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The comparison of phenomenological and supersymmetry-inspired quantum-defect methods in their relativ-
istic and quasirelativistic formulations is undertaken through a systematic study. Derivations, which emphasize
similarities and differences between these approaches, are applied to evaluate oscillator strengths for low-lying
and Rydberg states for lithiumlike, sodiumlike, and copperlike ions. Relativistic transition matrix elements
calculated with the Dirac wave functions are gauge invariant. For the quasirelativistic formalism, an effective
transition operator in the velocity gauge is proposed for the calculations. The detailed numerical results we
obtained enable us to draw inferences as to the improvements and also to the limitations of these models.
[S1050-294®7)05009-9

PACS numbgs): 31.15-p

I. INTRODUCTION the multiconfiguration Dirac-FockMCDF) method[5] and
the relativistic many-body perturbation theqigMBPT) [6]
Over the past three decades a great deal of work has beane the two most successful codes. However, these codes are
devoted to the calculation of properties related to atomiextremely laborious and become too time consuming when
transition probabilities of highly ionized atoms, i.e., ions the number of transitions to be determined is very ldifje
with a nuclear chargg that greatly exceeds the charge of the For example, in a joint international collaboration known as
remaining electrons by about 2@]. This interest has been the “U.K.-U.S. Opacity Project” concerning stellar enve-
stimulated by everincreasing computing power and by dope opacities, it was estimated that about 200-500 bound
number of experimental developments in solar, stellar, andtates per ions or atoms and a total of400 oscillator
laboratory plasmas in the 1970s and 1980s. Under the bestrengths would be obtainef8]. Therefore, developing
circumstances, theory and experiment agree to within 0.1%simple, reliable, and rapid computational methods is of fun-
making it possible to provide highly reliable data for numer-damental importance for the determinations involved.
ous applications such as plasma modeling, astrophysics, laser For this purpose, a great number of nonrelativistic calcu-
design, and high-temperature fusion devi¢@s For ex- lations, using the Coulomb approximation technique origi-
ample, a detailed knowledge of the structure of highly ion-nally developed by Bates and Damgaf®d have been per-
ized atoms, such as those with 10eonlike ion$ or 28  formed. Among these, the quantum-defect-orbit@IDO)
(nickel-like iong remaining electrons, is essential for the method, the semiempirical effective orbital quantum number
construction of lasers that operate in extreme ultraviolet o(EOQN) method, and the supersymmeti$USY) -inspired
soft-x-ray regiong3]. quantum-defectSQDT) model or the exact quantum-defect
There is general agreement that for atomic transitions imethod proposed for alkali-metal-like elements by Martin
highly stripped ions, relativistic effects become more andand Simons[10] Gruzdev and Sherstyukll] and Kos-
more important as the nuclear chargeof the species in- telecky and Nieto[12], respectively, can be pointed out.
creases. In the past 25 years, several theoretical calculatioitiese methods, compared to the others, offer the advantage
have been made. Some of the computer codes currentthat, as with the eigen wave functions, the radial integrals are
available for calculating energy levels and radiative transi-conveniently solved analytically. This leads to closed-form
tion probabilities are listed in a review article by Grd]  expressions for the transition probabilities and oscillator
and in an excellent compilation by Pyykké]. Among these, strengthd13]. These three quantum-defect models, referred
to as phenomenological SUSPHSY) approaches, are re-
lated to the quantum-defect theo(@DT), developed and
*Present address: P.O. Box 7978, Yaounde, Cameroon. Electronpplied to the calculations of atomic characteristics by Bur-
address: kwato@syfed.cm.refer.org gess and Seatofl4] and Greene, Fano, and Strinfti5].
"Present address: CEA/GRENOBLE-DRFMC/SI2A, France. However, they essentially differ from QDT because the ap-
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proximate eigenfunctions of an asymptotically correctThis constitutes the key element in the PHSY derivations
Hamiltonian provided by QDT behave correctly only in the involved. In Sec. Il C we provide analytically PHSY matrix

larger limit. The PHSY calculations rather generate exactelements in the dipole length and velocity gauges and give
eigenfunctions of an approximate Hamiltonian that includeghe corresponding oscillator strength closed-form expres-

an electronic screening term. The resulting orbitals are valigions. Results of the numerical application of these calcula-
also in the core region. tions to the one-electron alkali-metal-like ions of the Li, Na,

Although the PHSY calculations are mathematically simi-and Cu isoelectronic sequences are described and discussed

lar, they are not equivalent, as already mentioned in Refl Sec. lll. Such an investigation is of considerable interest
[16]. This crucial point appears clearly in the detailed nu-SiNce Fhe behavior of. the osullqtor strength pf a partlcular
merical part of this work. Indeed, they interpret nonhyolro_transmon through an isoelectronic sequence is an important

genic contributions to the effective potential by incorporatingfe_ﬂt_ure in evalua_lt_ing the reliability of various theoretical pre-
notions of quantum-defect theory by phenomenologicap'cnons‘ In addition, the homologous comparison between
(QDO and EOQN[10,11 and symmetrySQDT) [12] con- Isoelectronic sequences can provide a useful indication of the
siderations. The symmetry in question, called SUSY-base agmtqdes of c_)scnlator strengtt[28,29. Qn the °t.hef
quantum-defect symmetry, is broken by nonhydrogenic in. and, highly excited states, always present in highly ionized

teractions, whereas in the limit that the central potential isatomg_of hot pla_sm@GOB]], have also beer_1 Su.‘d'ed fam .
hydrogenic, the symmetry is unbroken. transitions variations up to 18. Our conclusion is presented in

The fact that the comparison, within the nonrelativistic S€¢- 1V-
framework, of the PHSY approaches predicted transition
probabilities andf values with accepted values shows good Il. THEORETICAL BACKGROUND
agreement for the low stage of ionization leads us to refor-
mulate the above PHSY approaches in order to include a . ) )
major part of the relativistic effects of multicharged ions. By ~ L€t us consider radial wave functiongr) andu(r), re-
using Dirac wave functions, Gruzdev and Sherstjiif and ~ lated to the well-known Dirac large- and small-component
Kwato Njocket al.[18] have performed the relativistic gen- radial wave functionsp(r) and ¢(r) by [18,20
eralization of the effective orbital quantum number of
(DEOQN) method and the relativistic generalization of the (rgb(r)) =p 1 y)(u(r)), (1)
SUSY-based quantum-defect thedBSQDT), respectively. ro(r) vy 1/lv(r)
Alternatively, the quasirelativistic formulation of quantum-
defect-orbitalRQDO) method has been worked out by Mar-
tin and Karwowski 19]. It should be noted that there are two
types of quasirelativistic approachigX0]. The first approach y= . z=2"a, k=e€(j+3),
presented by Cowan and Griffj21] is based on the scalar )
equation obtained from the Dirac one by a direct elimination o _ e — _
of the small component. This approach has been successfully ~1=!—€/2, e=*1, s=y«k°—2z° p=const.
used to study atomic structure by many authors, includin
Wood and Boring[22], Karwowski and Szulkif23], and
Heully [24]. In the second approach, resulting from an appli-
cation of Martin and Glauber’s transformatid@5] to a
Dirac radial equation and formulated by Barthelat, Pelissier
and Durand 26], the scalar wave function is derived from
the second-order equation obtained by transforming the firs

A. Dirac effective wave functions

where

qn Egs.(1) and(2) and what follows, relativistic atomic units
are used18]. The quantitiese, Z', andj are, respectively,
the fine-structure constant, the charge of the ionic core, and
the value of the total angular-momentum quantum number of
the valence electromu(r) andv(r) are solutions of the sys-
{em of first-order differential equations

order Dirac equation. This approach, named here the scalar
second-order Dirac approach, was adopted and developed by {11 (E’_ Z_E> u(r)) = :E (v(r)). 3)
Karwowski and Kobu$20] and Mohanty and Samps§a7] dr \r s /[lv() s Jlu(r)

and used to formulate the RQDO method. This latter ap-
proach has the main advantage of retaining the simplicity o
the nonrelativistic derivation.

Owing to the above-mentioned observations, it is of ob-
vious interest to undertake a systematic study of the three d2 20 s(s—1)
PHSY approaches, where necessary, from the fully relativis- [—2+2e+ —_— > }u(r)zo, (4a)
tic (DQDO, DEOQN, and DSQDJT and quasirelativistic dr r r
(RQDO, REOQN, and RSQDTiewpoints. This is a study, )
for the sake of better appreciation, not only of the effective- [d_ 1 oet 2_‘7_ S(s+1)
ness of each PHSY derivation, but also of the difference dr? r r?
between quasirelativistic results and Dirac ones. The motiva-
tion of this work stems from that point. In Sec. Il we presentwhereo=zE, e= —a?/2, anda=\1—E>.
the theoretical background of the most relevant relativistic Detailed information about hydrogenic derivation of
PHSY features, with emphasis, when necessary, on the dikigenvectorau(r) anduv(r) can be found in Refq.19,32—
ference between the above PHSY approaches. That diffeB4]. In Ref.[18] we have studied the SUSY structure of Egs.
ence lies in the determination of their effective parameters(3) and (4).

is the total energy. In Eq3) the upper(lower) sign refers
o the upper(lower) components. The Dirac second-order
radial equations deduced from E®) are

v(r)=0, (4b)
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The eigenvectors and energy eigenvalues are then where
u(r)=ApxSexp( —x/2) L5 D(x). (5a) . az . . alk*—s*)
iy R R ey ==r
v(r) =By texp( —x/2) L2V (x), (5b)
f5=z, E=[1+2z2M*2]"12 (10)

E=[1+7%/M%]"Y2 x=2ar, n=n—|«|,
The key element in each of the three approaches involved
a is the determination of those effective parameters.

1. Quantum-defect orbital approach

n andn=n+s are, respectively, the Dirac radial quantum DQDO proceduré19] ensures phenomenological modifi-

”“”.‘be'f and the Dirac principal quantum nu_mber. The NOltations in nonhydrogenic systems through the two transfor-
malization constantd;,-andBy chosen to fulfill the condi- mations

tion
. n—n*=n-c, (119
2 2 2
r<(¢c+¢“)dr=1,
fo s—s*=s—-¢"+c, (11b
give rise, after a minor rearrangement, to the generalizedhere the relativistic quantum defeét is determined em-
Dirac radial wave functions pirically. The introduction, on the grounds of expediency, of
the quantitys” defined by

o(r)| a® [(kE-s)L(n+1) o, (01 G
o))~ s Vzk=sf(n—-s) © © '\, *, 8'=n—T*=|k|-s+6 (12)
xﬁ(n—z,sf l)(x) leads to the sequential determination of DQDO effective pa-
£2s-1) ' (6) rameters
no(x)
— Z'(1+ a? —
where n*=—( a i) , 8'=n—-n*, §=8"+s—|«|,
az a(k—s) V—e(2+a‘e)
01= , O=k—s, fi= v fo=z. () (133

kE—s - kE-s
: . , c=(d"), (13b
The associated Laguerre polynomials are defined by

i.e., the nearest integer value of the quantum defédtL0],

0, N<O
LE0=1 < (=x)T(N+q+1) =0 nf=n-—c, s*=|«|-8&"+c, (139
=
= I't+)I'(t+q+DHI'(N—-t+1)’ '
=0 I JE(t+a+ DI ) ®) K*=€\s*?+7°, a=a\—e(2+a’). (130

However, in alkali-metal-like ions, the above treatment is€: the binding energies in a.u., are taken from experiments or
not physically realized. For example, the interactions befrom others calculations. _
tween the valence electron and the core yield a change in !t should be noted here that as=z(n,l,j), then &’
energy eigenvalues relative to the hydrogenic case. To incor= ¢’ (n.1,j) andc=c(n,l,j). Itis then obvious thad" phe-
porate nonhydrogenic contributions in the derivation in queshomenogically models the effective chargé generated by
tion, several approaches have been worked out. In thé—1 core electrons and nucleus of cha@jéy shifting the
present paper, we focus attention on three of them, i.e., th@nergy eigenvalues from the hydrogenic val{@5s]. How-
previously mentioned PHSY approaches, in which we us@Ver, the phenomenological quantum defétfn,l,j) that
the notion of quantum defect. The common procedure o¥aries slightly withn for a given (,j) yields eigenvectors
derivation of relativistic eigensolutions involves the incorpo-that are not orthogonalL6].
ration of nonhydrogenic contributions by simply replacing

the hydrogenic radial solutions with ones of a similar form, 2. Effective orbital quantum number approach
but involving effective parameters®, «*, andn* rather In the same way as previously shown, DEOQN procedure
thans, «, andn. Then Eqgs(6) and(7) becomel8] [17] ensures phenomenological modifications in nonhydro-

genic systems through the effective parameters

((p*(r)) a? \/(K*E—s*)r(FJrl) _—

¢*(r)] s* Nz(k*—s*)I'(n* —s*) _ Z(1+ a?e) S (14
n"=————, NnN~=n,
* * EQS*+1) V—e(2+a‘e)
Xex/Z(gl 92)(X n* -1 (X)) )
* * ok L]
fT 13 E(n_z*s Yix) S*=N*—n, Kk*=e/s*2+7% (14b
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It clearly appears in the above equations that DEOQNwhere
parameters are identical to those of DQDEXs. (13)] with

c=0, i.e., DEOQN orbitals retain the hydrogenic nodal e—1 o2
structure. A:S*+T’ e*:—W. (19

3. Supersymmetry-based quantum-defect approach ) ) o ) ) )
This quasirelativistic or Dirac scalar effective radial equa-

The search for symmetry is a crucial part of this proce-jq is quite similar to that of Schdinger[10—13. It differs
dure [18], which combines supersymmetry ide@52,368  fom the latter only by numerical constants. Therefore, qua-

with the notion of quantum defect. It differs from the two gjreativistic generalized eigenvectors can be simply inferred,
others by the sequential determination of effective paramyithout any complication, from their nonrelativistic corre-

eters sponding wave functions, i.e.,

*=1—38(1,j)—1, j*=I*—el2=j—&(,))+],
15 [ al'(N+1
( 6? \I’(r)= W XAe_X/ZEF\]q)(X), (20)

k*=e(j*+3%), s*=V«k*°-2°, n*=n-4,j),

(15h) where
nF=n*—|k*|, A*=n+s*. (150
— e+1
5(1,j) is the exact quantum defect, i.e., for a givenj), q=2A+1, N=n*—-——. (22)

8(1,j) is exactly a constant for ath. Therefore, DSQDT

eigenfunctions form an orthogonal and complete I4etj) is . . . . .
: ) oo : he effective parameters defined in Sec. Il A yield various
a phenomenological non-negative integer playing the role Oguasirelativistic PHSY approaches.

the supersymmetric shift.
From the above effective parameter derivations, a few
features become apparent, of which the following may be C. Oscillator strengths

rele_vant. , L ) ) The most convenient way to describe the results of rela-
() As its nonrelat|V|st|cigu_lvaler_{tﬂ] the Dirac effec- yyistic PHSY calculations is not through the transition prob-
tive radial quantum number™ is an integer. This explains 4pijiry put rather through the concept of oscillator strength
why solutions still involve the associated Laguerre polyno-qf 4 transitior[37]. It is a useful tool to test the quality of an
mla_lg. , atomic model since it is related to observable magnitudes
(i) The DSQDT method, unlike the two others, can serve13) among several equivalent formulas for calculating the

to make phenomenological predictions for certain unknowry a6 for an electric-dipole transition, the most important
atomic characteristics such as transition probabilities and 0%5,e5 are the dipole length form

cillator strengths.

— g i . 2
The implications of numerical studies of the above features fL=35(2j+ 1)wgl|ML| (229

will be discussed in Sec. Ill. ) )
and the dipole velocity form

B. Quasirelativistic effective radial wave functions

22j¢+1
It has been shown that in the limit ak<1 [34] for e= fv=§ i gj||v|\,|2, (22b)
—1, k=—(1+1), with s=|«|=1+1, @
01 0O, 2 1 which are used in this papeg; is the angular factor of the
f, f,) \z z) (16) electric-dipole matrix whose radial part ¥, y, and w

_ _ =a’(e;—¢;) is the transition energy. In the following, we
so that the equation to consider (4a), whereas fore=1,  carry outM_ y calculations in the fully relativistic and the
k=I, with s=|k|=I, guasirelativistic expression approaches.

2
?1 ?2) _ ( 1 z ) a7 1. Fully relativistic approach
. ) T \z z)

Let us start with the fully relativisti¢kDPHSY) expres-

i.e., the equation to consider now(i¢b). The quasirelativis- Sions[37,38
tic formulation in question here is based on the relativistic
scalar equation obtained from what precedes. Then, taking - B
into account nonhydrogenic effects as defined through the Mi=—5_ [-2h+Ax Iz +215], (23
effective parameters, Eggl) can be rewritten in the unified
form
My=—3[Ax* (I3 =215)+2(1; +1o)], (24)
d? 20 A(A+1)

- * - _ - =
dr2+2(e i r? (=0, (18 where
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= . ment vanishes identically. Therefore, DPH$Yalues may
Ji= f (@f @ + &7 ¢ )réja(wr)dr, be calculated indifferently with Eq224 or (22b). It should
° (25)  also be noted that there are some misprints in the formulas of
w the oscillator strengths in Ref18].
|f:j (F ¢F = dF @F)r?j (wr)dr. In order to better evaluate the influence in the matrix el-
ements of relativistic changes due only to the DPHSY wave

functions, we let only the leading term of the spherical

. 3 . . e
ju(wr) (L=0.2) is the spherical Bessel funclidk™ =«f  paggpel expansion act on the wave functions in question. In

N this approximate relativistic approach
The angular factor
i i 2 . ) PR B
- SR = LA DI DI =l M :f * 0% 4 b ) r3dr 33
gi_(_% % 0) _[[4jf]11 jf:ji+l. L O(QDf Pi ¢f ¢|) ) ( )

(26)

After few operations, one finds the radial matrix element ,, :Jx Ar* — D o* o + (A* +1)d* &* Tr2dr
closed-form expressiord8] Voo [(Ax Joi el +(Ax Jo7 ST rdr.

s (34
X
M, =Cy B, Ki(xX)——=U_Kyx)|, (2 o :
- fl;l ;1[ 1)~ 16 20| (27 Taking into account the fact thaE,(a,b;c;0)=1, one finds
_C 22: 22: NG 5 2 2
Mv=or 2 2 | VKot g UnKal0]. (28 M=limM =Ci S 3 BKi(0), (39
x—0 v=
where
_ * AT - _ * AT -
U, =Ac*A_+2A_,, V,=—2Ak*A_ +2A_; My = lim My = il 2 2 V. Ko (36)
x—0 =1 »=1
ngftlif*ngI’ BTV g’rfgvl_l_f ftl' (29)
1 In this case the angular factor is given by;
Ci=——
N 1625 s? —|>{J'f :' 2}2 lo=3(¢+1;+1).
(<FEi—SP) (s Ei—sHT (N + DI (nf +1) | Y2 >, Oussirelativi A
(=5 (xF —S T+ 25 T (P + 25| | . QuaSII:eaI\/'IS'IC.approaC
Finally, for the quasirelativistiiRPHSY) approach, we
(30 have employed the usual nonrelativistic dipole length opera-
B tor acting on the quasirelativistiQR) wave functions. From
Ki)=Ki(N¢.Ni. Bt Bi b) the formal analogy between the QR equatid®) and the
SF 7435 —1+3 hydrogenic Schidinger radial equation, the velocity opera-
=Y Y (N¢+ B+ DI(Ni+ i +1) tor has been modified in order to take into account QR ef-
N VY fective effects. Therefore, instead of the usual well-known
XZ (=Yo) hydrogenic operatod/dr—I1.Aq/r, Ag=I1;—1I;, we have
p=0 I'(p+1)I'(p+Bs+1)I'(Nf—p+1) usedd/dr—A-A/r. The effectiveness of this choice will be
N discussed in the next section. Here we have
2 Y)'T(b) oF1(Gb,z(b+1);L+3,-x%)
&b C(t+1)I(t+B+1)T(N, —t+l) ' » _
MLZJ WerWidr=Cy; Y¢Y;K(N¢,N;, B, Bi ,b),
(31 0
L (37)
F:(af+ai)_ , X=oF, Yf=2afF, Yi=2aiF,
Ni=nf+7-2, Ni=nF+v—2, B;=2sf—-27+3, Mv:foo f d A. A)xp dr
(32 dr
Bi=2s' —2v+3, b=s{+s'—7-v+p+t+L+5. =4Chama[(Aj—A-A+1K(N;N; By i b)
It is noteworthy thatM, and M,, are gauge invariar{t38]. —3Y{K(N¢,N;, B¢, Bi b+ 1)
Indeed, since all pairs of generalized wave functions —
e P senerat , ~YiK(N{Ni_1.8¢ B 1 b+ 1)), (38
(4)'*(”) and (pi(r)) given by Eq.(9) are eigensolutions of the
i f

same Dirac-like radial equation, the longitudinal matrix ele-where
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A-=3(As+A+1), A=A¢—A;, Lindgard and Nielserf28]. For ions ranging fronZ =20 to
25, data are the MCDF values including the transverse Breit
— Ap+TyA 1 and QED correctionf43]. The others are the Dirac-Hartree-
Cri=gY¢ Y, Fock data, which include the Breit interaction as a first-order
correction to the energy, calculated by Armstrong, Fielder,
« T(Ng+21D)T(Nj+1D)T(Ng+ Bs+DT(N;+ B +1)]¥2  and Lin[37]. The Rydberg energies of the discrete spectrum

ara(Ng+ A+ 1)(N;+A;+1) ' under consideration are deduced from the interpolation for-
(39) mula of relativistic quantum defects given by Zilitig4].
K_(Nf Ni,B;.5;,b) The f results obtained are summarized in Tables I-IIl.
N
_ Ef (—YpP 2. Sodium sequence

p=0 I(p+L)I'(p+ i+ DI(N;=p+1) In this isoelectronic sequence, the transitions considered

are 3-3p-4p from Na to Y. The ionization potentials

. (=Y)'T'(b) p fr : o1
X i and the excitation energies employed f@-3p transitions
=o I+ DI (t+ B+ DI(N;—t+1) are the compilation of observed values given by Lidga
o and Nielsen28] for ions in the rangeZ=11-14 and data
The angular factor is given by given by Edl@ in Ref.[40] for Z=16—29. Forz=30—54,
Lo 12 ionization potentials used are deduced by Theodosiou and
g:|>[ b 5} ,le=max(;,l)=3(1+1;+1). Curtis[45] from measured and fitteds33p-3d-4f intervals
! jv 11 in Ref.[46] and polarization parameters from Rpf7]. The

(40 excitation energies are fitted values obtained by Reatlat:
[46] by parametrizing the differences between the observed
It appears from Eqs(2_7)—(32) and (37)_(4.0) that fully — yajes and the corresponding MCDF values. The other data
relativistic calculations will be much more time consum|ng(2254) are extrapolated values given by Theodosiou and
than quasirelativistic ones. Curtis. For the 3-4p transitions, we have employed the ex-
citation energies of Lindgd and Nielsen values Z(
IIl. NUMERICAL RESULTS AND DISCUSSION =11-20), MCDF valuesZ = 38—45)[48], and Dirac-Fock-

For the sake of assessing the effectiveness of the variouaater values 2=48) [49] fitted to MCDF ones, including
relativistic PHSY approaches, we apply in this section the?oth Bre_lt an_d QED corrections. THeresults obtained are
corresponding formulas derived above to the one-electrofummarized in Tables IV and V.
alkali-metal-like ions of the lithium, sodium, and copper iso-
electronic sequences. Before presenting below the main nu- 3. Copper sequence
merical results of our methods and a comparison with more
refined computations as well as experimental results, a fe
introductory statements concerning our database are in orde[

Here we have considered the transitiorss4p-5p from
u to UP3*. The input ionization potentials and th@ £xci-
ation energies are taken from the excellent compilation of
measurementt50—57 proposed by Curtis and Theodosiou
A. Energy database [53] and those they obtained through a combined usabof
The basic empirical parameters required by the relativistidnitio MCDF calculations[5], quantum-defect reductions,
QDO and EOQN procedures as inputs are precise energgnd screening parameter systematizati@ag. For 5p exci-
level values of electronic states of the ion, as well as thdation_ energies, a compilation of measurements given by
ionization potential. Those employed here are presented ihindgard et al. [55] are used for ions ranging fronZ
the following. =29-42. The other valuesZ& 44-92), given by Seely,
Brown, Feldmarn56], are based on the semiempirically cor-
1. Lithium sequence rected wavelengths made by comparing the observed wave-
The transitions considered in the lithium isoelectronic se/&Ngths(52] and the MCDHincluding QED, Breit, and finite
quence are the lines ofs22p-3p from Li to US®* for low- nuclc_ear size effeclscglcule}ted wavelengths. Thie results
lying states and €np (n=4-20) of C&’", zr¥"*, and obtained are summarized in Tables VI and VII.

Yb8”* for Rydberg states. The input values for the excitation
energies of decaying levels and the ionization potentials of
the ground states were taken in the case ®2p from reli-
able and comprehensive data of Theodosiou, Curtis, and El- The exact quantum defects ®fandp states are the input
Mekki [39]. These data were obtained through the combinegharameters required by relativistic SQDT. It appears that for
use of available measured dd#0] and ab inito RMBPT a given (,j) and increasingn, the phenomenological
calculations including a semiempirical screening parametrié(n,l,j) rapidly approach asymptotic valuegl,j). In the
zation of the Lamb shiff41]. For Uf®", the excitation ener- tables given below, values @1 ,j) are listed that yield the
gies and ionization potential used are those of Ynnermaivest match to experimental and theoretical acceptealues

et al. [42] calculated with the above-mentioned RMBPT. with their corresponding nodal parameték,j)=I1(l) for a
The excitation energies employed fos-3p transitions are, given(l,j). Itis convenient to point out that the search was
for Z=3-10, the compilation of measurements given byconducted with the DSQDT approach.

B. Exact quantum-defect database
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TABLE I. Our oscillator strengths compared with other selected calculations$6622S—2p 2P transitions in the Li isoelectronic
sequence, denoted DPHSY gauge-invariant values, RPHSY length form values, and RPHS velocity form values.

Relativistic QDO results

Relativistic SQDT results

Upper Others
Z lon level c; & Cs 8¢ f fL fv S s S f fL fy f
3 Li 2p?Py, 0 0.411449 0 0.040593 0.2608 0.2608 0.2608 0 0.419824 0 0.051196 0.2584 0.2584 0.2584 0.2472
2p 2Py, 0 0.040596 0.5217 0.5217 0.5217 0 0.051196 0.5167 0.5168 0.5168 0.4943
3p 2Py, 0 0.044 274 0.0016 0.0016 0.0016 0 0.051196 0.0014 0.0014 0.0014 ©.0014
3p 2Py, 0 0.044 287 0.0031 0.0031 0.0031 0 0.051196 0.0028 0.0028 0.0028 0.0028
4 Be" 2p 2Py, 0 0.271233 0 0.045844 0.1728 0.1728 0.1728 0 0.274018 0 0.050401 0.1713 0.1713 0.171% 0.1647
2p 2Py, 0 0.045842 0.3457 0.3457 0.3457 0 0.050401 0.3427 0.3427 0.3427 0.3294
3p 2Py, 0 0.048344 0.0271 0.0271 0.0271 0 0.050401 0.0267 0.0267 0.0267 ©.0267
3p 2Py, 0 0.048397 0.0542 0.0542 0.0542 0 0.050401 0.0534 0.0534 0.0534 0.0533
5 B** 2p2Py,, 0 0.203114 0 0.041692 0.1253 0.1253 0.1253 0 0.206 081 0 0.047 092 0.1233 0.1233 0.123% 0.1202
2p 2Py, 0 0.041682 0.2509 0.2509 0.2509 0 0.047 092 0.2468 0.2468 0.2468 0.2406
3p 2Py, 0 0.043078 0.0502 0.0502 0.0502 0 0.047 092 0.0503 0.0503 0.0503 ©.0498
3p 2Py, 0 0.043198 0.1004 0.1005 0.1005 0 0.047 092 0.1005 0.1005 0.1005 0.1000
6 C* 2p2Py, 0 0.162531 0 0.036830 0.0976 0.0976 0.0977 0 0.163040 0 0.040430 0.0952 0.0952 0.0952 0.0941
2p 2Py, 0 0.036 813 0.1956 0.1957 0.1957 0 0.040430 0.1907 0.1907 0.1907 0.1886
3p 2Py, 0 0.037 463 0.0666 0.0666 0.0666 0 0.040430 0.0675 0.0675 0.0675 ©.0661
3p 2Py, 0 0.037676 0.1332 0.1332 0.1332 0 0.040430 0.1347 0.1348 0.1348 0.1323
7 N* 2p?2Py, 0 0135537 0 0.032601 0.0798 0.0798 0.0798 0 0.135031 0 0.035302 0.0772 0.0773 0.0773 0.0772
2p 2Py, 0 0.032575 0.1601 0.1601 0.1602 0 0.035302 0.1551 0.1551 0.1551 0.1551
3p 2Py, 0 0.032744 0.0784 0.0784 0.0783 0 0.035302 0.0797 0.0796 0.0796 ©.0779
3p 2Py, 0 0.033077 0.1567 0.1567 0.1567 0 0.035302 0.1590 0.1590 0.1590 0.1557
8 O 2p2Py, 0 0116272 0 0.029100 0.0674 0.0674 0.0674 0 0.116 947 0 0.031824 0.0658 0.0658 0.0658 0.0655
2p 2Py, 0 0.029065 0.1356 0.1356 0.1356 0 0.031824 0.1324 0.1324 0.1324 0.1318
3p 2Py, 0 0.028873 0.0871 0.0871 0.0871 0 0.031824 0.0880 0.0879 0.0879 ©.0866
3p 2Py, 0 0.029353 0.1741 0.1741 0.1741 0 0.031824 0.1754 0.1754 0.1754 0.1732
9 P 2p?Py, 0 0101828 0 0.026215 0.0583 0.0583 0.0583 0 0.100097 O 0.026 430 0.0568 0.0568 0.0569 0.0568
2p 2Py, 0 0.026171 0.1177 0.1177 0.1177 O 0 0.026 430 0.1147 0.1148 0.1148 0.1147
3p 2Py, 0 0.025660 0.0938 0.0937 0.0937 0 0.026 430 0.0950 0.0950 0.0950 ©.0933
3p 2Py, 0 0.026 313 0.1874 0.1875 0.1874 0 0.026 430 0.1893 0.1894 0.1894 0.1865
10 N€* 2p 2Py, 0 0.090592 0 0.023815 0.0513 0.0514 0.0514 O 0.091970 0 0.026 704 0.0502 0.0502 0.0503 0.0502
2p 2Py, 0 0.023763 0.1041 0.1042 0.1042 0 0.026 704 0.1018 0.1019 0.1019 0.1018
3p 2Py, 0 0.023794 0.0994 0.0994 0.0993 0 0.026 704 0.0999 0.0998 0.0998 ©.0990
3p 2Py, 0 0.024 648 0.1986 0.1987 0.1987 0 0.026 704 0.1987 0.1988 0.1988 0.1981
18 A" 2p 2P, 0 0.048329 0 0.013591 0.0263 0.0264 0.0264 0 0.047609 0 0.013507 0.0260 0.0261 0.026F% 0.0260
2p 2Py, 0 0.013461 0.0582 0.0583 0.0584 0 0.013507 0.0575 0.0576 0.0577 0.0575
3p 2Py, 0 0.008261 0.1176 0.1174 0.1173 0 0.013507 0.1205 0.1203 0.1202 ©.1200
3p 2Py, 0 0.011689 0.2342 0.2348 0.2346 0 0.013507 0.2365 0.2371 0.2369 0.2360
20 cd™ 2p 2Py, 0 0.043336 0.012 254 0.0235 0.0236 0.0236 0 0.042756 0 0.012242 0.0232 0.0233 0.0234 0.0232
2p 2Py, 0 0.012 102 0.0540 0.0541 0.0542 0 0.012242 0.0534 0.0535 0.0536 0.0534
3p 2Py, 0 0.012389 0.1228 0.1225 0.1224 0 0.012242 0.1229 0.1226 0.1225 $.1223
3p 2Py, 0 0.012 255 0.2399 0.2406 0.2404 0 0.012242 0.2401 0.2409 0.2406 0.2386
21 Sé® 2p?2P,, 0 0.041218 0 0.011679 0.0223 0.0224 0.0224 0 0.040658 0 0.011619 0.0221 0.0222 0.0222 0.0221
2p 2Py, 0 0.011517 0.0523 0.0525 0.0526 0 0.011619 0.0519 0.0520 0.0521 0.0519
3p 2Py, 0 0.011772 0.1238 0.1235 0.1234 0 0.011619 0.1239 0.1236 0.1235 $.1234
3p 2Py, 0 0.011652 0.2413 0.2421 0.2419 0 0.011619 0.2415 0.2423 0.2420 0.2401
22 Ti** 2p?2P,, 0 0.039302 0 0.011150 0.0212 0.0213 0.0213 0 0.038722 0 0.011078 0.0210 0.0211 0.0212 0.0210
2p 2Py, 0 0.010982 0.0510 0.0511 0.0512 0 0.011078 0.0506 0.0507 0.0508 0.0506

3p %Py

0 0.011324 0.1248 0.1245 0.1244

0 0.011078 0.1248 0.1245 0.1244 $.1244
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TABLE I. (Continued.
Upper Relativistic QDO results Relativistic SQDT results Others
Z lon level c; S Ct 8¢ f fL fv I S Is S f fL fy f
3p 2P3/2 0 0.011090 0.2424 0.2434 0.2431 0 0.011078 0.2426 0.2436 0.2433 0.2413
23 V% 2p2P;, 0 0.037563 0 0.010673 0.0202 0.0203 0.0204 0 0.036 983 0 0.010 613 0.0201 0.0202 0.0202 0.0200
2p 2Py, 0 0.010491 0.0499 0.0501 0.0502 0 0.010613 0.0495 0.0496 0.0497 0.0495
3p 2Py 0 0.010807 0.1257 0.1253 0.1251 0 0.010 613 0.1257 0.1254 0.1252 ©.1252
3p 2P3/2 0 0.010578 0.2434 0.2445 0.2441 0 0.010613 0.2436 0.2447 0.2444 0.2423
24 CP* 2p?Py, 0 0.035976 0 0.010230 0.0193 0.0194 0.0195 0 0.035396 0 0.010 134 0.0192 0.0193 0.0194 0.0192
2p 23, 0 0.010036 0.0490 0.0492 0.0493 0 0.010134 0.0487 0.0489 0.0490 0.0487
3p 2Py, 0 0.010598 0.1266 0.1262 0.1260 0 0.010134 0.1265 0.1261 0.1259 9.1261
3p 2Py, 0 0.010063 0.2441 0.2453 0.2449 0 0.010134 0.2444 0.2455 0.2452 0.2430
25 Mrf?* 2p 2Py, 0 0.034524 0 0.009820 0.0185 0.0186 0.0187 0 0.034 064 0 0.009 808 0.0184 0.0186 0.0186 0.0184
2p %Py, 0 0.009 613 0.0484 0.0485 0.0487 0 0.009808 0.0481 0.0483 0.0484 0.0481
3p 2Py, 0 0.009901 0.1271 0.1267 0.1265 0 0.009808 0.1271 0.1267 0.1265 $.1268
3p 2P3,2 0 0.009 685 0.2448 0.2461 0.2457 0 0.009 808 0.2449 0.2462 0.2458 0.2437
26 Fé?" 2p?2Py, 0 0.033189 0 0.009446 0.0177 0.0179 0.0179 0 0.032944 0 0.009 646 0.0177 0.0178 0.017% 0.0177
2p 2Py 0 0.009 228 0.0479 0.0481 0.0482 0 0.009 646 0.0476 0.0478 0.0479 0.0476
3p 2Py, 0 0.010684 0.1284 0.1279 0.1277 0 0.009 646 0.1277 0.1273 0.1271 9.1280
3p 2P3,2 0 0.018 457 0.2544 0.2559 0.2554 0 0.009 646 0.2453 0.2467 0.2462 0.2450
36 Kr** 2p 2Py, 0 0.024124 0 0.006 838 0.0127 0.0129 0.0130 0 0.022558 0 0.005815 0.0127 0.0129 0.0138 0.0127
2p 2Py 0 0.006 499 0.0501 0.0504 0.0507 0 0.005815 0.0498 0.0502 0.0504 0.0501
3p 2P1,2 0 0.006 102 0.1318 0.1308 0.1304 0 0.005815 0.1322 0.1313 0.1309 9.1350
3p 2P3,2 0 0.005880 0.2428 0.2456 0.2447 0 0.005815 0.2438 0.2466 0.2457 0.2490
40 zf™ 2p?2P,, 0 0.022610 O 0.006 900 0.0114 0.0117 0.0117 O 0.021509 0 0.006 395 0.0115 0.0117 0.0118 0.0115
2p P?Py, 0 0.006 100 0.0543 0.0548 0.0552 0 0.006 395 0.0535 0.0540 0.0543 0.0538
3p 2P1,2 0 0.006900 0.1331 0.1319 0.1314 0 0.006 395 0.1331 0.1319 0.1314 0.1330
3p 2P3,2 0 0.006 100 0.2396 0.2431 0.2420 0 0.006 395 0.2402 0.2437 0.2426 0.2400
42 Mo*® 2p?2P,, 0 0.020900 O 0.005899 0.0109 0.0111 0.0112 O 0.020233 0 0.005873 0.0109 0.0111 0.0112 0.0109
2p 2P3,2 0 0.005482 0.0559 0.0565 0.0569 0 0.005873 0.0556 0.0562 0.0567 0.0561
3p 2P1,2 0 0.004952 0.1331 0.1318 0.1312 0 0.005873 0.1336 0.1323 0.1317 9.1330
3p 2P3,2 0 0.003992 0.2368 0.2406 0.2394 0 0.005873 0.2384 0.2422 0.2410 0.2380
70 YB* 2p2P;, 0 0.015350 O 0.005500 0.0065 0.0070 0.0072 O 0.014 851 O 0.005944 0.0068 0.0073 0.007% 0.0068
2p 2P3,2 0 0.003500 0.1166 0.1201 0.1231 0 0.004 094 0.1181 0.1216 0.1247 0.1181
3p 2P1,2 0 0.005500 0.1359 0.1317 0.1300 0 0.005944 0.1354 0.1313 0.1295 0.1350
3p 2P3,2 0 0.003500 0.1866 0.1965 0.1924 0 0.004 094 0.1852 0.1951 0.1911 0.1820
74 WL 2p 2P1,2 0 0.014284 0 0.004 655 0.0063 0.0068 0.0070 0 0.013044 0 0.004592 0.0065 0.0070 0.0072 0.0065
2p 2P3,2 0 0.003670 0.1277 0.1319 0.1357 0 0.002079 0.1315 0.1359 0.1398 0.1315
3p 2P1,2 0 0.003621 0.1353 0.1306 0.1287 0 0.004592 0.1356 0.1308 0.1288 9.1360
3p 2P3,2 0 0.002093 0.1760 0.1868 0.1822 0 0.002079 0.1749 0.1857 0.1811 0.1760
92 Ut 2p 2P1,2 0 0.012979 0 0.003 489 0.0056 0.0064 0.0067 0 0.010251 O 0.003627 0.0052 0.0059 0.0062 0.0052
2p 2P3,2 0 0.001727 0.1993 0.2092 0.2197 0 0.000424 0.2020 0.2120 0.2227 0.2076
3p 2P1,2 0 0.000409 0.1331 0.1251 0.1217 0 0.003627 0.1349 0.1267 0.1234 9.1350
3p 2P3,2 0 0.002689 0.1200 0.1341 0.1263 0 0.000424 0.1216 0.1358 0.1280 0.1210

aTheodosiou, Curtis, and El-Mekki, RgB9].
®Lindgard and Nielsen, Ref28].
CArmstrong, Fielder and Lin, Ref37].
d9Zhu, Pan, and Zeng, Rei3].

eMartin and Wiese, Ref66].

fAndersonet al, Ref.[64].

C. Oscillator strength database

In all tables given below, we have included, for compara-

our analysis. The cited data have been selected according to

the following criteria.

(i) For available experimental data deduced from life-

tive purposes, together with the relativistic PHSY valuestimes, the choice has been restricted, as much as possible, to
some experimental or theoretical data that we find relevant tstudies reported recently. It is well established that beam-foil
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TABLE II. Experimental and our theoretical oscillator strengths fer?8—2p 2P transitions in the Li isoelectronic sequence. The
numbers in parentheses denote errors.

Upper

z lon level Experiment DQDO DSQDT
3 Li 2p 2Py, 0.24724)2 0.2608 0.2584
2p 2Py 0.49448) 0.5217 0.5167
6 c* 2p 2Py 0.098G23)° 0.0976 0.0952
2p ?Pgp, 0.194852) 0.1956 0.1907
7 Ni+* 2p 2Py, 0.075237)° 0.0798 0.0772
2p 2Py, 0.147571) 0.1601 0.1551
8 o 2p 2Py 0.064326)¢ 0.0674 0.0658
2p 2Py, 0.129352 0.1356 0.1324
9 Fr 2p 2Py 0.058326)° 0.0583 0.0568
2p %Py, 0.114651) 0.1177 0.1147
10 Ne* 2p 2Py, 0.048623)° 0.0513 0.0502
2p 2Py, 0.095746) 0.1041 0.1018
26 Fest 2p 2Py 0.01776) 0.0177 0.0177
2p 2Py, 0.047G20) 0.0479 0.0476
36 K3t 2p 2Py, 0.014213) 0.0127 0.0127
2p 2Py, 0.047828) 0.0501 0.0498

aGaupp, Kuske, and Andrd&ef. [59].
PKnystautaset al, Ref.[67].

‘Kernahan, Livingston, and Pinnington, RE89].
dPinningtonet al, Ref.[69].

®Barretteet al., Ref.[70].

'Dietrich et al,, Ref.[71].

9Dietrich et al,, Ref.[72].

spectroscopyBFS) is a general way to perform measure- very important at high stages of ionization. However, they do
ments of atomic lifetimes. However, there seems to exist th@ot adequately describe correlation effects and show some
tendency to overestimate thes-np BFS lifetimes, which  discrepancies with experimel&,45]. There is a tendency for
can be attributed to the heavy repopulation of thelevels  ab initio calculations to systematically slightly overestimate
by cascades from higher-lying level§7]. Although this f values. These discrepancies have been removed by
problem may be handled with the beam-foil technique itself RMBPT and MCDF calculations of Guet, Blundell, and
a much more accurate way to analyze heavy cascade decajshnsor]65] and Baiket al.[62], respectively, in the case of
is provided by the so-called arbitrary normalized decay curvéNa-like ions.
or method. This method suggested by Curtis, Berry, and Bro- (b) Semiempirical methodszrovide the means for investi-
mandei 58] exploits dynamical correlations among cascade-gating the accuracy and consistency of theoretical and ex-
related decay curves to reliably extract lifetimjdd]. Preci-  perimental results. They also provide a data set with higher
sion measurements are also made by laser excitatioaccuracy than that of any single point. A recent reliable
methods such as the fast-beam Id&f] and time-resolved semiempirical prediction of values using the Coulomb ap-
laser spectroscop}60] that either exclude or properly ac- proximation with a Hartree-Slater col€AHS) has been
count for cascading repopulation. made by Theodosiou and Curtis. Their calculations cover
(ii) Theoretical data have been restricted, as much as posost of the Li-like[39], Na-like [45], and Cu-like[53] tran-
sible, to studies that consider rather long isoelectronic sesitions studied by us. This method involves the integration of
guences and give separatevalues for the different fine- the Schrdinger equation with a realistic model potential,
structure transitions. In addition, we have distinguished twd.e., a potential that has parameters adjusted to fit the ob-
types of theoretical calculations. served energy. CAHS results agree more closely with experi-
(@) Ab initio calculations are very elaborate theoreticalmental values, in general, than do results usaiy initio
calculations that include leading terms of correlation, relativ-methods. Another reliable semiempirichlvalues are nu-
istic, and QED corrections. Many of these calculations havenerical Coulomb approximatioftNCA) results of Lindgad
been made for the sequences considered here using Diragad co-workerq28,55. NCA wave functions were com-
Fock calculation$43,48,49,61—-64 These methods treat the puted byinward integration of the radial Schdinger equa-
fine structure ofnp in a fully relativistic manner, which is tion from the asymptotic region to a distance determined by
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TABLE Ill. Our oscillator strengths compared with Dirack-Fock calculations f8P8-n’p 2P, ,, (first entry) and % 2S—n’'p 2P,
(second entrytransitions of C¥*, Zzr¥"*, and Y§™" of the Li isoelectronic sequence, with the same meaning as in Table I.

Relativistic QDO results

Relativistic SQDT results

EXT® DF
z lon n’ f f, fy f f, fy f f
20 cd™ 4 0030762 0.030661 0030667 0.030806 0.030705 0.030711  0.031325
4 0060609 0.060697 0.060706 0.060740 0.060826 0.060837  0.061 979
6 0.006658 0.006630 0.006637 0.006664 0.006636 0.006643  0.006 681
6 0013184 0013187 0.013200 0.013203 0.013205 0.013218  0.013 249
8 0.002537 0002525 0.002529 0.002539 0.002528 0.002531 0.002540  0.802533
8 0.005032 0005031 0.005037 0.005038 0.005037 0.005043  0.005 041
9 0001734 0001726 0001729 0.001736 0.001728 0.001730 0.001736  0°00173
9 0.003442 0003441 0.003445 0.003446 0.003444 0.003449  0.003 446
10  0.001240 0.001235 0.001237 0.001241 0.001236 0.001238 0.001241 0.601238
10  0.002462 0.002461 0.002465 0.002465 0.002464  0.002467  0.002 464
11 0000919 0.000915 0.000916 0.000920 0.000915 0.000917  0.000919  0.600 916
11 0001825 0.001824 0001826 0.001826 0.001825 0.001828  0.001825
12 0000700 0.000697 0.000698 0.000701  0.000697 0.000699  0.000700  0.600 698
12 0001391 0.001390 0.001392 0.001392 0.001391 0.001393  0.001391
13 0000546 0.000544 0.000544 0.000547 0.000544 0.000545 0.000546  0.600 544
13 0001085 0.001084 0001086 0.001086 0.001085 0.001087  0.001085
16  0.000288 0.000287 0.000287 0.000288 0.000287 0.000287  0.000288  0.800 288
16  0.000573 0.000572 0.000573 0.000573 0.000573  0.000574  0.000 573
18  0.000201 0.000200 0.000200 0.000201  0.000200 0.000201  0.000 201
18  0.000400 0.000399  0.000400 0.000400  0.000400  0.000400  0.000 399
20 0.000146  0.000145 0.000145 0.000146  0.000145  0.000146  0.000 146
20 0.000290 0.000290 0.000290 0.000290  0.000290  0.000290  0.000 290
40 Ze™ 4 0032184 0031723 0.031775 0032188 0.031727 0.031779 0032122 9.0322
4 0060502 0.060882 0.060936 0.060589 0.060968 0.061023  0.061 457
6 0.006824 0006700 0.006738 0.006825 0.006701 0.006739  0.006793  0°006 81
6 0013122 0013128 0.013191 0.013133 0.013139 0.013203  0.013 130
8 0.002582 0002532 0.002550 0.002583 0.002532 0.002550 0.002574  0.602 569
8 0.005002 0.004994 0.005025 0.005005 0.004997  0.005028  0.004 993
9 0.001762 0001727 0.001740 0.001762 0.001727 0.001740  0.001 757
9 0.003420 0003413 0.003435 0.003422 0.003415 0.003437  0.003 412
10 0001258 0.001233 0.001242 0.001258 0.001233 0.001243 0.001255 0.601 251
10  0.002446  0.002440 0.002456  0.002447 0.002441  0.002458  0.002 440
11 0000931 0.000912 0.000919 0.000931 0.000912  0.000919  0.000 929
11 0001812 0.001807 0.001819 0.001813 0001808 0.001820  0.001 807
12 0.000709 0.000694 0.000700 0.000709  0.000694  0.000 700  0.000 708
12 0001381 0.001376 0.001386 0.001381 0.001377 0.001387  0.001377
13 0.000552 0.000541 0.000545 0.000552 0.000541  0.000546  0.000 552
13 0001077 0.001073 0.001081 0.001077 0.001074 0.001082  0.001074
16  0.000291 0.000285 0.000287 0.000291 0.000285 0.000287  0.000291  0.800 289
16  0.000568 0.000566 0.000570 0.000568  0.000566  0.000571  0.000 567
18  0.000203 0.000199  0.000200 0.000203  0.000199  0.000200  0.000 203
18  0.000396 0.000395 0.000398 0.000397 0.000395 0.000398  0.000 395
20  0.000147  0.000144 0.000145 0.000147  0.000144 0.000145  0.000147  0.600 143
20 0.000288 0.000286 0.000289 0.000288  0.000287 0.000289  0.000 287
70 YO 4 0031842 0.030299 0030479 0.031765 0.030220 0.030396  0.031079
4 0050768 0.052083 0.051916 0.050511 0.051829 0.051651  0.053 262
6 0.006592 0006192 0.006313 0.006579 0.006178  0.006298  0.006 504
6 0011375 0011455 0.011561 0.011328 0011410 0.011514  0.011539
8 0.002468 0002308 0.002364 0.002463 0.002303 0.002359  0.002 449
8 0.004370 0004372 0.004432 0.004353 0.004356 0.004415  0.004 399
9 0.001678 0001567 0.001608 0.001675 0.001564 0.001604  0.001 668
9 0.002992 0002989 0.003033 0.002981 0.002978 0.003022  0.003 007
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TABLE lll. (continued.

Relativistic QDO results Relativistic SQDT results
EXT? DF

Z lon n f fi fy f fL fy f f

10 0.001 195 0.001 115 0.001 145 0.001 193 0.001 113 0.001 142 0.001 189
10 0.002 142 0.002 137 0.002 171 0.002 134 0.002 130 0.002 163 0.002 150
11 0.000 882 0.000 823 0.000 845 0.000 880 0.000 821 0.000 843 0.000 879
11 0.001 588 0.001 583 0.001 609 0.001 582 0.001 577 0.001 603 0.001 593
12 0.000 670 0.000 625 0.000 642 0.000 669 0.000 624 0.000 641 0.000 668
12 0.001 211 0.001 206 0.001 226 0.001 206 0.001 201 0.001 221 0.001 213
13 0.000 522 0.000 486 0.000 500 0.000 521 0.000 485 0.000 499 0.000 520
13 0.000 944 0.000 940 0.000 956 0.000 941 0.000 937 0.000 953 0.000 946
16 0.000 274 0.000 255 0.000 262 0.000 273 0.000 254 0.000 262 0.000 273
16 0.000 498 0.000 496 0.000 505 0.000 497 0.000 494 0.000 503 0.000 499
18 0.000 191 0.000 177 0.000 183 0.000 190 0.000 177 0.000 182 0.000 190
18 0.000 348 0.000 346 0.000 352 0.000 346 0.000 344 0.000 351 0.000 348
20 0.000 138 0.000 128 0.000 132 0.000 138 0.000 128 0.000 132 0.000 138
20 0.000 252 0.000 251 0.000 255 0.000 251 0.000 250 0.000 254 0.000 252

azilitis, Ref. [44].
Guet, Ref[63].
°Andersonet al, Ref.[64].

the strength of the divergence at the origin. For Rydberg=n, n+1). Plots ofd(n,n) againstZ are displayed in Figs.
state of Li-like ions, Zilitis[44] used a simple analytical 1-9. Reference data considered are CAHS values.
formula, obtained by extrapolating the cross sectiBXT) When cross examining these figures together with Tables

into the region of discrete spectra, to calculate easily ang, |1, and IV-VII, a few relevant features become apparent,
quite accuratelyf values. Our results will mainly be com- including the following.

pared with those of the CAHS\(h=0), NCA (An=1), and (@ The DSQDTf values, with the exception of a few,
EXT (An=2), not only because of the above observationsggree with reference data within 1% in the three sequences
but also because we used the same input energies. (see Figs. 1-8 The magnitude ofi(n,n+1) seems to be
larger than that ofl(n,n). One also sees that the accuracy of
D. Results and discussion DSQDTf results decreases from lithium-like ions to copper-

It is worth pointing out, on the one hand, that the RQDO"ke ions, i.e., with the grqwth of th.e numbgr of rgmgining
calculations derived in this paper vield for=0 exactly the ~€léctrons. However, the discrepancies remained within a few

samef values obtained by Martiet al. [19] using Edle's ~ Percent. .
energy data for sodiumlike ions. However, 11,12, de- (b) Figures 4—6 clearly show that the same tendgnmes are
spite the use of the same energy inputs, the identity of oupPserved for the DEOQN and the DQDO results with, how-
RQDO values with those of Martiet al. is curiously ob- €Ver, more marked divergences. Ir_1dee0d: if the DEORN
tained rather forc=1. The differences are, respectively, Values are close to reference datathin 8%; see Fig. yfor
about 37% Z=11) and 7% Z=12) forc=0. On the other Li-like ions, d(n,n’) increases as the number of remaining
hand, the reader should keep in mind that the comparison &lectrons increases, with drastic discrepancies occurring in
our results with other theoretical calculations and/or experiAn=1 transitions. For this type of transition, the DEOQN

ments refers to the input energies used by us and succinctf'd the DQDO approaches are in error for neutral end ele-
presented above. ments. A increases, the divergence decreases such that the

All f results displayed in Tables | and Il have been ob-agreement becomes reasonable for tiglelements. For
tained withc=0. As a consequence, the relativistic EOQN transitions with ¢=(4")#0, one observes, comparing
results have not been reported because they are identical RRDO f results with their DEOQN equivalents, a substan-
the relativistic QDO ones. Therefore, all the results to beli@l improvementin DQDO values that reduced until it got to
reported in the following concerning the QDO procedure forhalf the magnitude ofi(n,n’) (see Figs. 8 and)91t then
c=0 will also be valid for EOQN whatever the sequence. clearly appears that the DQDO procedure is more effective

The DPHSY results given in all tables are, as already than the DEOQN one. _
mentioned in Sec. Il, gauge invariant, whereas the RP#ISY _ (0 If in Tables II, V, and VII, for resonance lines, the

results are given in the length and velocity form. Let DQDO and the DEOQN calculations seem in general to
agree well with experimental values; the DSQDWValues,

. |fpusy—frol do so best with agreement within experimental error limits.

d(n,n )=—fRD X100 (d) Switching our attention to the RPHSY results, one

sees that each of them is in general less accurate than its
be a measure of the difference between our regiksSY) corresponding DPHSY, whatever the sequence considered.
with the reference datdRD) for ns-n’p transitions.(n’ In fact, in the Li sequence, the highelements, the RPHSY



TABLE IV. Our oscillator strengths compared with other selected calculationssié63 3p 2P transitions in the Na isoelectronic sequence, with the same meaning as in Table 1. &

o

Relativistic QDO results

Relativistic EOQN results

Relativistic SQDT results

Upper Others
z lon level ¢ & Ct 8¢ f fL fyv f fL fyv I ¢ S f fL fy f
11 Na P 2P, 1 137282 1 0.882566 0.3317 0.3317 0.3317 0.2705 0.2097 0.2097 1 1.1512339 1 0.978340 0.3188 0.3188 0.3188 0.3180
3p 2Py, 1 0.882579 0.6633 0.6633 0.6633 0.5411 0.4194 0.4194 1 0978340 0.6376 0.6376 0.6376 0.6365
4p 2Py, 1 0.866569 0.0019 0.0019 0.0019 0.0145 0.0130 0.0130 1 0978340 0.0051 0.0051 0.0051° 0.0051
4p 2Py, 1 0.866583 0.0037 0.0037 0.0037 0.0289 0.0260 0.0260 1 0978340 0.0102 0.0102 0.0102 0.0102
12 Mgt 3p2P,, 1 1.097391 1 0.734205 0.2931 0.2931 0.2931 0.2847 0.2728 0.2728 1.346564 1 0.914289 0.3063 0.3063 0.3063 0.3043
3p 2Py, 1 0.734258 0.5862 0.5862 0.5863 0.5694 0.5456 0.5456 1 0.914289 0.6127 0.6127 0.6127 0.6103
4p 2Py 1 0.712536 0.0056 0.0056 0.0056 0.0039 0.0043 0.0043 1 0.914289 0.0000 0.0000 0.0000° 0.0000
4p 2Py, 1 0.712590 0.0111 0.0111 0.0111 0.0078 0.0085 0.0085 1 0.914289 0.0001 0.0001 0.0001 0.0%6)1
14 St 3p2P,;, 1 0.740804 0 0.460611 0.2729 0.2729 0.2729 0.2930 0.2929 0.2930 0.623451 0 0.401708 0.2539 0.2539 0.2539 0%552
3p 2Py, 0.460 824 0.5457 0.5458 0.5458 0.5860 0.5859 0.5859 0 0.401708 0.5088 0.5088 0.5088 0.5%2
4p 2Py, 0 0.261731 0.0121 0.0121 0.0121 0.0109 0.0109 0.0109 0 0.401708 0.0093 0.0092 0.0092° 0.0093
4p 2Py, 0 0.261944 0.0241 0.0241 0.0241 0.0219 0.0219 0.0219 0 0.401708 0.0183 0.0183 0.0183 0.0%5
16 S* 3p2%Py, 1 0.640839 0 0.442549 02108 0.2108 0.2108 0.2273 0.2273 0.2273 0.498357 0 0.319414 0.2183 0.2183 0.2183 O%163
3p 2Py 0 0.440352 0.4266 0.4266 0.4267 0.4602 0.4602 0.4602 0 0.319414 0.4385 0.4385 0.4385 0.4384
4p 2Py 0 0.421304 0.0043 0.0043 0.0043 0.0093 0.0093 0.0093 0 0.319414 0.0231 0.0230 0.0230° 0.0227
4p 2Py, 0 0.421784 0.0086 0.0086 0.0086 0.0185 0.0185 0.0185 0 0.319414 0.0456 0.0456 0.0455 0.0%S
17 CP" 3p?P,, 1 0582971 0 0.403416 0.1957 0.1958 0.1958 0.2118 0.2118 0.2119 0.470759 0 0.308075 0.2010 0.2011 0.20f1 O0m@010
3p 2Py 0 0.400985 0.3796 0.3977 0.3977 0.4306 0.4306 0.4306 0 0.308075 0.4048 0.4048 0.4049 0.4@0
4p 2Py, 0 0.382635 0.0069 0.0069 0.0069 0.0147 0.0146 0.0146 0 0.308075 0.0292 0.0291 0.0291° 0.0292
4p 2Py, 0 0.383288 0.0138 0.0139 0.0139 0.0293 0.0293 0.0292 0 0.308075 0.0576 0.0576 0.0575 0.0%4
18 A" 3p?Py, 1 0535133 0 0.370882 0.1825 0.1826 0.1826 0.1979 0.1979 0.1979 0.437006 0 0.287371 0.1873 0.1874 0.1874 05865
3p 2Py 0 0.368221 0.3724 0.3724 0.3725 0.4039 0.4040 0.4040 0 0.287371 0.3782 0.3782 0.3783 0.3%.3
4p 2Py 0 0.350692 0.0096 0.0096 0.0096 0.0202 0.0202 0.0201 0 0.287371 0.0354 0.0353 0.0353" 0.0353
4p 2Py, 0 0.351545 0.0192 0.0193 0.0192 0.0403 0.0403 0.0403 0 0.287371 0.0696 0.0696 0.0696 0.0706
20 cd" 3p?Py, 0 0460463 0 0.319826 0.1742 0.1742 0.1743 0.1742 0.1742 0.1743 0.343733 0 0.216603 0.1638 0.1639 0.1639 0.1640
3p 2Py 0 0.316705 0.3593 0.3594 0.3595 0.3593 0.3594 0.3595 0 0.217103 0.3313 0.3314 0.3315 0.3388
4p 2Py, 0 0.301527 0.0312 0.0311 0.0311 0.0312 0.0311 0.0311 0 0.216603 0.0500 0.0499 0.0499° 0.0500
4p 2Py, 0 0.302861 0.0622 0.0622 0.0622 0.0622 0.0622 0.0622 0 0.217103 0.0986 0.0986 0.0985 0.0960
22 TiY* 3p2%P,;, 0 0404744 0 0281553 0.1552 0.1553 0.1553 0.1552 0.1553 0.1553 0.259250 0 0.147992 0.1465 0.1466 0.1467 0.1465
3p 2Py 0 0.277973 0.3243 0.3244 0.3245 0.3243 0.3244 0.3245 0 0.145336 0.3066 0.3067 0.3068 0.3065
4p 2Py 0 0.270620 0.0435 0.0433 0.0433 0.0435 0.0433 0.0433 0 0.147992 0.0635 0.0634 0.06339 0.0639
4p 2Py, 0 0.267250 0.0825 0.0825 0.0824 0.0825 0.0825 0.0824 0 0.145336 0.1217 0.1218 0.1217 0.1213
24 Cf* 3p?2P,, 0 0361535 0 0.251803 0.1397 0.1399 0.1399 0.1397 0.1399 0.1399 0.236571 0 0.136823 0.1320 0.1322 0.1322 0.1321
3p 2Py, 0 0.247760 0.2967 0.2968 0.2970 0.2967 0.2968 0.2970 0 0.133833 0.2809 0.2810 0.2811 0.2@8
(&)




TABLE IV. (Continued. N
w
Relativistic QDO results Relativistic EOQN results Relativistic SQDT results @
Upper Others
Z lon level Ci & Cs 8¢ f fL fy f fL fy I S P S f fL fy f
4p 2Py 0 0.241091 0.0521 0.0519 0.0518 0.0521 0.0519 0.0518 0 0.136823 0.0711 0.0709 0.0708¢ 0.0723
4p 2Py, 0 0.236 744 0.0978 0.0978 0.0977 0.0978 0.0978 0.0977 0 0.133833 0.1353 0.1354 0.1352 0.1360
26 Fé> 3p?Py, 0 0.327050 0 0.228034 0.1270 0.1272 0.1272 0.1270 0.1272 0.1272 0 0.246889 0 0.156099 0.1199 0.1201 0.1202 0.1204
3p 2Py, 0 0.223525 0.2748 0.2749 0.2751 0.2748 0.2749 0.2751 0 0.152577 0.2611 0.2613 0.2614 0.2610
4p 2Py 0 0.217902 0.0598 0.0595 0.0594 0.0598 0.0595 0.0594 0 0.156099 0.0748 0.0745 0.0744% 0.0756
4p 2Py, 0 0.212793 0.1111 0.1111 0.1110 0.1111 0.1111 0.1110 0 0.152677 0.1406 0.1407 0.1405 0.1410
28 Nit'* 3p?P;, 0 0298902 0 0.208630 0.1164 0.1166 0.1167 0.1164 0.1166 0.1167 0 0.191850 0O 0.109011 0.1107 0.1109 0.11F0 0.1107
3p 2Py, 0 0.203649 0.2573 0.2575 0.2577 0.2573 0.2575 0.2577 0 0.105511 0.2449 0.2452 0.2453 0.2453
4p 2Py 0 0.198863 0.0665 0.0661 0.0660 0.0665 0.0661 0.0660 0 0.109011 0.0841 0.0837 0.08369 0.0854
4p 2Py, 0 0.193878 0.1229 0.1231 0.1228 0.1229 0.1231 0.1228 0 0.105511 0.1575 0.1578 0.1575 0.1581
29 Cd® 3p?Py, O 0.286688 0 0.200212 0.1117 0.1119 0.1120 0.1117 0.1119 0.1120 O 0.187646 0 0.108881 0.1053 0.1055 0.1056 0.1063
3p 2Py, 0 0.194993 0.2500 0.2502 0.2504 0.2500 0.2502 0.2504 0 0.104458 0.2383 0.2386 0.2388 0.£384
4p 2Py 0 0.190943 0.0697 0.0692 0.0691 0.0697 0.0692 0.0691 0 0.108881 0.0868 0.0863 0.0862¢ 0.0881
4p 2Py, 0 0.185680 0.1282 0.1283 0.1281 0.1282 0.1283 0.1281 0 0.104458 0.1609 0.1612 0.1609 0.1§23
30 zn®*" 3p?P;,, O 0.275505 0 0.192516 0.1073 0.1076 0.1077 0.1073 0.1076 0.1077 0. 0.162965 0 0.086783 0.1024 0.1026 0.10%7 O§1024
3p 2Py, 0 0.187056 0.2434 0.2437 0.2439 0.2434 0.2437 0.2439 0 0.082468 0.2334 0.2337 0.2339 O.£33
4p 2Py, 0 0.183733 0.0727 0.0722 0.0720 0.0727 0.0722 0.0720 0 0.086783 0.0906 0.0901 0.0900¢ 0.0@)7
4p 2Py, 0 0.177895 0.1327 0.1329 0.1326 0.1327 0.1329 0.1326 0 0.082468 0.1678 0.1681 0.1678 0.]%62
34 Sé* 3p?Py, 0 0.238944 0 0.167364 0.0929 0.0932 0.0933 0.0929 0.0932 0.0933 0 0.139805 0 0.073790 0.0892 0.0895 0.0896 0.0892
3p 2Py, 0 0.160929 0.2237 0.2241 0.2244 0.2237 0.2241 0.2244 0 0.069034 0.2153 0.2156 0.2159 0.2152
4p 2Py 0 0.159313 0.0825 0.0818 0.0815 0.0825 0.0818 0.0815 0 0.073790 0.0988 0.0981 0.0979¢ 0.0992
4p 2Py, 0 0.152676 0.1476 0.1479 0.1475 0.1476 0.1479 0.1475 0 0.069034 0.1796 0.1800 0.1796 0.1779
38 st 3p?P,, 0 0211561 0 0.148497 0.0819 0.0823 0.0824 0.0819 0.0823 0.0824 0 0.158604 0 0.100170 0.0789 0.0792 0.0794 0.0790
3p 2Py, 0 0.141053 0.2122 0.2127 0.2131 0.2122 0.2127 0.2131 0 0.095156 0.2052 0.2056 0.2060 0.2051
4p 2Py 0 0.140613 0.0901 0.0890 0.0887 0.0901 0.0890 0.0887 0 0.100170 0.1013 0.1002 0.1000¢ 0.1022
4p 2Py, 0 0.133016 0.1571 0.1575 0.1570 0.1571 0.1575 0.1570 0 0.095156 0.1789 0.1795 0.1789 0.1786
42 Mo 3p?Py, 0 0190659 0 0.134206 0.0733 0.0737 0.0739 0.0733 0.0737 0.0739 0 0.131612 0 0.079386 0.0710 0.0714 0.078%6 0.0710
3p 2Py, 0 0.125721 0.2067 0.2073 0.2077 0.2067 0.2073 0.2077 0 0.073590 0.2008 0.2014 0.2019 0.2008
4p 2Py 0 0.126924 0.0964 0.0950 0.0946 0.0964 0.0950 0.0946 0 0.079386 0.1078 0.1065 0.1061° 0.1077
4p 2Py, 0 0.118119 0.1631 0.1638 0.1630 0.1631 0.1638 0.1630 0 0.073590 0.1855 0.1863 0.1855 0.1828
45 RBE* 3p2P;,, 0 0.177249 0 0.124808 0.0680 0.0684 0.0686 0.0680 0.0684 0.0686 0 0.128340 0 0.079907 0.0661 0.0665 0.0667 0.0661
3p 2Py, 0 0.115492 0.2058 0.2065 0.2071 0.2058 0.2065 0.2071 0 0.073630 0.2009 0.2016 0.2021 0.2008
4p 2Py, 0 0.116286 0.0995 0.0978 0.0973 0.0995 0.0978 0.0973 0 0.079907 0.1104 0.1087 0.1083°¢ 0.0111

18



TABLE IV. (Continued.

Relativistic QDO results

Relativistic EOQN results

Relativistic SQDT results

Upper Others
z lon level ¢ & Cs 8¢ f fL fyv f fL fyv I; S P S f fL fy f
4p 2Py, 0 0.106954 0.1643 0.1652 0.1643 0.1643 0.1652 0.1643 0 0.073630 0.1852 0.1862 0.1853 0.1841
48 Cd® 3p?P,;, 0 0.167066 0 0.118117 0.0633 0.0638 0.0640 0.0633 0.0638 0.0640 0.105066 0 0.060138 0.0617 0.0622 0.0624 0.0617
3p 2Py 0 0.107980 0.2069 0.2077 0.2084 0.2069 0.2077 0.2084 0 0.053033 0.2021 0.2029 0.2036 0.2023
4p 2Py, 0 0.111452 0.1038 0.1018 0.1013 0.1038 0.1018 0.1013 0 0.060138 0.1151 0.1131 0.11269 0.1173
4p 2Py, 0 0.100260 0.1660 0.1670 0.1660 0.1660 0.1670 0.1660 0 0.053033 0.1887 0.1899 0.1889 0.1894
51 sy 3p?2P,, 0 0.157848 0 0.111881 0.0593 0.0599 0.0601 0.0593 0.0599 0.0601 0.099760 0 0.057802 0.0578 0.0584 0.0586 0.0581
3p 2Py, 0 0.100874 0.2102 0.2112 0.2120 0.2102 0.2112 0.2120 0 0.049881 0.2064 0.2074 0.2082 0.2065
4p 2Py 0 0.105384 0.1068 0.1044 0.1038 0.1068 0.1044 0.1038 0 0.057802 0.1174 0.1152 0.11459 0.1498
4p 2Py, 0 0.092982 0.1654 0.1666 0.1654 0.1654 0.1666 0.1654 0 0.049881 0.1868 0.1882 0.1870 0.1%80
o
54 Xe&¥* 3p2%Py, 0 0149930 0 0.106560 0.0558 0.0564 0.0566 0.0558 0.0564 0.0566 0.085333 0 0.045796 0.0548 0.0554 0.0556 (13)548
3p 2Py, 0 0.094646 0.2153 0.2164 0.2174 0.2153 0.2164 0.2174 0 0.040154 0.2036 0.2047 0.2056 0.2023
4p 2Py, 0 0.100253 0.1094 0.1067 0.1060 0.1094 0.1067 0.1060 0 0.045796 0.1205 0.1179 0.1172¢ 0.1220
4p 2Py, 0 0.087345 0.1645 0.1660 0.1645 0.1645 0.1660 0.1645 0 0.040154 0.1901 0.1917 0.1903 O.nglgl55
74 W' 3p?P,, 0 0.118253 0 0.086361 0.0397 0.0407 0.0411 0.0397 0.0407 0.0411 0.068580 0 0.041193 0.0396 0.0406 0.0470 0396
3p 2Py, 0 0.065143 0.2928 0.2959 0.2988 0.2928 0.2959 0.2988 0 0.027860 0.2867 0.2898 0.2925 0.2568
4p 2Py 0 0.078623 0.1194 0.1134 0.1119 0.1194 0.1134 0.1119 0 0.041193 0.1289 0.1230 0.1215¢ 0.1%14
4p 2Py, 0 0.058771 0.1321 0.1349 0.1320 0.1321 0.1349 0.1320 0 0.027860 0.1483 0.1514 0.1485 0.]%184
90 TH®" 3p2Py, O 010878 0 0.081518 0.0326 0.0340 0.0345 0.0326 0.0340 0.0345 0.059619 0 0.038341 0.0325 0.0339 0.0344 0%325
3p 2Py, 0 0.050502 0.3995 0.4055 0.4120 0.3995 0.4055 0.4120 0 0.019042 0.3944 0.4005 0.4067 0.@48
4p 2Py 0 0.071288 0.1220 0.1121 0.1096 0.1220 0.1121 0.1096 0 0.038341 0.1323 0.1225 0.1200¢ 0.1@42
4p 2Py, 0 0.041561 0.0853 0.0888 0.0846 0.0853 0.0888 0.0846 0 0.019042 0.0995 0.1034 0.0992 O.lgOl
92 VY 3p?P,, 0 0109571 0 0.082877 0.0317 0.0331 0.0337 0.0317 0.0331 0.0337 0.061083 0 0.040475 0.0318 0.0332 0.0337 (D318
3p 2Py, 0 0.059539 0.3923 0.3986 0.4053 0.3923 0.3986 0.4053 0 0.021551 0.4085 0.4151 0.4219 0.4115
4p 2Py 0 0.074322 0.1234 0.1129 0.1102 0.1234 0.1129 0.1102 0 0.040475 0.1323 0.1218 0.11929 0.1352
4p 2Py, 0 0.043251 0.0805 0.0840 0.0798 0.0805 0.0840 0.0798 0 0.021551 0.0929 0.0969 0.0925 0.0933

#Theodosiou and Curtis, Rg#5].
bLindgard and Nielsen, Ref.28].
‘Karwowski and Szulkin, Ref23].
dSampsoret al., Ref.[49].

€Zhanget al, Ref.[48].
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TABLE V. Experimental and our theoretical oscillator strengths fer’S3—3p 2P transitions in the Na isoelectronic sequence. The
numbers in parentheses denote errors.

Upper
A lon level Experiment DQDO DEOQN DSQDT
11 Na P 2Py, 0.3182)? 0.3317 0.2705 0.3188
3p 2Py, 0.6364) 0.6633 0.5411 0.6376
12 Mgt 3p 2Py, 0.3062)° 0.2931 0.2847 0.3063
3p %Py, 0.6156) 0.5862 0.5694 0.6127
14 SPt 3p 2Py, 0.25411)° 0.2729 0.2930 0.2539
3p 2Py, 0.51122) 0.5457 0.5860 0.5088
16 St 3p 2Py, 0.2278)° 0.2108 0.2273 0.2183
3p 2Py, 0.43515) 0.4266 0.4602 0.4385
17 cP+ 3p 2Py, 0.1948)° 0.1957 0.2118 0.2010
3p 2Py, 0.4099) 0.3976 0.4306 0.4048
18 Ar’* 3p 2Py, 0.1834)f 0.1825 0.1979 0.1873
3p 2Py, 0.39810) 0.3724 0.4039 0.3782
22 Tttt 3p 2Py 0.1439)¢ 0.1552 0.1552 0.1465
3p 2Py 0.31219 0.3243 0.3243 0.3066
26 FeS* 3p 2Py, 0.1157)¢ 0.1270 0.1270 0.1199
3p 2Py, 0.24415) 0.2748 0.2748 0.2611
28 Nit7* 3p 2Py 0.1097)¢ 0.1164 0.1164 0.1107
3p %Py, 0.22614) 0.2573 0.2573 0.2449
29 Ca8* 3p 2Py 0.1127)9 0.1117 0.1117 0.1053
3p 2Py, 0.2500 0.2500 0.2383
54 X3t 3p 2Py 0.0554)" 0.0558 0.0558 0.0548
3p 2Py, 0.19517) 0.2153 0.2153 0.2036

&Carlsson, Ref[60].

bAnsbacher, Li, and Pinnington, Réf3].
‘Maniak, Traert, and Curtis, Ref.74].
dEkberget al., Ref.[75].

€Jupe et al, Ref.[76].

Reistad, Engstro, and Berry, Ref[77].
9Hutton, Engstrm, and Trdert, Ref.[78].
MTrabertet al, Ref.[79].

f values experience a 7% divergence with a slight improveguences, the RSQDfT values agree well with reference data
ment for RSQDT. In general, one observes a better accuraayith, however, here and there, some large divergence points
of RPHSY values for the resonance lines. For Na-like ions(within 12%) for 4s-5ps, transitions. For RDQO and
Fig. 2 shows that the RSQDT values remain essentially idenREOQN, Figs. 5 and 6 show similar tendencies to what one
tical (within a few percentto CAHS values, except again for observes in the case of Na-like ions with a large discrepancy.
the highZ elements, whereas for the REOQNvalues, the  For the ions in the rang&=29-70, the RQDO values are
magnitude ofd(n,n"), which is about 34 for neutral sodium, found to be significantly modified bg# 0.

rapidly decreases and stabilizes at around Z @screases. (e) Comparing dipole length and velocity results, it
For An=1 transitions, the REOQN values are completely inclearly appears in Figs. 1-6 that, whatever the sequence,
error for neutral end elements. In the same way, the REOQMNiscrepancies betwee and f,, are fairly small along the
approach collapses for neutral copper. This explains why thentire sequence. However, one never observes, as expected
corresponding values are not given in Table VI. With the[90] better agreement between the two forms with increasing
increase ofZ, the discrepancies decrease but remain imporZ, but rather poor agreement. The velocity values seem to
tant. It can be observed in Table IV that, witkt 0 for ions  be, in most cases, a little too large.

in the rangeZ=11-18, the RQDJ values with respect to In Table Ill we present oscillator strengths for the
corresponding REOQN are significantly improved; neverthe2s 2S-np 2P transitions (=4-20) of Ca’", zr*’*, and
less, they are only reliable fakn=0 transitions. Regarding Yb®"" of the Li isoelectronic sequence. All relativistic QDO
the Cu sequence, it appears that as in the two previous sand SQDT results have been obtained with zero nodal pa-



TABLE VI. Our oscillator strengths compared with other selected calculationssié64 4p 2P transitions in the Cu isoelectronic sequence, with the same meaning as in Table 1. &

o

Relativistic QDO results

Relativistic EOQN results

Relativistic SQDT results

Upper Others
z lon level ¢ 8 Cs 8¢ f fL fv f fL fyv I; S I S f fL fy f
29 Cu 42Py, 3 2672975 2 2141789 0.2235 0.2235 0.2235 0.2144 3 2655832 2 2140893 0.2227 0.2227 0.2227 0.2218
4p %Py, 2 2134498 0.4493 0.4493 0.4493 0.2035 2 2140893 0.4454 0.4454 0.4454 0.4476
5p 2Py, 2 2087105 0.0116 0.0116 0.0116 0.0106 2 2140893 0.0066 0.0066 0.0066 °0.0066
5p 2Py 2 2087154 0.0232 0.0232 0.0232 0.0186 2 2140893 0.0133 0.0133 0.0133 0.0133
30 zZn* 4p?Py, 2 2259399 2 1.866186 0.2953 0.2953 0.2953 0.2694 0.0712 0.0712 2.003143 2 1.605305 0.2521 0.2521 0.2521 0.2527
4p 2Py, 2 1856501 0.6032 0.6032 0.6032 0.4643 0.1414 0.1414 2 1590268 0.5187 0.5187 0.5187 0.5160
5p 2Py 2 1.824293 0.0002 0.0002 0.0002 0.0033 0.0042 0.0042 2 1.605305 0.0002 0.0002 0.0002° 0.0002
5p 2Py, 2 1.815353 0.0002 0.0002 0.0002 0.0207 0.0086 0.0086 2 1590268 0.0010 0.0010 0.0010 0.0%10
31 G&" 4p?Py, 2 2.003671 2 1.674712 0.2747 0.2748 0.2748 0.2871 0.1522 0.1522 1984497 2 1570741 0.2614 0.2615 0.2615 0%614
4p %Py, 2 1663822 0.5675 0.5675 0.5676 0.5424 0.3065 0.3065 2 1585942 0.5082 0.5082 0.5083 0.5%6
5p 2Py, 2 1.632308 0.0099 0.0099 0.0099 0.0011 0.0058 0.0058 2 1570741 0.0005 0.0005 0.0005° 0.0005
5p 2Py, 2 1.622068 0.0168 0.0168 0.0168 0.0126 0.0126 0.0126 2 1585942 0.0004 0.0004 0.0004 0.0@)4
32 Gé" 4p?Py, 2 1.817493 2 1527954 0.2537 0.2537 0.2537 0.2890 0.1968 0.1968 1509341 1 1.264591 0.2615 0.2615 0.2675 0%625
4p 2Py, 2 1516089 0.5292 0.5293 0.5293 0.5691 0.4009 0.4009 1 1.250833 0.5475 0.5475 0.5475 0.5%3
5p 2Py 1 1.486300 0.0005 0.0005 0.0005 0.0002 0.0044 0.0044 1 1.264591 0.0026 0.0026 0.0026° 0.0@6
5p 2Py, 1 1.474871 0.0018 0.0018 0.0018 0.0064 0.0102 0.0102 1 1.250833 0.0032 0.0032 0.0032 0.0%2
33 A" 4p?Py, 2 1669081 1 1.406443 0.2651 0.2651 0.2652 0.2863 0.2220 0.2220 1.303667 1 1.077819 0.2571 0.2571 0.2571 05616
4p %Py, 1 1.393615 0.5508 0.5509 0.5509 0.5780 0.4568 0.4568 1 1.062077 0.5453 0.5454 0.5454 0.5&0
5p 2Py, 1 1.367079 0.0000 0.0000 0.0000 0.0000 0.0025 0.0025 1 1.077819 0.0054 0.0054 0.0054° 0.0%4
5p 2Py, 1 1355209 0.0001 0.0001 0.0001 0.0026 0.0063 0.0063 1 1.062077 0.0073 0.0073 0.0073 0.0@3
34 Se, 4p?Py, 2 1552735 1 1.312407 0.2548 0.2548 0.2548 0.2790 0.2335 0.2336 1.074738 1 0.862634 0.2562 0.2562 0.2562 05560
4p 2Py, 1 1298785 0.5340 0.5340 0.5341 0.5737 0.4853 0.4853 1 0.846923 0.5465 0.5465 0.5466 0.5?)9
5p 2Py 1 1.273556 0.0005 0.0005 0.0005 0.0002 0.0010 0.0010 1 0.862634 0.0086 0.0086 0.0086° 0.0086
5p 2Py, 1 1.259894 0.0002 0.0002 0.0002 0.0000 0.0016 0.0016 1 0.846923 0.0126 0.0126 0.0126 0.0126
36 Kt 4p?Py, 1 1.368435 1 1.159795 0.2630 0.2631 0.2631 0.2641 0.2408 0.2409 0.656400 1 0.472027 0.2452 0.2452 0.2542 0.2448
4p %Py, 1 1.144583 0.5639 0.5640 0.5641 0.5581 0.5102 0.5103 1 0.454290 0.5346 0.5347 0.5348 0.5265
5p 2Py, 1 1130214 0.0131 0.0130 0.0130 0.0017 0.0001 0.0001 1 0.472027 0.0169 0.0169 0.0169° 0.0169
5p 2Py, 1 1.115559 0.0200 0.0200 0.0200 0.0006 0.0000 0.0000 1 0.454290 0.0262 0.0262 0.0262 0.0260
40 7Y 4p?P,, 10 1117413 0.948534 0.2294 0.2295 0.2296 0.2364 0.2310 0.2311 0.292067 0 0.160075 0.2221 0.2222 0.2222 0.2222
4p 2Py, 1 0930146 0.5135 0.5137 0.5138 0.5226 0.5103 0.5104 0 0.142270 0.5097 0.5098 0.5099 0.4976
5p 2Py 1 0.919473 0.0357 0.0356 0.0356 0.0061 0.0045 0.0045 0 0.160075 0.0297 0.0296 0.0296° 0.0299
5p 2Py, 1 0.901581 0.0572 0.0573 0.0572 0.0067 0.0048 0.0048 0 0.142270 0.0456 0.0456 0.0456 0.0451
42 Mo®" 4p?Py, 1 1.027451 1 0.872469 0.2148 0.2150 0.2150 0.2245 0.2223 0.2224 0.613816 0 0.490088 0.2122 0.2122 0.2122 0114
4p 2Py, 1 0.852490 0.4925 0.4928 0.4930 0.5081 0.5028 0.5029 0 0.478231 0.4846 0.4846 0.4847 0.4836




TABLE VI. (Continued.

(04214

Relativistic QDO results

Relativistic EOQN results

Relativistic SQDT results

Upper Others
z lon level ¢ S Ct 8¢ f fL fy f fL fy I S ¢ S f fL fy f
5p 2Py 1 0.845217 0.0473 0.0472 0.0472 0.0095 0.0083 0.0083 0 0.490088 0.0389 0.0386 0.0385° 0.0361
5p 2Py, 1 0.825687 0.0761 0.0762 0.0761 0.0112 0.0098 0.0098 0 0.478231 0.0622 0.0620 0.0619 0.0622
48 cd® 4p?Py,, 1 0835224 1 0709741 0.1796 0.1799 0.1801 0.1959 0.1956 0.1957 0 0.554292 0 0.450719 0.1838 0.1839 0.1840 0.1838
4p 2Py, 1 0.684879 0.4482 0.4487 0.4490 0.4810 0.4799 0.4802 0 0.436556 0.4573 0.4573 0.4576 0.4573
5p 2Py, 1 0.687265 0.0787 0.0785 0.0783 0.0228 0.0217 0.0216 0 0450719 0.0508 0.0501 0.0500° 0.0528
5p 2Py, 1 0.662900 0.1244 0.1247 0.1245 0.0281 0.0274 0.0272 0 0.436556 0.0755 0.0753 0.0751 0.0753
53 I 4p?P,, 1 0.728322 1 0.619281 0.1580 0.1584 0.1585 0.1763 0.1763 0.1765 0 0.489530 0 0.398619 0.1656 0.1658 0.1660 0.1657
4p 2Py, 1 0.590100 0.4290 0.4297 0.4301 0.4698 0.4692 0.4697 0 0.382603 0.4468 0.4469 0.4473 0.4469
5p 2Py 1 0599628 0.0998 0.0995 0.0993 0.0341 0.0326 0.0325 0 0.398619 0.0612 0.0601 0.0599° 0.0641
5p 2Py, 1 0570974 0.1531 0.1537 0.1534 0.0408 0.0401 0.0398 0 0.382603 0.0862 0.0859 0.0856 0.0863
54 X&' 4p?%Py, 1 0710017 1 0.603651 0.1544 0.1548 0.1550 0.1729 0.1729 0.1731 0 0.484164 0 0.395393 0.1625 0.1627 0.1629 1625
4p 2Py, 1 0573619 0.4268 0.4275 0.4280 0.4688 0.4683 0.4688 0 0.379053 0.4464 0.4466 0.4470 0.4266
5p 2Py, 1 0.583504 0.1030 0.1026 0.1024 0.0358 0.0343 0.0342 0 0.395393 0.0626 0.0613 0.0612° 0.0§52
5p 2Py, 1 0.553840 0.1565 0.1572 0.1568 0.0423 0.0416 0.0413 0 0.379053 0.0868 0.0865 0.0861 0.(%67
60 Nd&f'" 4p2P,, 1 0.624345 1 0.531637 0.1353 0.1358 0.1360 0.1540 0.1543 0.1545 0 0.418888 0 0.341920 0.1447 0.1451 0.1453 03453
4p 2Py, 0 0.496183 0.4499 0.4507 0.4514 0.4686 0.4683 0.4691 0 0.322398 0.4487 0.4490 0.4497 0.@85
5p 2Py 1 0515212 0.1232 0.1227 0.1224 0.0483 0.0461 0.0458 0 0.341920 0.0737 0.0719 0.0716° 0.0268
5p 2Py, 0 0.480119 0.0343 0.0350 0.0346 0.0530 0.0523 0.0518 0 0.322398 0.0940 0.0937 0.0932 0.0%36
70 YB*¥ 4p2%Py, 1 0526100 O 0.449111 0.1258 0.1264 0.1268 0.1301 0.1307 0.1310 0 0.380406 O 0.317657 0.1236 0.1241 0.1245 0.1236
4p 2Py, 0 0.403237 0.4719 0.4732 0.4745 0.4950 0.4952 0.4965 0 0.295791 0.4783 0.4789 0.4801 0.4775
5p 2Py, 0 0.432335 0.0424 0.0410 0.0405 0.0628 0.0592 0.0587 0 0.317657 0.0840 0.0806 0.0800° 0.0868
5p 2Py, 0 0.386772 0.0331 0.0342 0.0335 0.0562 0.0556 0.0548 0 0.295791 0.0877 0.0874 0.0865 0.0870
74 W' 4p2?P,, 0 0.499893 0 0.427591 0.1225 0.1231 0.1235 0.1225 0.1231 0.1235 0 0.360466 O 0.302394 0.1166 0.1173 0.1176 0.1166
4p 2Py, 0 0.377326 0.5125 0.5128 0.5144 0.5125 0.5128 0.5144 0 0.279399 0.4962 0.4970 0.4984 0.4961
5p 2Py 0 0.412964 0.0687 0.0644 0.0638 0.0687 0.0644 0.0638 0 0.302394 0.0881 0.0840 0.0833° 0.0916
5p 2Py, 0 0.362879 0.0559 0.0553 0.0544 0.0559 0.0553 0.0544 0 0.279399 0.0841 0.0838 0.0827 0.0838
79 APY 4p2%Py, 0 0472618 0 0.405345 0.1140 0.1148 0.1153 0.1140 0.1148 0.1153 0 0.340466 O 0.287625 0.1089 0.1097 0.11G1 0.1089
4p 2Py, 0 0.348764 0.5412 0.5417 0.5437 0.5412 0.5417 0.5437 0 0.262578 0.5270 0.5280 0.5299 0.5263
5p 2Py, 0 0.391959 0.0747 0.0695 0.0687 0.0747 0.0695 0.0687 0 0287625 0.0924 0.0873 0.0865° 0.0958
5p 2Py, 0 0.335794 0.0526 0.0520 0.0510 0.0526 0.0520 0.0510 0 0.262578 0.0765 0.0762 0.0750 0.0764
82 PB* 4p2P,, 0 0.459074 0 0.394449 0.1094 0.1103 0.1108 0.1094 0.1103 0.1108 0 0.332466 0 0.282791 0.1042 0.1051 0.1056 0.1047
4p 2Py, 0 0.333739 0.5615 0.5621 0.5644 0.5615 0.5621 0.5644 0 0.256834 0.5477 0.5488 0.5511 0.5474
5p 2Py 0 0.381838 0.0781 0.0722 0.0713 0.0781 0.0722 0.0713 0 0282791 0.0947 0.0889 0.0880° 0.0gB1




TABLE VI. (Continued.

Relativistic QDO results

Relativistic EOQN results

Relativistic SQDT results

Upper Others

z lon level ¢ 8 Ct 8¢ f fL fy f fL fy I S ¢ S f fL fy f
5p 2Py, 0 0.321417 0.0495 0.0489 0.0478 0.0495 0.0489 0.0478 0 0.256834 0.0708 0.0706 0.0692 0.0708

83 B 4p?Py,, 0 0454978 0 0.391155 0.1080 0.1090 0.1095 0.1080 0.1090 0.1095 0.326466 0 0.277426 0.1034 0.1043 0.1048 0.1034
4p 2Py, 0 0.329154 0.5683 0.5690 0.5715 0.5683 0.5690 0.5715 0 0.250976 0.5552 0.5564 0.5587 0.5545
5p 2Py 0 0.378647 0.0790 0.0729 0.0720 0.0790 0.0729 0.0720 0 0277426 0.0955 0.0895 0.0886° 0.1002
5p 2Py, 0 0.316989 0.0483 0.0478 0.0466 0.0483 0.0478 0.0466 0 0.250976 0.0693 0.0691 0.0677 0.0689

88 R&" 4p?P,, 0 0437766 0 0.377305 0.1020 0.1031 0.1036 0.1020 0.1031 0.1036 0.289194 0 0.243712 0.0979 0.0989 0.0994 0.0980
4p 2Py, 0 0.307980 0.6084 0.6092 0.6123 0.6084 0.6092 0.6123 0 0.213100 0.5932 0.5948 0.5978 O.@64
5p 2Py, 0 0.366947 0.0843 0.0769 0.0758 0.0843 0.0769 0.0758 0 0.243712 0.1009 0.0939 0.0928° 0.1%)9
5p 2Py, 0 0.245298 0.0236 0.0207 0.0201 0.0236 0.0207 0.0201 0 0.213100 0.0629 0.0628 0.0612 O.%SZ

90 TH¥™ 4p?Py,, 0 0431415 0 0.372647 0.0990 0.1001 0.1007 0.0990 0.1001 0.1007 0.305669 0 0.262582 0.0951 0.0962 0.0968 (8)952
4p 2Py, 0 0.299957 0.6252 0.6260 0.6295 0.6252 0.6260 0.6295 0 0.232895 0.6167 0.6181 0.6215 0.6%40
5p 2Py 0 0.361449 0.0855 0.0776 0.0765 0.0855 0.0776 0.0765 0 0.262582 0.0999 0.0922 0.0910° 0.1825
5p 2Py, 0 0.288974 0.0383 0.0379 0.0365 0.0383 0.0379 0.0365 0 0.232895 0.0539 0.0537 0.0521 0.0835

m

92 B 4p?P,, 0 0426243 0 0.369010 0.0962 0.0674 0.0980 0.0962 0.0974 0.0980 0.310588 0 0.269560 0.0926 0.0938 0.0944 926
4p 2Py, 0 0.292760 0.6432 0.6440 0.6478 0.6432 0.6440 0.6478 0 0.242119 0.6322 0.6335 0.6372 0.6831
5p 2Py, 0 0.358004 0.0872 0.0788 0.0776 0.0872 0.0788 0.0776 0 0269560 0.1001 0.0916 0.0903° 0.1835
5p 2Py, 0 0.282392 0.0352 0.0348 0.0334 0.0352 0.0348 0.0334 0 0.242119 0.0486 0.0483 0.0468 0.¢491

&Curstis and Theodosiou, R¢63].

bNanaet al., Ref.[80].
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TABLE VII. Experimental and our theoretical oscillator strengths fer?8—4p 2P transitions in the CU isoelectronic sequence. The
numbers in parentheses denote errors.

Upper
4 lon level Experiment DQDO DEOQN DSQDT
29 Cu % %Py 0.221q18)2 0.2235 0.2144 0.2227
4p 2Py, 0.441G37) 0.4493 0.2035 0.4454
30 znt 4p 2Py 0.2953 0.2694 0.2521
4p 2Py, 0.51360)° 0.6032 0.4643 0.5187
31 ca* 4p 2Py, 0.2747 0.2871 0.2614
4p 2Py, 0.54945)° 0.5675 0.5424 0.5082
32 Ge* 4p 2Py 0.24914)° 0.2537 0.2890 0.2615
4p 2Py, 0.517132) 0.5292 0.5691 0.5475
33 A 4p 2Py 0.23320)° 0.2651 0.2863 0.2571
4p 2Py, 0.54240) 0.5508 0.5780 0.5453
34 Sé* 4p %Py 0.26230) 0.2548 0.2790 0.2562
4p 2Py, 0.54860) 0.5340 0.5737 0.5465
36 Kr'* 4p 2Py 0.251)¢ 0.2630 0.2641 0.2452
4p 2Py, 0.532) 0.5639 0.5581 0.5346
42 Mbt3* 4p %Py 0.232)" 0.2148 0.2245 0.2122
4p 2Py, 0.534) 0.4925 0.5081 0.4846
53 [24+ 4p 2Py 0.1908) 0.1580 0.1763 0.1656
4p 2Py, 0.43919) 0.4290 0.4698 0.4468

&Carlsson, Sturesson, and Svanberg, R&f.
Martinsonet al, Ref.[82].

‘Ansbacheret al, Ref.[83].

dPinnington, Bahr, and Irwin, Ref84].
€Pinnington, Bahr, and Irwin, Ref85].
Bahret al, Ref.[86].

9Pinningtonet al, Ref.[87].

"Denne and Poulsen, RéB8].

iJohnsoret al, Ref.[89].

rameter. The following main points can be drawn out. tions for each methodp) the dipole length and the dipole
For a given ion, the increase of the principal quantumvelocity f values of the RPHSY calculation for each method

number of the final state in the transition reduces the disfthis observation is in harmony with the conclusion of Bar-

agreement betwedia) the DPHSY and the RPHSY calcula- rientos and Martif13]), and(c) the relativistic SQDT and
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FIG. 1. Plot of the differencel(n,n) between the relativistic
SQDT values and CAHS values vs the nuclear charge for $h22 FIG. 2. Plot of the differenca(n,n) between the relativistic
transitions in the Li isoelectronic sequence. Curves are drawn t&QDT values and CAHS values vs the nuclear charge for $hg8
guide the eye: —, the RSQDT length form calculatiofs) transitions in the Na isoelectronic sequence. Curves are drawn to
(right-hand scalg ----- , the RSQDT velocity form calculation(&1) guide the eye: —, the RSQDT length form calculatig®g; ----- ,
(left-hand scalg ---------, the DSQDT calculation§¢) (left-hand  the RSQDT velocity form calculation&l); ---------, the DSQDT

scalg. calculations( ).
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FIG. 3. Plot of the differencel(n,n) between the relativistic FIG. 5. Plot of the differencal(n,n) between the relativistic

SQDT values and CAHS values vs the nuclear charge forshépt QDO values and CAHS values vs the nuclear charge for the
transitions in the Cu isoelectronic sequence. Curves are drawn ts-4p4, transitions in the Cu isoelectronic sequence. Curves are

guide the eye: —, the RSQDT length form calculati¢®g; ----- , drawn to guide the eye: —, the RQDO length form calculations
the RSQDT velocity form calculationg]); ---------, the DSQDT  (X); ----- , the RQDO velocity form calculationg]); - --------, the
length form calculationg < ). DQDO calculationg < ).

QDO (and EOQN calculations. For this last case, the relativistic changes in the matrix elements are essentially due
DSQDT and DQDO results on the one hand and the RSQDTo the DPHSY wave functions. In other words, as previously
and RQDOf values in dipole length and velocity gauges on pointed out in Ref[18], replacing the relativistic operator by
the other hand, are identical for high the nonrelativistic one introduces only a very little error in

For a given transition, the discrepancies increase &ith the calculation of the DPHSY values. It becomes then evi-
between(a) the DPHSY and the RPHSY calculations for dent that Eqs(33)—(36) are very simple formulas and form
each method an(b) the dipole length and the dipole velocity the fastest procedure for the computation of the DPHSY
f results of the RPHSY calculations for each method. values.

The good performance of the DSQDT and the RSQDT The residual difference betweén andf,, RPHSY values
calculations for the 82S—np P transitions, usingd(l,j) pointed out along this section is partly due to the approxi-
andl(l,j)=I(l) obtained from transitions between low-lying mate nature of the RPHSY calculations. However, it is worth
states, points out one of the main advantages of the SQDmentioning here that the residual in question ceases to be
procedure in comparison with the two others: it can serve temall and becomes very important if instead of our effective
make phenomenological predictions for certain unknowroperatord/dr— A . A/r one uses the well-known hydrogenic
atomic characteristics as transitions probabilities and oscillasperatord/dr—1-A,/r. For example for W**, the RQDO
tor strengths. calculations for 2-2p,, and -2p5, transitions, respec-

It is noteworthy that the approximate relativistiaesults  tively, give 0.68 and 0.1319 in the length gauge and 0.1757
are not given in the above tables because their agreemeahd 0.1697 in the velocity gauge with the usual operator.
with those of complete relativistic calculations are within awith our operator, one obtains 0.70 and 0.1357. The effec-
fraction of a percent. This agreement leads us to believe that
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FIG. 6. Plot of the differencel(n,n) between the relativistic
FIG. 4. Plot of the differencel(n,n) between the relativistic EOQN values and CAHS values vs the nuclear charge for the
QDO values and CAHS values vs the nuclear charge for thels-4p,,, transitions in the Cu isoelectronic sequence. Curves are

3s-3py» transitions in the Na isoelectronic sequence. Curves ar@rawn to guide the eye: —, the REOQN length form calculations
drawn to guide the eye: —, the RQDO length form calculations(X) (right-hand scalg ----- , the REOQN velocity form calculations
(X); ----- , the RQDO velocity form calculation&]); - --------, the (O) (left-hand scalg ---------, the DEOQN length form calcula-

DQDO calculationg ¢). tions (¢ ) (left-hand scalg
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FIG. 9. Plot of the comparison of the differendén,n) between
FIG. 7. Plot of the comparison of the differenden,n) between  the DPHSY values and CAHS values vs the nuclear charge for the

the DSQDT and DQDO values and CAHS values vs the nucleafts-4py transitions in the Cu isoelectronic sequence. Curves are

charge for the 8-2p,, transitions in the Li isoelectronic sequence. drawn to guide the eye: —, the DSQDT calculatidns); -----,
Curves are drawn to guide the eye: —, the DSQDT calculationghe DQDO calculationg]); -------- , the DEOQN calculation§).
(X); oevennns , the DQDO calculationg*).

whereas the first become smaller and smaller than the second
as one proceeds from Na to Cu sequences. The fafibare
tiveness of the effective velocity operator is then evident. jthin 1.3-0.85, 1.1-0.4, and 1-0.15 for Li, Na, and Cu
The plots of then’p phenomenological quantum defects sequences, respectively. The closest agreement betéeen
and exact quantum defects presented in Tables I, IV, and VAnd 6’ for Li-like ions with zero nodal parameters explain
versus the nuclear charge are displayed in Figs. 10-12. the closeness of the correspondihgalues.
The following clearly arises from these figures. (f) Except for a few highZ elements for Li-like ions, the
(a) Along an isoelectronic sequence, the quantum defectexact quantum defects are spin independent. Furthermore,
are nearly identical for the two fine-structure components othey are similar to the spectroscopic quantum defects given
the spectra, illustrating that the ionic Coulomb potential isby Lindgard and Nielserf28] for high n.
mainly responsible for the fine structure of these lines. From the preceding, it seems clear that symmetry is better
(b) For a given degree of ionization, the growth of the taken into account in the relativistic SQDT approach, with
number of remaining electrons leads to the increase of ththe use of exact quantum defect and the nodal-modifying
guantum defect. parametel, than in the relativistic QDO approach with the
(c) Phenomenological quantum defects show a regulause of phenomenological quantum defect and the nodal-
and a slow(rapid) isoelectronic variation for elements with a modifying parametec=(4’) and more in this latter case in
high (low) degree of ionization, with, however, a few irregu- the relativistic EOQN approach.
larities here and there due to the use of different energy data
sources along an isoelectronic sequence for a given transi- IV. CONCLUSION
tion.

(d) The increase of the principal quantum numbdeads
to the decrease of the phenomenological quantum defect.
(e) In the Li sequence the exact quantum defetteem

to be slightly larger than the phenomenological ors

In this paper we have undertaken, through a systematic
study, a comparison of the phenomenological QDO, EOQN,

0.06

Quantum defect

d(n,n)

100

I - ‘-\1\\\ Z
0 | I Bl ] e PP 9
0 X & 100 FIG. 10. Plot of the phenomenological and the exagtquan-
z tum defects vs the nuclear charge in the Li isoelectronic
sequence. — interpolatgsexact quantum-defect values, ----- in-
FIG. 8. Plot of the comparison of the differendén,n) between  terpolateg exact quantum-defect values; - - - - interpolates P,
the DPHSY values and CAHS values vs the nuclear charge for thphenomenological quantum-defect values;--- interpolates ps,
3s-3py» transitions in the Na isoelectronic sequence. Curves arphenomenological quantum-defect values;------ interpolates
drawn to guide the eye: —, the DSQDT calculatiqng); ----- , 3p1», phenomenological quantum-defect values, and- - interpo-

the DQDO calculationg); -------- , the DEOQN calculationér). lates P53, phenomenological quantum-defect values.
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FIG. 12. Plot of the phenomenological and the exagtquan-

FIG. 11. Plot of the phenomenological and the exagtquan-
P 9 e defects vs the nuclear charge in the Cu isoelectronic

tum defects vs the nuclear charge in the Na isoelectronir}sum

sequence. — interpolatgsexact quantum-defect values, ----- in- tequclantce. — Tterpoltatepsgx]? cttqu?ntum-def_e(t:t Valris’ """ n-
terpolates exact quantum-defect values; - - - - interpolates Py, erpolatesp exact quantum-cetect values, ---- interpolates 2y,
phenomenological quantum-defect values;--- interpolates P, phenomenological quantum-defect values;--- interpolates s,
phenomenological quantum-defect values;:----- interpolates phenomenological quantum-defect values;: ----- interpolates
3p1» phenomenological quantum-defect values, and- interpo-

3p1» phenomenological quantum-defect values, and- interpo-

lates 35, phenomenological quantum-defect values. lates 33, phenomenological quantum-defect values.

and the supersymmetry-inspired quantum-defect SQDT Our modified velocity operatat/dr— A - A/r yields rea-
methods in their relativistic and quasirelativistic formula- sonably accuraté values in comparison with the usual ve-
tions. We have done so by emphasizing the similarities anghcity operator, which completely fails. The fairly small dis-
differences between phenomenological and symmetry-basegepancy that appears between the dipole length and the
approaches. It arises, for example, that the relativistic QDQjipole velocityf values in the RPHSY procedures along an
and EOQN procedures become identical by setdr® in  isoelectronic sequence never decrease iasreases, as ex-
the former. Transition matrix elements calculated in thepecteg.
Dirac approach are gauge invariant. The numerical applica- The relativistic PHSY calculations agree in general for
tion of our derivations to the calculation of oscillator resonance transitions with the experimental measurements.
strengths for lithiumlike, sodiumlike, and copperlike ions The comparison with the others theoretical calculations
clearly points out the highest accuracy of Dirac results andnows a discrepancy as the number of the remaining elec-
the simplicity of the scalar formulation. Among several con-trons increases. In order words, the polarization effects must
clusions that can be drawn from Sec. Ill, one can draw oupe taken into account.
the following most relevant ones.

If the three procedures are mathematically similar, they
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