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Effective two-level model for a three-level atom in theE configuration

Ying Wul? and Xiaoxue Yany
!Physics Department, Huazhong University of Science and Technology, Wuhan 430074, People’s Republic of China
2Wuhan Institute of Physics and Mathematics, The Chinese Academy of Sciences, Wuhan 430071, People’s Republic of China
(Received 28 February 1997; revised manuscript received 23 April)1997

It is shown that the system of a three-level atom coupled to two modes of quantized cavity fields&Ein the
configuration with arbitrary detunings can be exactly reduced to a two-level system with an effective coupling
which depends nonlinearly on the intensity of the two cavity fie]84.050-29477)01209-3

PACS numbds): 42.50.Hz, 42.50.Ar

Single-mode and multimode multiphototor mul-  depends nonlinearly on the intensity of the two quantized
tiphonon processes involving one atom or ion with a few field modes. An exact transformed Hamiltonian will be ob-
energy levels have recently been of increasing interest in thiained in which one of the three levels is decoupled and the
fields of cavity quantum electrodynami$—8] and laser effective coupling does not show any singularity for any ra-
trapping and cooling9—13. The investigation of these pro- tios of coupling parameters to detunings including the zero-
cesses is of theoretical value in its own right and may havéletuning case.
some potential applications in these two fields in the near We consider a three-level system of enerdigs E,, and
future. On the other hand, this increasing interest is parthEs in the = configuration interacting with two quantized
due to the fact that such nonlinear processes have experimegavity modes 1 and 2 as shown in Fig[4,9]. The Hamil-
tally been realized in the field of ion trappifig3]. In dealing ~ tonian of the system is written §4]
with multiphoton(or multiphonon transitions, one can con-
sider a two-level atomic system in the single-mode case 3
[1,2,4,11 and a three-level atomic system in the two-mode H=> Eioy+hwblbi+fiwbib,+hgy(bog+blos)
case[1,3-8,13. In the latter case, one usually reduces it to i=1
an effective two-level problem on the assumption of large +
detunings) by the approximation of either the adiabatic +7192(b2023+ b20730), @
elimination[5,12] or evaluating a unitary transformation per-
turbatively[6]. The effective two-level Hamiltonian thus ob- Where symbolsb;(j=1,2) represent the field operators of
tained has the form of the usual Jaynes-Cummings model buodes 1 and 27;;=|i)(i| are the level occupation numbers,
with the single-mode field operators replaced by products ofndoi;=|i){j| (i#]) are the transition operators from levels
a field operator of one mode and a field operator of the othef to i. Levels 3 and 12) are coupled by a dipole-coupling
with the effective coupling parametex=g,g,/A, where constantg,(g,). There is no direct coupling between levels
g;, A denote the coupling parameters and detuning, resped-and 2. The quantities; andA, in Fig. 1 denote detunings
tively [5—7]. Such a result obviously cannot be extrapolateddiven by A;=(E;—E;)/A —w;, j=1,2. Note that we have
to the situations of largg; /A;, and is singular for the zero- changed some notation with respect to the previous litera-
detuning case. As a matter of fact, the result may need modture, and in particular have interchanged the numbering of
fication in the situation when the figl is strong even if the levels 2 and 3. One of the purposes for such change is that
ratios g;/A; are small[7]. One purpose of transforming we want to make full use of the corresponding derivations of
three-level systems to two-level systems is to simplify thethe A configuration in Ref[7] and facilitate the comparison
subsequent calculations of the dynamical and statistical propf the results in these two configurations.
erties of the atom and fields. What is more, such a transfor- We introduce the unitary transformation
mation will be used to design two-level systems with modi-
fied desirable coupling paramefét] and decay ratgl2]. In
view of the facts that the detunings are experimentally ad- A
justable parameters that can be tuned to any values, that the
coupling parameters can also easily be adjusted in the field
of laser cooling of single trapped atoms or ig@8], and that
nonlinear interactions are important when the field modes are I !3>
relatively strong, it is thus desirable to obtain effective two- —gm——————— A
level models which describe the situations where coupling
constants have arbitrary relations to the detunings.

. A @
In this paper we will show that the system of a three-level !

atom interacting with two quantized modes in BBeonfigu-

ration with arbitrary detunings can, just as one of us did for , —[1)

the A configuration[7], be exactly reduced to an effective

two-level model with an effective Raman coupling, which FIG. 1. Three-level atom in th& configuration.
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X'=expS)X exp —9), (2

where X’ denotes the transformed atomic and photon vari-

ables, and

S=a(by03—blo19) + B(br025— b3y, )

where « and B8 are transformation parameters. By the same

routine as what we did previous[yf], we obtain the exact

transformed Hamiltonian

H' = Eo+h(1)1N1+h(1)2N2+ %ﬁ nNo3a3

+ 7N (b0 p+bibloy) + 3hw(os— 01y, (4)

where

N1=b1b1+1—0'11, N2:b;b2+0'22, (5)
3sinZ d> —
 3(Aga?— B

f
= (A1—Ay—17), (6b)
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ap(1-cos)
3
N a,Bgsging

A= [(Aza?—A182)+ (A%~ Aja?)cost]
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BZ) Cost|,
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2 si
+ 3n§

+(a?~ B2

91— 92
X(a B

ﬁz)cof (60)

wherea= Ny, B8=BN,, andé= Ja?+ B2.
The transformation parametetsand 8 are determined by
the two equations
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—(A1+Ay) Esm§+ aﬂ ( +gz)co§
7 e B
a(A{a?—A,pB?)
T sin2¢
+ %?—%E) %coszzo, (78
Ba? Ba? (91 g
—(A1+Ay) §3 siné+ §2 (—l+ Ez)cosf
B(Aa _A2,32)
+ T sin2¢
91— 92 ,| B .
- E a”— E B ? cosZ=0, (7b)

which generally need to be solved by numerical computation
to obtain the two parametees and 8. However, these two
parameters can be obtained analytically in the particularly
interesting case considered previougl, that is, as the de-
tunings satisfy the relation ;= —A,=A which implies an
exact two-photon resonant conditidéy—E;=%(w,+ w>).
Equation(7) is satisfied in this case if we choose

01 r(z 9i+9;
a= ——=—— arcta) ———— |, (8a)
2\gi+9; A
2+ 7192
2\911 93 A

Whereg] gJ\/W andN;, j=1,2, are given by Eq5). We
then find, after some manipulations, that the complicated ex-
pressions for the parameters in E6) are greatly simplified
and have the forms

[[A)? A
n=2A+37, T:( (E +§f+§§—|7|)sgm,

(93
1
EOZE(E1+E2_ﬁwl_hw2_ﬁ7)’ (gb)
gl 92 __ 0192 r (90
gil+gz 91t0;

where “sgn” represents the signum function. Substituting
Eq. (9) into Eq. (4), we explicitly arrive at the exact trans-
formed Hamiltonian in which level 3 decouples from the
other two levels. Equatiod), together with its parameters
determined by Eqg6) and(7) [or by Eq.(9) in the particular
caseA;=—A,=A], is the central result of this paper.

Let us now discuss this result. First, tkeand w terms in
the transformed HamiltoniafEq. (4)] obviously only pro-
duce transitions between levels 1 and 2, while the other
terms do not cause any transitions among the three levels.
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This means that level 3 can be exactly decoupled and dodsave here chosen level 3 in between levels 1 and 2 while
not contribute to the population dynamics. Consequently, wéevel 3 is chosen as the highest level in Rgf] for the

can seto33=0 in the transformed Hamiltonian to obtain an A-type system

effective two-level model with levels 1 and 2 subject to an

effective intensity-dependent coupling, i.e., the parameter H'=Eqo+#fiw;Ny+hwNy+ 37 noggt i (biblos,
depends on photon numbers of the two modes. We have

therefore shown that the system of a three-level atom +bibz015) + 3fiw(02— 01), (10
coupled to two modes of quantized cavity fields in tBe
configuration with arbitrary detunings; and coupling pa-

rametersg; can be exactly reduced to a two-level system .. . .
with an effective intensity-dependent coupling Secondly, different(7] ['there are minor errors in E1) of Ref. [7] for
the expressions of the parameté&ig, 7, A\, and w as the

the intensity-dependent coupling occurs naturally here while : . . . .
previous studies usually introduce it phenomenologically detuningA is negativg. Comparing Eq(4) with Eq. (10), we

X . Lo : : 'see that by intentionally choosing different level numberings
Thirdly, the effective coupling. is valid and nonsingular for and differi:nt N the ytransformged Hamiltonians for thg
any ratios of coupling parametegs to detuningsj;. Itis S 1’ .
easily seen from Eq(9) that the effective cou iing\~ =-type andA-type systems, respectively, trn out to have

y 2 q_z — > _Zp ; nearly the same form except for different effective interac-
—010>/A whenA“>g7—g3, and asA“<(gi+05), it be- tion terms.
comes\~—g:0,/Vg1+d; which remains finite as—0. In summary, we have investigated the system of a three-
Fourthly, the absolute value of the effective couplings  |eye| atom interacting with two quantized cavity modése
easily seen from Eq(9) to be a monotonically decreasing two modes can have either different or identical frequencies
function of the detuning\, which means that the smaller the i, = configuration, we have obtained the exact transformed
detuning, the stronger the effective coupling between levelgyamiltonian and shown that one of the three levigsel 3
1 and 2. This is a reasonable result that can be anticipategh, pe made to decouple from the other two levels, and
physically since the smaller the detuning, the stronger th@ence can be eliminated from the exact transformed Hamil-
direct couplings between_levels 1 gnd 3 and between levels @nian to obtain an effective two-level Hamiltonian with a
and 3, and also the effective coupling between levels 1 and Zonsingular intensity-dependent coupling between levels 1
This result suggests that zero detuning or small detuningng 2. The effective two-level Hamiltonian is, within the
would be more desirable by taking into account the fact thatramework of the original Hamiltonian, valid for any magni-
sf[ronger coupling is better for realizing all I_<|nds of nonclas-,des of the ratios of the coupling constants to detunings
sical phenomena such as collapse and revivals, squeezed aag|yding the zero-detuning case. These results can be uti-
trapped states experimentally0]. It is emphasized that our jizeq to investigate the dynamics and statistics of atomic and
results here are still valid in these small detuning cases wheggq quantities, and the effects of the naturally occurring
tho_se of the adl_abatlc elimination cease to be so. Finally, Wehtensity-dependent coupling on them particularly in the situ-
point out that since we have obtained the exact transformegiions of strong couplingglarge g), small detunings, and
Hamiltonian where one of the three levels decouples fromniense fields, where the adiabatic elimination ceases to be
the other two levels, we can easily derive its exact eigenvalygjig. In addition, the results and the approach used here can
ues and eigenvectors, and the corresponding dynamics, Byso pe utilized to design two-level systems with desirable
the unified and standarized formulas we develofg#)],  effective coupling and effective decay rate for ion or atom

and we can also derive the statistical properties of the atongjgepand coolind12] particularly in the above-mentioned
and the fields. situations.

It is interesting to compare Egel) and(9) describing the
E-type system in the exact two-photon resonant case with One of the authorg$Y.W.) acknowledges helpful discus-
those describing thd-type system in the exact two-photon sions with A. Douglas Stone. This work is partially sup-
resonant case. The transformed Hamiltonian for Anype  ported by Chinese National Science Foundation, Chinese
system in the exact two-photon resonant casghs exact National Education Committee, and the National Laboratory
two-photon resonant condition for the-type system reads of MRAMP at Wuhan Institute of Physics and Mathematics
[7] A;=A,=A, ie., E;—E;=fi(w;—wy); note that we of the Chinese Academy of Sciences.

where the expressions of parametggs #, A, andw can still
be determined by Eq9) here except thaN;, j=1,2 are
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