fock state i
cated by the dashed curves. In the coherent-state case the
maxima are suppressed and the minima are filled, creating a b
ground. In the case of a Fock state an increase of the intera
strength leads to more maxima, as apparent in~c!. In contrast, the
corresponding position distribution for a coherent state displ
larger maxima at the nodes while the background is essentially
same as in~b!. The increase of the interaction strength fromk
50.3 ~e! to k50.6 ~f! also eliminates the many side maxima of t
Fock state case. Here we have chosenk55 Ramsey setups with
identically prepared cavity fields and identically prepared atom
states. In all figures we have taken the probability amplitudes
the levels in the prepared and detected internal states of the
Ca5Cb5C̃a5C̃b51/&, corresponding toV51/2, G51/4, and
f50.
nd

he

e
r
e

o-

ucmotion&5E
2`

`

dx f~x!ux&. ~1!

The Ramsey zones employ microwave fields in resona
with the transitions between the lower levelsua& and ub&.
The first Ramsey field prepares the atom in a cohere
superposition state

ucatom&5Caua&1Cbub&. ~2!

The initial state of the standing-wave light field in the cav
is given by

ucfield&5 (
n50

`

wnun&. ~3!

The frequency of the standing-wave light field is detun
from the atomic frequency for the transition betweenuc& and
u j & ( j 5a,b). For very large detuning, the atom practical
remains in the ground states during the interaction with
standing-wave light field and the effective interaction Ham
tonian is@13,15,16#

Ĥ522\ sin2~k0x̂!~gaua&^au1gbub&^bu!â†â. ~4!

Here the operatorx̂ describes the transverse position of t
atom,â andâ† are the annihilation and creation operators
the cavity mode, andk0 is the wave number of the cavit
mode. The effective coupling parameters for the transit
channelsua&↔uc& and ub&↔uc& are given byga5Va

2/2Da

and gb5Vb
2/2Db , respectively, whereVa and Vb are the

associated vacuum Rabi frequencies andDa andDb are the
corresponding detunings. In the case when the vacuum R
frequencies of the two channels are the same, that is,Va
5Vb , and the field is detuned to the middle point betwe
the two lower levels, that is,Da52Db , we havega5
2gb .

The time-dependent state vector

uc total~ t !&5exp~2 iĤ t/\!ucmotion& ^ ucatom& ^ ucfield& ~5!

of the combined system in the interaction picture follow
from Eqs.~1!–~5! and reads

uc total~ t !&5E
2`

`

dx (
j 5a,b

(
n50

`

f ~x!Cjwn

3exp@2ingj t sin2~k0x!#ux& ^ u j & ^ un&. ~6!

Behind the cavity, we make a measurement of the inter
state of the atom by using the second Ramsey field toge
with a state-selective detector. If the atom is detected in
internal state

uc̃atom&5C̃aua&1C̃bub&, ~7!

the distribution of the transverse position of the atom con
tioned by such a measurement is

W~x!5P21(
n50

`

z^xu ^ ^c̃atomu ^ ^nuc total~t!& z2. ~8!
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Here t is the transit time through the standing-wave lig
field, while the state-reduction normalization constantP is
the probability of finding the atom exiting the cavity in th
internal stateuc̃atom&. On substituting Eqs.~6! and ~7! into
Eq. ~8!, we find the conditional position distribution

W~x!5P21F~x;ucfield&)W0~x!, ~9!

whereW0(x)5u f (x)u2 is the initial distribution of the trans
verse position of the atom and

F~x;ucfield&)5V12G(
n50

`

Pn~ ucfield&)

3cos@2nk sin2~k0x!1f#. ~10!

Here we have introduced the abbreviationV5uCau2uC̃au2

1uCbu2uC̃bu2, the modulus G and the phasef of
CaCb* C̃a* C̃b , that is,CaCb* C̃a* C̃b5G exp(if), and the in-
teraction parameterk5(ga2gb)t. Note thatF depends on
the quantum stateucfield& of the cavity field through the pho
ton distributionPn(ucfield&)5 z^nucfield& z25uwnu2.

SinceV>2G>0, the functionF is non-negative. Thus
after the interaction with the field and the measuremen
the internal state, the position distribution of the atom
multiplied by a non-negative oscillating function, whic
leads to the decimation of the initial position distributio
and hence the localization, of the atom. Therefore,F plays
the role of a filter function.

We conclude this section by discussing the atomic po
tion distribution resulting from a Fock state or a cohere
state of the cavity field. In the case when the field is initia
in a Fock stateun0&, the filter functionF reduces to

F~x;un0&)5V12G cos@2n0k sin2~k0x!1f#. ~11!

The functionF displays oscillations inx and has one or more
peaks within half a period of the standing-wave field, that
within the length ofl/25p/k0 . The larger the size ofn0k,
the smaller the widths of the peaks. According to Eq.~9!, the
position distributionW is the product of the filter functionF
and the initial position distributionW0 . Hence the filter
functionF selects from the initial position distribution of th
atom those domains whereF has dominant peaks. This re
sults in a localization of the atom. We note that the fil
functionF @Eq. ~11!# of a Fock state is identical to that@12#
of a classical cavity field. We emphasize that Ref.@5# reports
the observation of this localization phenomenon by a cla
cal field.

An undesirable feature of the localization of the atom
ing a Fock-state field or a classical field is that the decre
of the widths of the peaks is associated with the increas
the number of the peaks. To overcome this problem, we n
consider the case when the field is initially in a coherent s
ua&. The photon distribution of this state is

Pn~ ua&)5exp~2uau2!uau2n/n!. ~12!

On inserting Eq.~12! into Eq. ~10! and performing the sum
mation, we find the filter function
t

f
s

i-
t

,

r

i-

-
se
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te

F~x;ua&)5V12G exp$22uau2 sin2@k sin2~k0x!#%

3cos$uau2 sin@2k sin2~k0x!#1f% ~13!

for the cavity field in a coherent state. In comparison to
case of the Fock state or the classical field, the oscillat
cosine term is now multiplied by an exponential factor.
the neighborhood of the nodes this exponential term is cl
to unity. However, away from the nodes it damps out t
oscillations. Hence the peaks positioned near the nodes
dominant compared to the other peaks. Note that, fok
>p/2, the most substantial reduction of the peaks positio
away from the nodes takes place. Whenk!1 anduauk!1,
the result for the coherent state of the field reduces to tha
the Fock state.

In Figs. 1~b! and 1~c! we show the conditional distribution
W(x) of the transverse position of the atom after pass
through the setup. For the sake of simplicity, we have cho
the probability amplitudes for the levels in the prepared a
detected atomic internal states to beCa5Cb

5C̃a5C̃b51/&, corresponding toV51/2, G51/4, andf
50. The interaction parameter for Fig. 1~b! is k50.3,
whereas in Fig. 1~c! it is k50.6. The initial transverse
position distribution of the atom is uniform over a wav
length of the light field. The solid curves correspond to t
case when field is initially in a coherent state of mean pho
numberuau2510, while the dashed curves correspond to
case when the field is initially in a Fock state with the sa
numbern0510 of photons. As seen from the figures, in t
case when the field is initially in a coherent state, some
calization peaks of the atom are damped; the central p
becomes higher, although its width remains almost the sa
compared to the case when the field is initially in a Fo
state.

It should be emphasized here that when the mean ph
number uau2 of the initial coherent stateua& of the cavity
field is large, that is, when the initial quantum field is close
to a classical field, the expression~13! for the filter function
does not reduce to that for a classical field. In contrast,
filter function ~11! for the case of an intrinsically quantum
Fock state is identical to that for a classical field. The
features are due to the fact that the filter function of t
quantized field depends on the initial photon distributi
spread, which disappears for a Fock state but is finite fo
coherent state. Very similar features have been observed
discussed in the framework of the Jaynes-Cummings mo
It has been shown in this model that the atomic respons
purely classical if the initial field state is a Fock state and
complicated quantum collapse and revival effects occu
the initial field is coherent@17#. Note that when we conside
the field modes of the laser beams irradiating the atoms w
no cavity, the dynamics of the field modes is usually a
sumed to be determined externally rather than by the irra
ated atoms. In such a case, the field quantization of the l
modes adds nothing except for calculation convenien
However, when we consider the excited field modes in
cavity, the behavior of the modes is completely governed
the interaction with the atoms inside the cavity. In such
case, the dynamics of the atom-field system can depen
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56 2975ATOM LOCALIZATION VIA RAMSE Y . . .
the discreteness of the photon numbers, the spread o
photon distribution, and the strength of the reaction of
atoms back to the field.

III. LOCALIZATION OF AN ATOM: AN ARRAY OF
RAMSEY SETUPS IS BETTER THAN A SINGLE ONE

In the preceding section we have shown that the meas
ment of the atomic dipole using a Ramsey setup allows u
localize the atom. In order to enhance this localization,
now use the array of Ramsey setups shown in Fig. 1~d! and
show that such an arrangement does indeed sharpen th
sition distribution of the atom@12#. We emphasize that we
cannot apply the result of Sec. II in a straightforward wa
This treatment relies on the center-of-mass motion being
tially in a pure state. However, the state of the transve
motion of the atom after leaving the first setup is no longe
pure state. The reason is that we measured the atomic i
nal state but did not probe the field and therefore had
project the state of the total system onto the detected ato
internal state and trace over the field. We hence use in
section the density-matrix approach to study the array
Ramsey setups.

The effective Hamiltonian describing the interaction b
tween the atom and the off-resonant standing-wave l
field in thekth cavity reads

Ĥ ~k!522\ sin2~k0x̂!~gaua&^au1gbub&^bu!âk
†âk .

~14!

Let the atom enter thekth cavity at tk215(k21)t, stay
there for time intervalt, and exit attk5kt. The standing-
wave field in thekth cavity is in the state

ucfield
~k! &5 (

n50

`

wn
~k!un&. ~15!

Before entering thekth cavity, the atom is prepared in a
internal coherent-superposition state

ucatom
~k! &5Ca

~k!ua&1Cb
~k!ub& ~16!

and after exiting the cavity the atom is detected in an inter
state

uc̃atom
~k! &5C̃a

~k!ua&1C̃b
~k!ub&. ~17!

The density operator

%̂motion
~k! 5E dxE dx8%motion

~k! ~x,x8!ux&^x8u ~18!

for the atomic transverse motion after the internal-state m
surement behind thekth cavity follows from the density op
erator

%̂0
~k!5ucatom

~k! &^catom
~k! u ^ %̂motion

~k21!
^ ucfield

~k! &^cfield
~k! u ~19!

of the atom before thekth setup and the field in thekth
cavity as

%̂motion
~k! 5

1

P~k! Trfield^c̃atom
~k! uÛ ~k!%̂0

~k!Û ~k!†uc̃atom
~k! &. ~20!
he
e
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Here the normalization constantP(k) is the probability of
finding the atom exiting thekth cavity in the internal state
uc̃atom

(k) & and the evolution operatorÛ (k) is

Û ~k!5exp~2 iĤ ~k!t/\!. ~21!

Since we do not perform measurements on the field we tr
over it.

When we substitute the HamiltonianĤ (k) for the kth
atom-field interaction into Eq.~21! and insert the resulting
expression into Eq.~20!, we arrive at

%motion
~k! ~x,x8!5

1

P~k! F ~k!~x,x8;ucfield
~k! &)%motion

~k21!~x,x8!.

~22!

Here the function

F ~k!~x,x8;ucfield
~k! &)

5 (
n50

`

(
j , j 85a,b

Pn~ ucfield
~k! &)Cj

~k!Cj 8
~k!* C̃j

~k!* C̃j 8
~k!

3exp$2int@gj sin2~k0x!2gj 8 sin2~k0x8!#% ~23!

relates the density matrix%motion
(k) (x,x8) for the transverse

motion of the atom after passage through thekth cavity to
the corresponding matrix%motion

(k21)(x,x8) after passage throug
the (k21)th cavity.

The transverse-position distribution W(k)(x)5

%motion
(k) (x,x) of the atom after the internal-state measurem

behind thekth cavity follows from Eq.~22! when we setx
5x8 in this equation. We find

W~k!~x!5
1

Pjoint
~k! F~k!~x;$ucfield

~k! &%)W0~x!, ~24!

where the filter function

F~k!~x;$ucfield
~k! &%)5)

l 51

k

F ~ l !~x,x;ucfield
~ l ! &) ~25!

is the product of the generalized filter functionsF ( l ) @Eq.
~23!# evaluated atx85x. Note thatF(k) depends on the field
statesucfield

( l ) & ( l 51,2, . . . ,k) of all k cavities as indicated by
the symbol$ucfield

(k) &% in the argument ofF(k). The joint prob-
ability

Pjoint
~k! 5)

l 51

k

P~ l ! ~26!

of finding the atom in a sequence of selected internal st
uc̃atom

( l ) & behind the setups is the product of all individu
probabilitiesP( l ) of finding the atom in those states.

We now simplify this result for the case where the pro
ability amplitudesCj

(k) andC̃j
(k) in the prepared and detecte

atomic internal states are the same for allk. Moreover, we
assume that all the cavity fields are prepared in the sa
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2976 56Le KIEN, REMPE, SCHLEICH, AND ZUBAIRY
stateucfield&. In this case, all the individual filter function
F ( l )(x,x;ucfield

( l ) &) of the Ramsey setups are identical a
hence Eq.~25! reduces to

F~k!~x;$ucfield
~k! &%)5Fk~x;ucfield&), ~27!

whereF is defined by Eq.~10!. The position distribution

W~k!~x!5
1

Pjoint
~k! Fk~x;ucfield&)W0~x! ~28!

involves thekth power of the filter functionF. Therefore, in
an array of Ramsey setups, that is, fork.1, the position
distribution of the atom gets sharpened and leads to a m
effective localization of the atom.

We illustrate this phenomenon in Figs. 1~e! and 1~f!,
where we show the conditional distributionW(k)(x) of the
transverse position of the atom after passage through the
perimental setup withk55 cavities. All the other parameter
are the same as for Figs. 1~b! and 1~c!. The figures show a
dramatic difference between the position distributions res
ing from a coherent state or a Fock state of the field: T
usage of the Ramsey array in the case when these field
initially prepared in a coherent state has essentially increa
the localization of the atom into the narrow regions arou
the nodes of the light fields.

IV. SUMMARY AND DISCUSSION

In summary, we have investigated the position locali
tion of a polarized atom that interacts with an off-reson
quantized standing-wave field inside a cavity. We ha
shown that for a coherent state inside the cavity, the atom
localized around the nodes of the field. Moreover, an alm
perfect localization around the field nodes is possible w
the atom passes through several identically prepared cav
This scheme relies on conditional measurements of
atomic dipole. Therefore, we can achieve such a narrow
tribution only with a probabilityPjoint

(k) given by Eq.~26!. For
the parameters of Figs. 1~e! and 1~f! and for the initial co-
herent state of the field inside the cavity, this probability
Pjoint

(k) 50.24 and 0.18, respectively. Moreover, we emphas
that this scheme is not sensitive to the efficiency of the Ra
sey detector.
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We conclude by briefly outlining a method to create su
an array of Ramsey setups. The experiment of Ref.@5# em-
ploys atoms from a magneto-optical trap, which are optica
pumped into stateua&. The localization is then performed i
two steps. First, a sequence of three pulsed fields is use
encode the position information in the internal atomic stat
As was described above, this is achieved with a prope
detuned light field sandwiched between two microwa
Ramsey fields resonant with the transition from stateua& to
state ub&. Second, laser light resonant with the transiti
from stateua& to stateuc& or from stateub& to stateuc& is
used for the internal state measurement. Note that s
pulses and slow atoms are employed. Therefore, atomic
tion can be neglected during the pulse sequence.

It is straightforward to extend this scheme and apply
series of sequences of pulsed fields for both the encoding
the measurement. Each sequence consists of three pulse
the position encoding and one pulse for the internal s
measurement. Note that this scheme employs an optical
ity field pulsed on for a short time only. The whole series
sequences of pulses is applied while the atom is in the cav
In addition, the following trick can be used in order to avo
the ~unwanted! random recoil kicks associated with th
atomic fluorescence during the internal state measurem
For example, the measurement of atoms in stateua& can be
achieved by tuning the laser frequency to the transition fr
stateub& to stateuc&. Atoms in stateua& manifest themselves
by the absence of fluorescence. This scheme makes it
sible to measure the internal atomic state without a mom
tum change, thus allowing the creation of a dramatic loc
ization of the atoms.
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