PHYSICAL REVIEW A VOLUME 56, NUMBER 3 SEPTEMBER 1997
Tunnel ionization of H, in a low-frequency laser field: A wave-packet approach
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The dynamics of multielectron dissociative ionizatiddEDI) of H, in an intense IR laser pulse are inves-
tigated using a wave-packet propagation scheme. The electron tunneling processes corresponding to the suc-
cessive ionizations of fare expressed in terms of field-free Born-Oppenhei8&)) potential energy surfaces
(PES by transforming the tunnel shape resonance picture into a Feshbach resonance problem. This transfor-
mation is achieved by defining a new, time-dependent electronic basis in which the bound electrons are still
described by field-free BO electronic states while the ionized ones are described by Airy functions. In the
adiabatic, quasistatic approximation, these functions describe free electrons under the influence of the instan-
taneous electric field of the laser and such an ionized electron can have a negative total energy. As a conse-
guence, when dressed by the continuous ejected electron energy, the BO PES of an ionic channel can be
brought into resonance with states of the parent species. This construction gives a picture in which wave
packets are to be propagated on a continuum of coupled electronic manifolds. A reduction of the wave-packet
propagation scheme to an effective five-channel problem has been obtained for the description of the first
dissociative ionization process in,Hy using Fano’s formalisrhU. Fano, Phys. Revli24, 1866 (1961)] to
analytically diagonalize the infinite, continuous interaction potential matrix and by using the properties of
Fano’s solutions. With this algorithm, the effect that continuous ionization ph&b on the dissociation
dynamics of the K" ion has been investigated. In comparison with results that would be obtained if the first
ionization of H, was impulsive, the wave-packet dynamics of thg" kbn prepared continuously by tunnel
ionization are markedly nonadiabatic. The continuous ionization appears to give rise to a population in the
dissociative continuum that is localized at small internuclear distances throughout the action of the laser pulse,
and is released only when the laser pulse is over, yielding a complex fragment kinetic energy spectrum.
Comparison with available experimental data is m&a84.050-294{@7)04409-0

PACS numbe(s): 42.50.Vk, 42.50.Hz, 33.80.Ps, 33.80.Gj

[. INTRODUCTION theoretical investigations of the dependence of the ionization
rate of simple one-electron molecules on the nuclear geom-
The dynamics of multielectron dissociative ionization etry [7—10]. An experimental demonstration of the enhanced
(MEDI) of laser-driven molecules have recently been ofionization effect has also been reporfedd]. These works
great interest in intense-field molecular phydités-5]. One  give indications that a tunnel mechanism for the ionization
of the many issues yet to be elucidated in this context is th&éteps holds even in a high-frequency regime.
precise interplay between the multiple laser-induced ioniza- For the lightest molecular system that can undergo a
tion and dissociation pathways of the driven molecule. Ex-MEDI process, the two-electron,Hnolecule, only two ion-
periments performed on N 2] indicate that the successive ization steps are required for its complete explosion. Recent
ionizations occur at certain critical internuclear distancesxperimental works using an IR laser field suggest that the
larger than the ground-state equilibrium bond length, sugsame type of sequential mechanism as that proposed for the
gesting a sequence of events in which vertical ionizationdieavier molecules governs the Coulomb explosion of12]
alternate with large-amplitude nuclear motions. More recenand D, [13]. This sequential mechanism is illustrated in Fig.
experiments on Gl[4] and |, [5] suggest rather that the 1. To interpret the experimentally observed monoenergetic
successive multiple ionization steps occur at a fixed, criticaproton kinetic energy spectra, it was proposed that these
internuclear distance close to the neutral ground-state’s equiragments originate from the Coulomb explosion occurring
librium bond length. A tendency for the molecule underat a large internuclear distanéstep 3 in Fig. 1 This dis-
study to be stabilized with respect to dissociation as it undertance is thought to be reached after nuclear motions of large
goes this sequence of events in the course of its Coulomdmplitude of the laser-driven A ion, (step 2 in Fig. 1
explosion has been proposed to explain these observationBhese motions would nevertheless carry insufficient momen-
This hypothesis is further supported by pump-probe studietim to be extended to the dissociative limit so that the for-
of MEDI on the same systemi§]. That multiple ionizations mation of the same fragments by a laser-induced dissociation
occur preferentially at a critical internuclear distance has alsof the singly ionized species,H does not occur. As for the
been rationalized in terms of an ionization enhancement efpreparation of the ki ion, step 1 in Fig. 1, and the second
fect reflecting rather a nonadiabatic electron localization proionization, step 3 in this figure, a tunnel mechanism was
cess. This has been established by two recent independesitggested because multiphoton ionizations would require
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erly include the first ionization process as a continuous
source of initial wave packets for step 2.

In attempting to include this continuous first tunnel ion-
ization step, an interesting theoretical and conceptual prob-
lem arises: the tunnel mechanism refers to the electronic pen-
etration of the barrier, which is created by superimposing a

WY H* linear potential denoting the interaction between the electron
and the laser field on the Coulomb potenfil). Because of
this deformation of the Coulomb potential, a set of shape
resonances replaces the field-free Born-Oppenhei(iB&)
states and their nuclear-configuration-dependent complex en-
ergies define new potential energy surfagd@gS. In other

H+H' words, the concept of tunnel ionization is obscured within an

interpretation such as depicted in Fig. 1, which employs the
field-free BO PES's. It is clear that to obtain a representation
of the electron tunneling processes in terms of field-free BO

PES’s, a projection of the aforementioned new time-

dependent adiabatic electronic states onto the field-free states

. ‘ . is needed. This is difficult because, in principle, each of the

“o 3 6 9 12 new adiabatic electronic states associated with the tunnel
Internuclear distance R (a.u.) shape-resonance problem projects onto an infinite number of
FIG. 1. Sequential mechanism for the complete Coulomb explof'eld'free states. Moreoves priori, these shape resonance

sion of H,. Arrow (1) corresponds to the tunnel ionization of the States are as yet unknown. o

neutral molecule, arrow) corresponds to the laser-induced disso- ~ Given the difficulties outlined above, the projection of the

ciation of the molecular ion k&, and arrowm(3) corresponds to the tunnel dynamical picture onto the field-free BO picture is

second tunnel ionization that brings the system on the repulsivélearly a nontrivia_l problem. The pre_se_nt paper proposes a
curve of the doubly ionized species. scheme to treat this problem. Recognizing that electrons ion-

ized during the action of the laser pulse are not free, but

over a hundred photons of the IR incident laser field in eackontinue to feel the driving force of the field, a time-
case. From an adaptation of a popular theory for tunnel iondependent electronic basis is constructed. In this basis, the
ization, due to Ammosov, Delone, and KraindADK  pound states of both the neutral and ionic species are still
theory) [14], to a molecular system, it is also inferred that thedescribed by field-free BO electronic states while the ionized
second ionization step most probably occurs at a large intekglectrons are described by scattering wave functions that as-
nuclear distance rather than in the neighborhood of the equimptotically behave as Airy functions, i.e., as eigenfunctions
librium pOSitiOﬂ. This is consistent with the recent theoreticalof an electron driven |inear|y by a quasistatic field. An ion-
predictions of enhanced tunnel ionization at Iarge internuized electron can thus have negaﬂve total energy as Opposed
clear distancef7—10. to the field-free situation where its energy is purely of a

It has been suggestefl2] that the proposed large- kinetic nature and is always positive. As a consequence,
amplitude nuclear motions of the singly ionized species, i.e.when dressed by the continuous ejected electron energy, the
step 2 in Fig. 1, result from classical chaotic dissociationBO PES's of the ionic channels can be brought into reso-
dynamics[15,16. To obtain the precise details of this tran- nance with the ground state of the parent species, yielding a
sient nuclear dynamics, a wave-packet simulation of step Zeshbach resonance picture of the tunnel ionization process.
alone has been performed in a preliminary investigation ofn this way, the wave-packet dynamics of tunnel ionization
the Coulomb explosion mechanism. While the salient featan be described using the field-free BO PES's. The con-
tures of this StUdy will be described in some detail in Sec. V,Struction of the new electronic basis introduces an asymme-
a more complete account of this work will be reported else+ry in the treatment of bound and free electrons. A similar
where[17]. In this study, an initial wave packet arbitrarily asymmetry was found in previous calculations of the tunnel
prepared by vertical promotion of the=0 vibrational jonization rates of atoms using a scattering matrix formalism
ground state of the neutral molecule onto %, ground-  [18—2(: while the initial bound electron was described by
state manifold of the kI ion was propagated on the coupled field-free eigenstates, its final state was described by Volkov
charge exchange state&¥; and %, of the ion. Vibra-  states or by Coulomb-Volkov states, which denote the scat-
tional excitation above and beyond that contained in the initering of a laser-driven electron by a Coulomb cefi#dy. In
tial nonstationary wave packet was foufil7/]. Since this the present treatment, Airy functions correspond to Volkov
homonuclear system possesses no permanent dipole momestiates in a quasistatic picture, and Coulomb-Airy functions,
the observed vibrational excitation is an effective consei.e., Coulomb scattering functions with an Airy-function
guence of nonresonant electronic excitation of the ion in thesymptotic behavior, correspond to Coulomb-Volkov states.
IR field. The vibrational excitation is accompanied by aNote that in any wave-packet propagation technique, such as
guenching of the dissociation probability, the extent of whichthe celebrated third-order split-operator algorith®®?] ap-
depends critically on the initial conditions. This last obser-plied to a time-dependent Hamiltonian, a quasistatic picture
vation will be illustrated in Sec. V. It demonstrates the im-is implicitly invoked. Thus, in the present molecular wave-
portance of a more complete description, which would proppacket study of the dissociative ionization of, khis implicit

Potential (a.u.)
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quasistatic picture imposes the use of these approximatgyhere(t) is the laser fieldTy, T denote the kinetic energy

time-dependent, adiabatic states as I’eplacements of the ex@aerators for the nuclear and electronic motionsl respec-
Volkov or Coulomb-Volkov states. They ensure a consistentjvely, andV,, is the sum of all Coulomb interactions be-

treatment of the time evolution of the system, electrons angyyeen the charges
nuclei taken altogether.

This formulation of the wave-packet dynamics of tunnel . 2 e2 e? e?
ionization, which yields a picture in which wave packets are  Veou(F1.FR=—2 | —=—+——=—|+ =
propagated on a continuum of coupled electronic manifolds, F\n-R2|+R2 IF1d

gives rise to a new technical challenge. In a minimal basis e?
needed for the proper description of the step 1 and step 2 in +—=. 4
Fig. 1, where a single state, viz., the ground state, of the IR

neutral molecule, is kept along with the two charge exchang

states of the singly ionized species, the formalism gives tw§‘°t§ th.?r:. thtﬁ Iong-wlflzlvglelngtth. afppronimatidmNAl) Watf]
continua of ionized channels, obtained by dressing the twS€d within the so-called electric- |§( P gauge(or eng
field-free PES’s of the bt ion with the single free electron’s gauge [27] where radiative interactions are given by the last

energy. In their present forms, wave-packet propagatioﬁerm of Eq.(3). In addition, Jacobi coordinates for the _four—
techniques are suitable only for problems involving a finitebody prob_le_m were used and the center_—of-mass motion had
number of channel23—25,22. An adaptation of these tech- been implicitly factored out. Thus, the time-dependent part
niques to the situations involving a continuum of channels i€f the HamiltonianH,,; denotes the interaction between the
thus required. In the present work, the third-order Sp"t_laser field and the relative electronic motions only since the

operator algorithni22] is adapted, and the diagonalization of relative nuglear motions do not inte_ract with the laser field
the potential matrix describing the bound-free channel coudue to the inversion symmetry of this homonuclear system.
plings is achieved analytically by using Fano’s formalism For a slowly varying&(t), such as a low-frequency field,
[26]. Insofar as the bound-free couplings are not too stronglyan adiabaticelectronicbasis[28] incorporating the interac-
energy dependent, this analytical solution turns out to bdion term of Eq.(3) may be used to replace the traditional
quite useful as it reduces the problem to an effective fivefield-free BO basis. The addition of the radiative interaction
channel problem. This reduction denotes the well-known loterm to the attractive Coulomb field gives rise to a barrier,
calization of bound-free population exchanges to “on-the-and the electronic motion across this barrier corresponds to a
energy-shell” transitions in the neighborhood of the tunnel ionization procesgl]. The challenge is to obtain a
associated Feshbach resonances. It is interesting to note thigpresentation of the same dynamical processes in terms of
the Fano formalism has previously been used only in thdield-free BO PES’s. This amounts to translating the shape-
context of a time-independent stationary state. The presefigsonance problem associated with the tunnel picture into a
paper represents an attempt to adapt it for a time-dependefeshbach-resonance problem involving interactions between
wave-packet description. The resulting algorithm is used tdield-free BO states. To achieve this, it is useful to construct
assess the effects that continuous tunnel ionization can hagenew basis in the following manner: the bound electronic
on the laser-induced wave-packet dynamics i.HOne ef-  states of both the neutral and singly ionized species will
fect that this continuous ionization appears to have is a slightontinue to be represented by the associated field-free wave
enhancement of the stabilization of the molecular ion towargynctions, denoted bwrz and ,/,JH?, while the ionized elec-

its dissociation, as compared to the situation already preseﬂton(s) will be represented by a wave functioty denoting a

in the dynamics of step 2 alone. This effect denotes a strongee particle scattered by a Coulomb potential in a quasistatic

coupling between ionization and dissociation, which are ingectric field. Thus, in the simplest approximation, ignoring

duced by the laser field in this light molecular system.  {he Coulomb field, these would simply be the Airy functions
defined by

II. TUNNEL IONIZATION AS A FESHBACH bg
RESONANCE PROBLEM [
2mg

—ef-r*}Ai(r*,t|E)=E Ai(Ft|E). (5)

To fully describe the events occurring during the Cou-

lomb explosion of H, the time-dependent Schtfimger equa-  The introduction of these wave functions amounts to recog-
tion nizing that after its ejection, the ionized electron still feels

the influence of the laser field. It can be easily recognized
R that the wave functions Ai{t|E) defined in Eq.(5) corre-
i3 W, t)=H(t)| W,t) (1)  spond to the Volkov states in the quasistatic limit. Including
the nuclear Coulomb attraction in the single-electron Hamil-
tonian appearing on the left-hand side of Eg).defines what
must be solved. Here will be referred to as Airy-Coulomb wave functions. For-
mally, these are states describing the scattering of an electron
~ A~ o by a multicenter Coulomb potential in the presence of a
Hiot(1)=Tn+Hel(), 2 static electric field€. In the quasistatic limit, these corre-
spond to the Volkov-Coulomb states introduced recently by
- A R Reiss and Krainoy21]. Henceforth, the notatiodlg will be
Hel(t)=Tet+ Veoul(F1,F2|R)—€E(1) - (F1+72),  (3)  used to denote these scattering states, keeping in mind their
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asymptotic behavior described by E@). Having defined where 1 and 2 are abbreviations for the coordinate and spin
these wave functions for the ionized electrons, a nonorthogmef the two electrons, and standard quantum-chemical nota-

nal electronic basis is obtained: tions are used{¢»| denotes the antisymmetrized product
" _ _ [H(1)n(2)— n(1)$(2)]/v2 and the bar above indicates
B={y,%(1,2 }U{Izﬁ (1)AE(2)|}U{|AE(1)AE(2)|}, an electron spin component,= —1/2. Expanding the total

(6) time-dependent wave functio#f;(1,2R,t) in this basis

V=2 X AROW 12+ dexJ.g (RO|y? (1>IE(2)|+JdEJdE'xEE, (RO[A(DAL2)]  (7)
. . . Hot H, ™, .
the following set of coupled equations for the nuclear amphtwd@s X358 andXEzE, is obtained from Eq(1)
ifi= (Tt e)x 2+ > <¢:*2|—e|§(t)-(r*1+r*2)|¢:*,2>x:*,2+§ jdE{(fNXJH — iR (gl Ag)
1" #1

(AL Agxz ¢ f dE f dE{(Tax ™2, s ) (2 AcAe )+ (02 A0 AcAe )X, T,
(8a)

352 = (Tt et EIXGE + 2 (| —eE(t) - F| g >XJ,E+Z JdE’<JElvee|J EX0 + + 2 (T =ik )
X Ayt (e Adaoluy o+ [ de [ ety —inds ol A Acac)
(5 AelRa(D] AsAed 2, L, (8b)
B = (T E+E 4 Vaxt2, + f dE’ f dE"(EE | VedE"E ) pren + 2 ((Fx( =it AcAe )

HAA RO+ S | I —ini ) (Acde 45 Ao+ (Acde A5 A

(80)

In these equationJE|V.dJJ'E’) or (EE'|V.JE"E"”) rep- These arise from the nonorthogonal nature of the bBsis
resents a matrix element of the two-electron Coulomb repulf30], and are irrelevant. To see this, it is convenient to for-
sion operatok/ee(l 2)=e?/r,, between a pair of singly ion- mally rewrite the set of coupled equatio(@)—(8c) in ma-
ized states| %z AE”> or a pair of doubly ionized states trix form. DefiningX to be the infinite vector containing the

H,™ . .
| AcAg/), respectively. In the spirit of the adiabatic approxi- amplitudesy; 2, x}2 . etc.,S the matrix of overlap integrals

mation, which is justified by the low-frequency condition between the vectors of the badisandHg, the matrix rep-
considered presently, the nonadiabatic coupling terms arisingesentation ofH(t) in this basis, Eqs(8a—(8c) can be
from the time dependence of the continuum single-electronvritten as

wave functions,4g, have been neglectg¢@9]. Also, nonra-

diative couplings associated with the possible breakdown of iﬁ§at2(:=8('i'N2()+ HeX. (9)

the Born-Oppenheimer approximation are neglected to focus

on the radiative interactions. Multiplying this byS gives

The first observation that can be made at this point is the .
existence of coupling terms of the form iigX=(Tnl+S *He) X, (10
At T — whereby the coupling terms involving the overlap integrals
2 i 2 2| 2 — +— +—
(Taxge —ifixgE oy e, Ag), (AEAE/W;'Z Agn) or (1//:-'2| 1,115'2 Ag), etc., are completely
removed.

The second observation to be made about &g, (8b),
(TNXJE”_IﬁXJE”)<AEAE'|"Z/J Agr),  etc. and (80) is the dressing of the PES’s,;, of H,™ by the
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0.0

H+2e H, H+e
-04 E=A, E'=4A, E= 4,
. 08 FIG. 2. Dressing of the PES’s; , j=1,2, of
3 ) A @)1 H," by the energ)E of the first ionized electron,
B and of the PES/,,(R) of H,?" by the energies
L% x's, E,E’ of the two ionized electronsE=A,, E’

lo 1) A 2)1 =A3, where— A, and—Aj are the first and sec-

ond ionization potentials of H

1AL EE(z)l

2.0 L . . \ : . . . |
0 3 6 9 12 0 3 6 9 12 0 3 <] 9 12

Internuclear distance (a.u.)

energyE of the first electron to be ionized, while the PES’s <¢H2||:| (t)WHz*A—)

of H,’", the pure nuclear Coulomb potentisl, (R), is olMlel o “E

dressed by the energi&SE’ of the two ionized electrons. H . H ot . H

This dressing is illustrated in Fig. 2 for the particular values = €yX1o ) Ae)(1o 10> ) —e&(t)- (1o 1| Ae)

E=A;, E'=A;, where —A; and —Aj; are the first and . N

second ionization potentials of,HAs seen in this figure, the ><<la';2|la':2 )+(1o§2|AE><1cr:2| F1|1o:2 ), (133

dressing causes the PES’s of the ionic channels to be repo-

sitioned in such a manner as to offer resonant bound-freg H2|H ) H;I

interactions. This is the Feshbach representation of the tunn Y’ a(D]¥7* Ag)

ionization process alluded to above. For a low-frequency

field, such as IR laser source, the resonant transitions caused = eH2<10'H2|AE><10'H2|10'H2 y—e&(t)- (10 47| Ag)

by these interactions will be favored over the highly nonreso-

nant bound-bound transitions. _ ><<1ng|1gﬁz >+(10:2|AE><1U;|2| r1|1gl'j'2 )), (13b
Within the description using the nonorthogonal bad$isf

Eq. (6), the bound-free couplings are contained in the matnx H

S 'He. They are governed by the matrix elements AE|HeI(t)|AE’AE”>

—{(ep? +E)(Lob? | Ae)—ed(t)- (10 |7y Ag)}
X S(E—E"). (139

(W2 RO Ag)= eyl gt Ac)

—ef(t) - (PP T 0h? Ag)

It is clear that these matrix elements are governed by the

1y degree of overlap between the Coulomb-Airy functidp
and the molecular orbital from which the electron is ejected.
For R=R¢q, the equilibrium geometry of Hin its ground
state and within the approximatiofie=Ai( E), Fig. 3 shows
the disposition of the relevant basis functionskEt A,
<(/fH2+~’TE|ﬁel(t)|AEWTE"> E’'=Ag, i.e., at electron energies ensuring a resonance con-
J dition for the first and second ionization steps of. Ht is
seen that the overlap between the Airy functison B A,)
Ht and the Ir, orbital of H,, while small[O(10 ° a.u.)], is
={(e? +E)(y? | e — et (%2 [FalAen)} much more pronounced than that betweenE&{A5) and
X S(E—E") (12 the log orbital of H,* [O(lO"24 a.u.)]. This implies that the
first ionization step, operative at sm&| can be considered

for the first ionization step and

separately from the second ionization step, which is opera-

for the second ionization step. tive only at some relatively large value Bf The same con-
Thus with| =0, corresponding to the ground state of H sideration also gives a justification for the neglect of the
¢22:|10.:210.:2| and J=0 and 1 corresponding to the two-electron integral¢JE|VedJ'E’) whenJ, J'=0 and 1.
ot _ _ ot In the following, attention will be given exclusively to the
ground state, & ? , and first excited state,d,* , respec- first ionization step in the Coulomb explosion of Bind the
tively, of H,™, the Condon-Slater rulg81] give minimal basis:
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L5 ‘ — : ‘ ‘ lar systemg34]. However, formally, the potential matrix in-
(@) - 1 volved in such problems is of infinite dimension but discrete
whereas, heres 'H, is formally a matrix of infinite dimen-
P sion, which is continuous, denoting two continua of

N h
i ot i . . . . .
) | | hi :"g H‘k;’ R-parametrized electronic states interacting with a bound
= L Ty [ . . . . . .
g RERIEY .;';; AR state. Its diagonalization requires a special analytical treat-
. 1 ! . . . . . .
£ o L ‘H' '\.‘ K '.H.' ! ‘1“: i ment. LetQ be the matrix that achieves this diagonalization,
- iy H -

~ Vi v Y |.e.,
(5] by
'U v
2210 IR S
B Q'S HQ=E (16)
< (b) " .
o 10 i so that Eq.(15) can be rewritten as
= ;o
= [
§05ﬂ X(to+ ot a2 estg
Q / =ex _ — ex R
& oo / \ v \ X( 0 ) % Nz 2= h = =

i~ Ot
Xexp{ 7 Tl ?] X(to) +0O(8t%).  (17)
o0 10 20 30 40 50 6

z(a.u.) In the form given by Eq(16), the construction of2 is dif-
ficult, as the inversion o§ is rather cumbersome, due to the
o e _ _ infinite, continuous character of the ba#is To avoid this
the molecular orbitale' > ando * (solid line) involved in the first  jhyersion, it is preferable to recast H36) into the canonical

(& and secondb) ionization steps of bf for which E=A;, E  form of eigenvalue equation associated with a nonorthogonal
=Aj3, respectively. Note that the wave functions themselves argqig

shown here, not their square moduli. The overlap matrix integral is
evaluated to be 2.6810°° a.u. in(a) and 8.15 10 ?° a.u. in(b). (Ho—E;S)Q,=0, (18)

FIG. 3. Disposition of the Airy function AiE) (dashed lingand

B'E{¢EZ(1,2),|1025(1)1(2”,|1U:'2+(1),TE(2)|} whereQ; is theith column, associated with eigenvalke,
(14)  of the matrixQ. To solve Eq.(18), the general approach
developed by Fang26] for eigenvalue problems involving
will be used. As indicated, a single electronic state, thecontinua can be exploited. Fano’s formulation also allows for
ground state of the neutral species, lit kept in this basis, the successive action of the infinite continuous matr@és
while the two charge-resonant stateﬁr,Hf and IUE?, of andQinEq.(17) to be eva_lu_ated analyti(;ally. However, it is.
H,* define the ionization continua, i.e.. the final states of thd® b€ noted that Fano’s original formulation was expressed in

first ionization process. These states interact with each othé?rms of an orthogonal basis. T_hus, an extension of this for-
_ . ) Hytiora Ho' malism to the present context is needed to account for the
only via the transition dipole momel(ucrg |f|10,? ), and nonorthogonal character of the ba#s

interactions that are generated within the ionized continua by
the electron repulsion potential are completely neglected by

. . B. Diagonalization of the coupling potential matrix:
virtue of the above observation. 9 ping p

Fano representation

lll. TIME EVOLUTION AND FANO REPRESENTATION To simplify the notations, le¢(R), €1(R), andex(R) be
. the Born-Oppenheimer energy of the electronic states in the
A. Split-operator formula minimal basis of Eq(14), Vg the interaction between the

The solution of Eq(9) or Eq. (10) can be obtained nu- ground channek, and the continuung, +E’, W that be-
merically by using any of the existing wave-packet propagatween ey and the continuume,+E’, andVy, the radiative
tion techniques such as the third-order split operator formulénteraction between the two charge resonance states of
[22]. In the present context, the split operator formula givesH,". To manipulate symbolically the matrices in Hg5), a
convention is needed for the ordering of the elements in the
&] 4 i, ] basisB’. The following convention will henceforth be used
exp — 3 S "Hedt

i -
X(tgt+ot)=exp —+ T\l =
Koty p{ N h systematically. The bound statfz';2=|10:21(r:2| will al-

=2
i .St ways be the first element Pf the basis, foIIPwed successively
xexp[ 7 Tl ?]X(to)+o(5t3) (15 by the infinite blockg 10:2 Ag/| and|10'2 Ag /|, the ion-
ized electron’s energig’ ranging continuously from- o to
as a short-time approximation to the solution of Ej0) +o0, in principle. Although this energy, which labels the
evolving from an initial condition described b¥(ty). Cur-  continuum basis states, varies continuously, all infinite ma-
rent applications of this third-order split operator formula aretrices to be found in the following are written in a discrete
restricted to problems involving a finite number of channelsinfinite form, for ease of representation; no discretizations of
[8,32,33. An extension to an infinite matrix case is found in the continua are implied by this convention. Let the elements
the Floquet treatments of laser-driven multichannel molecuin a column of Q (labeled by E) be denoteda(E),
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Be/(E), ve/(E). Then, according to Eq18), they are solu- .
tions of the following system of equations: foa(E)+J dE'[(vg, —ES'¢/)be/(E)
eoa(E)+f dE'[(VE, —ES/g) Be/(E) +(wg, —ES ¢ ce(E)]=Ea(E), (249
+(Wg, —ES};) ve (E)]=Ea(E), (199 (vEr—ES-Er)a(E)+(e_+E’)bEr(E)=EbEf(E),(24b)
(Ver —ESigr)a(E) + (€1 +E") B (E) +Vioye (E) (Weg,—ES,g)a(E)+ (e, +E’)ce/(E)=Ece/ (E),
240
~EBe/(E), (19b (249
where
_ * ’
(WE, ESLE,)a(E)+VlZBEI(E)+(62+ E )'}’E/(E) UErEC(:)%VEr_SinaWEr y WEIECO§WEI+Sin0VEr ,
=EBe/(E), (199 _
S_ErECOSQSlE,—SInﬁSgE, y
satisfying the orthonormalization condition S, o =CO¥S,er +SiNGS,e . 25)

The normalization condition of Eq20) also becomes
a*(E)a(E”)+f dE'[ B¢/ (E)Be/(E") + v£.(E) ye/ (E") 420

+a*(E) B/ (E")Sie +a(E") BL.(E) ST, ai*(E)aj(E”)+f dE'[bl,(E)bje/(E")+Ciz (E)cie (E")
+a* (E) ye/(E") Ser +a(E") vg (E) Sye +a* (E)bje/(E")S ¢ +a;(E")b, (E)S* ¢,
=d(E"—E). (20) +al (E)cie/ (E")Se +8(E")Cl (E) ST /]
=8(E"-E) &y - (26)

To be more precise, anticipating two classes of solutions
distinguished by a subscript=1,2, this orthonormalization

2 It is convenient to define
condition reads
bE'+efzbE’v EE’+E+ECE’7

a (E)aj(E")+ f dE'[Bie (E)Bjer(E")

VE'+e_=UEg’, WE’+E+EWE'1 (27)

+ 92/ (E)¥je (E") +a (E) Bje: (E") Sier

+a;(E") Bl (E)Sig, +af (E) yje (E") Sper
, ; so that the system of equatiof24g, (24b), and (249 as-
+8j(E") ¥jg/(E)Sye 1= 8(E"—E) &; . (21)  sumes the form

S+,E’+5+ES+E’1 S—,E/+57§S—E/!

Since Fano’s formulation assumes uncoupled continua, a f Ik 3N ~% =
. . . . . ! + ,— , , + ,— ,
prediagonalization of the interactiov,, between the two <oa(E) dE'[(ve ~ES g )be(E) + (Wg —ESi )
continua in the above model is required. This is achieved by

defining two new variables associated with the continua XCeg/(E)]=Ea(E), (283
be:(E)=coBe: (E) — sinfye: (E), (22 (Ve —ES_g)a(E)+E'bg (E)=Ebg/(E), (28
. We —ES.g)a(E)+E'Ce/(E)=EC/(E). (28

ce/(E)=sin Be/(E) + coshye (E), (22b) (Wer —ES,g)a(B)+Ece (B)=Ece (B). (289
This is the canonical form considered by Fano, in which the

where 6 is defined by bound-free couplings are corrected by a tefrES, due to
the nonorthogonality of the basis. As shown by Fano, this
cos —sind\[ e, V| cosd  sind B 0 system of equations admits two classes of solutions, which

sind  cosd )(V21 o (—sine cosd :( 0 €+)_ are given by the following: the first class is
a;(E)#0, (293
(23)

- L P ,
In terms of these variables, Eq49a), (19b), and(19¢) can bie (B)=(ve ~ES ¢)) g7 T 2(B)S(E-E )]al(E)’

be written as (29b)
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—~ , ~ (WE! - EﬁS‘iE/)
Cig'(E)=(Wg —ESig/) -+Z(E)o(E—E') ray(E), boe (E)=— ~ > — ~—5, O(E-E),
-E ([ve —ES_g/|*+|Wg: —ES; /[
(299 (32b
where & (E) -5, -ES'.)
CZE'(E == ~ — ~ 6(E_E,)
(Vg —ES_g/[*+|Wg —ES,/[®)"?
E—eo— G(E) (329
2B 5 TES ot e ES.e? 39
[ve el “+[We +el The orthonormalization of the solutions within the first class
according to Eq(26) gives
’{]’r—E’\S’, 12+W1_E§ 72
G(E)zpf aer Ve E|E_|E,E cel” sin ¢
(31) al(E): —~ ~ 2 ~ ~ 2\1/2’ (33)
m([vg—ES_g|“+|Wg—ES;g[%)
P in this last expression indicates the principal value of thewith
integral that follows. In Eqs(29b) and(290), its appearance
indicates formally that any integral involvingeE’) 1 is 7([0e—ES_g|?+ |[Wg—ES. ¢[?)
to be understood in the sense of a principal value. §(E)=—arcta E—c,—G(E) :
The second class is 0
(34)
a,(E)=0, (329 so that
|
(|ve— E§—E|2+ |We— ES )
|ay(E)| 2= . (35)

[E—eo—G(E) 12+ 7X([0g—ES ¢|>+|Weg—ES.¢)?

This relation will be used in the following derivations of the explicit expressions of the wave packets as they are propagated
in time. Within the second class, due to the fact that=0 uniformly, the orthonormalization condition of E¢R6) is
automatically ensured. The two classes of solutions are mutually orthogonal: indeets=Witlndj = 2, the left-hand side of

Eq. (26) gives

S_e(We—ES,p)* —S,e(vg—ES_g)*
([0~ ES_g|*+|[Wg—ES, g|»)"?

—af(E)Z(E)(E-E") o(E—E"),

which equals zero for all values & andE”. It is to be noted that exactly the same form of solutions are found as in Fano’s
original derivations, when the orthonormalization conditions of &4) or of Eq. (26) are imposed, as appropriate for a
nonorthogonal basis. The only important modification to Fano’s solutions for this type of problem is the correction of the
bound-free couplings by the elements of the matrikS.

In summary, the above construction gives the following final expression for the niawixEgs. (16) and (18):

Q=CD, (36)
where
1 0 0 0 0 0 0
coy 0 sing 0
0 coy sing
c=|0 0 coy 0 sing |, (37)
0 —sing 0 coy 0
0 —sing cosd

0 0 —sing O 0
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symbolically represents the prediagonalization of the couplihgdetween the two continua associated with the two charge
+ +
exchange statesd;"’ , 10?2 . The matrixD has the following form:

alE) ... al(E_)_ aZ(E_)_
bkEl( E) blEl(E_) szl(E_)
bye,(E) big,(E)  bog,(E)
D= bkE;(E) blEi(E_) bZEi(E_) ’ (38)
Cice, () C1E1(E_) C2E1(E_)
CkE;(E) ClE'(_) CZE/(E_)

with the elements, (E), bye/ (E), andc,g/(E) given by Eqs(299—(2909 and(328—-(32¢ along with the definitions of Eq.
(27).

IV. WAVE-PACKET PREPARATION AND PROPAGATION

A. General structure

To implement the wave-packet propagation scheme using the split operator formu(d/7Edhe total evolution time is
divided intoN small time slicegt, ,t 1], n=1,...N—1, witht;=0 defining the initial moment. Consider an arbitrary time
slice at the beginning of whiclidenoted byt=t;) all channels are populated, i.e., the initial wave packgiR,t;),
x1e' (R,tg), andy,e (R,tg) are all nonzero. Then, at the end of the slicefy+ 6t, Eq.(17) together with Eqs(36), (37), and
(38) give

Xo(Rto+ 8t)=e~ (1Tnot2 Iaaei(”ﬁ)TlezXo(Ryto)"'J' dE"lap(E")[cospe™ M TN2x (R o)

_Sinee_(i/ﬁ)TN&/ZXZEN(R,to)]+f dE"Iac(E”)[Sil’lﬁe_Wh)TN‘St/z)(lEu(R,to)+Coﬁe_(i/ﬁ)TN&IZXZEu(R,to)] ,

(393

Yier(Roto+ &):e—(i/ﬁ)'}N&/Z{ cosd |ba(E,)e—(i/h)%Nm/z)(O(R’tO)+; fdE”I(b‘g(E’,E”)(cosﬁe‘(”hﬁNm’leEn(R,to)

—singe” (MMTNY2y (R 1))+ % f dE"IM(E’ E")(singe™ (/MTno2) (R to)

+cosge” (1MTNOV2) L (R t0)) | +sing Ica(E’)e’(”ﬁ)TN‘S"ZXO(R,tO)+zk: JdE”I(C'Q(E’,E”)

X (cosge ™ (IMTnd2y L (R to) —singe™ M2y (R to)) + }k‘, f de"I(E’,E")

X (Sineei(i/h)TleleEu( R,to) + Cosgei(i/h)TNﬁtlz)(ZEn( R,to)):| y (Sgb)
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x2e' (R, to+ 6t) = e(”")TN‘M( —sing

X (singe™ MWTNOY2y (R to) +cosge™ 1MTNY2y (R t0))

2151
Iba(E')e*<”*”*N5”2xo(R,to)+2k J dE"ILH(E'E")
><(cosﬁe’“’ﬁﬁN&’leEu(R,to)—Sinee’(”ﬁ)%Na’ZXZE”(R,tO))JrEk: f dE"I(E’,E")
+cosd ICa(Er)e—(i/h)%Natlz)(O(R,to)
+§k: JdE”I(C‘Q(E”,E’)(cosﬂe*(”ﬁ)%Na’ZXlE"(R,tO)—sinee*(”"ﬁN‘s"ZXZE”(R,to))
(390

+ Ek‘, f dE"I(E'E")(singe™ MTnV2y o (R, to) + cospe™ M2y, ( R,to))} ] :

where

Iaa(&):f dE[ay (E)[?e™"ME, (403

oo E",00 = | QBB (E)at (e et = 12,E", - o0,
(40b)

Ica<E",6t>=J dEcien(E)aj (E)e” MWEX =15 (E", - o),
(400
and, fork=1,2

If(E" E", 8t)= f dEbee (E)Cl (E)e™ (MEA
=18 (E"E', - av), (413

Ib(E"E")= f dEbe/(E)be (E)e B, (41hy

G (E"E")= f dEqe (E)cig(E)e "W (410

Egs. (299—-(290), (32a—-(320), and (27) is simplified if the
bound-free coupling matrix elements depend weaklyEon
E"

&('I}IE/—EE,YE/) a(’l‘)"E/—E’-é,’E/)

JE T IE’ ’ 42
(9(\TVE,—E’§+‘E,) a(WEr_E’é_'.'EI)

7E =0= OB . (43

These assumptions are justified for the first ionization pro-
cess in consideration, for which the overlap integi®lsg;

and the matrix elementsg, ,wg: are small[35], in the rel-
evant range of internuclear distand@sand for all values of

E’ lying within a neighborhood ofey>— €. of width T,
where

Eroes2 60+ G(eo)_|r (44)

and

FE/’T(lvE*e__ ES*,E*E_|2
+We_e, “ESi £, [P)|E=¢pr (e (45)

characterize the single pole exhibited by the function
|a,(E)|?, Eq. (35), in the lower complex half plane. The

Only the energy dependence of these integrals was indicatetktailed evaluations of the above integrals under the condi-
in Egs.(398—(390 as this is more relevant than their para- tions defined by Eq942) and(43) and using contour inte-

metric dependence oft, which is exhibited in Eqs(409—

gration technigues can be found in Appendix A. Using Egs.

(410 only to help highlight the symmetry of the integrals (A5), (A12), and(A14), the above expression for the neutral

with respect to pairwise permutations of the indice®

molecule, ground-state channel amplitude, 93, reduces

=a, b, orc. The evaluation of these various integrals usingto
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res,

XO(R1t0+ &):ef(i/h)TNé‘IIZe*(i/h)eo &ef(i/ﬁ)TNé‘t/ZXO(R,to)_i_J dErlef(i/h)TNé‘t/Z[vE”_(Err+ei)siE”]*
X F* ( - 5t| Eo,E”“' E,)[Coye_(i/ﬁ)TN&/leEn(R,to) _Sinae_(i/h)TN&/ZXZEH(R,to)]
+ f dE"e” /MTN V2 \we,— (E"+ €, )S, g ]* F* (— 6t| €9, E"+ €. )[ singe™ /W2y (R 1)

+cogge” MTNOV2y (R t0)]. (463

As to the nuclear amplitudeg.g associated with the ionic channels, it is shown in Appendix B that they reduce to

XlE’(thO+ &): nlE’(thO+ &)+e—(i/ﬁ)E’é‘te—(i/ﬁ)TNé‘t/Z{Coﬁe—(i/h)f,é‘t[cos9e—(i/ﬁ)TNé‘t/2X1E,(R,to)
_Sineef(i/ﬁ)TNé‘t/ZXZE/(R,tO)]}+ ef(i/ﬁ)E'rStef(i/ﬁ)TNé‘tIZ{Sineef(i/h)e+ &[Sinaef(i/h)TNﬁtIZXlE,(R,to)
+cospe” (MMTNO2y (R 1) ]} (46b)

for the ion’s o4 state associated with an electron enegyand
X2E’(R1t0+ &): ﬂzEr(R,t0+ &)+e*(i/h)E’é‘tef(i/h)TNé‘tIZ{_Sineef(i/h)e,&[Coﬁef(i/h)TNﬁtIZXlE,(R,to)
_ Sinee—(i/ﬁ)TNatlz)(ZE,(R,to)]}+ g (iIIm)E' me—(i/h)TNatlz{coage—(i/ﬁ)e+ &[Sinee—(i/h)TNat/leE,(R,to)

+cosﬁe‘(”ﬁﬁN‘MXZEll(R,to)]} (460

for the ion’s o, state associated with an electron eneldy
In Eq. (463,

exp{ — (i/h) €%t} — exp{ — (i/%)(E' + €.) St}

F(&|601E +eL)= EBeS—(E’-i-Ei) (47)
and, in the expressions gk, k=1,2[Egs.(46b and(469], the functionsz,g: are given by
e (Rito+ &):e*“’ﬁﬁwwz{cose[vg—(E'+e_)s_E,]F(at|eo,E'+e_)+sine[wE,—(E'+e+)s+E,]
X F(Ot]eg, E'+ e, )be MMy (R o), (489
oer (Ryto+ ot) =€~ (N2 _sing[y e, — (E' + e )S_g/JF(8t| €9, E' + e )+ cos[We: — (E' +€,)S, g]
XF(5t|eg,E + e, )} e (MTNat2y (Rt ). (48b)

Note that only the wave packet(R,t) associated with the B. Localization of continuum wave packets:

ground state of Klat the previous timé, is involved in the Effective five-channel scheme

composition of these functions. Thus, these functions repre- A close examination of Eq47) shows that, due to the
sent the portions ofe , k=1,2, that, betweem, andt,  presence of the factdrey ™~ (E’ +¢;)] !, whose amplitude
+ 4, are newly promoted from the ground state, and for thiss a Lorentzian-shape function &f localized in a neighbor-
reason will be called source terms. In addition to thesehood of E'=€p+G(e) — ¢ of width T', the function
source termsy,gr, k=1,2 also contain terms representing F(6t|eo,E'+¢) is also localized in this region. As a con-
the motions of previously promoted wave-packet portions orsequence, for a given internuclear distaRgehe amplitudes
the couplede; and €, surfaces. Likewise the wave packet 5., and 7,g, acquire appreciable values in the neighbor-
associated with the ground channel at titest consists of  hood of two resonance energies only, namé&y=A _ and

a term involvinge™ /M0 which, with €= e,+G(e) E'=A., where

—iI", denotes the continuous depopulation of the ground

state, and a set of terms representing the back transfer of A_(R)=€p+G(ep) — €, (493
population from the continuum of ionized channels to this

state. A (R)=¢;+G(eg)—€, . (49b)
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0.0

. R Hy+e~ (E'=0)
H,te—(E'= 4%)

FIG. 4. Dressing of the adiabatic PESs,
and e, , of H,™ by two different energie&’ of
the first ionized electronE’ = e5— € =A°® and
E'=e;—€5=A%. Dashed arrows indicate
bound-free couplings. Dotted arrows indicate
population exchanges between the two ionic con-
tinua.

Energy (a.u.)

0 3 6 9 12 0 3 6 9 12 0 3 6 9 12
Internuclear distance (a.u.)

These are the energies at which the interactions of the eleavith

tronic ground state of the neutral molecule with the two ion-

ization continua are resonant. Due to the interactignbe-

tween the two continua, an interaction that was

prediagonalized by the matr, a resonant transfer of popu- 6A;=max|A;(R)|— min|A;(R)]. (52)
lation from the ground manifold to one of the continua nec- ReDo ReDo

essarily populates the other continuum so that each of thgince this spread is typically of the same order of magnitude

continuum amplitudesy,g: and n,g/, is localized at both T ; .
resonant energy positions. This effect is illustrated schematf> 2 ground-state vibrational energy differeniey is ex

e .

cally in Fig. 4. AsR is made to vary within the spredal, of pected to be much s_maIIer th&ﬁ._ €_; l.e., the two reso-
Xo, the initial vibrational state of the ground-state neutral@nces can b_e cons_ldered well |so|ated_ from each oth_er.
molecule, these resonant energy positions, and the Wigth Due to their localized character, a S|mp_ler expression of
also vary. Therefore, it is more appropriate to describe théhe source termsy g and 7,¢; ’,Caf‘ be qbt_auned, _for values
distribution of the continuum amplitudes as being localize f,ﬁhe |on|zgd electron enerdy lying within the intervals
about resonant energy position§;=eg+G(ep) — €}, j= Aj—Ter,Aj+Teq] by noting that for

+,—, defined at a fixed nuclear configuratid®=R,, say,

with an effective widthT".; that encompasses the spread

0A; of the resonant energiels;= €y + G(€p) — €; with vary-

ing R, and can be defined by St<<(hlT) (52
Feg=maxsA;+T, (50) it is convenient to rewrite the functioR (6t e, E' +¢) in
j== the following way:

|:(5t| e 1 e—(i/h)e{f"s&t(l_e—(i/h)(E/+ej—eges)at) (1_e(i/h)(E/+sj—e{,es)at)e—<i/h)(E/+ej>5t
€p, €)=~ -
0 1772 e —(E'+¢) e —(E' +¢)

1 [e UM (i/A)(E +e—eSIt]  [(i/A)(E'+e— e st]e (/ME T
= +
eges—(E’+ej) eBes—(E’—FEj)

res

imyessy] (CHURY(E + €= 59207 (i/h)(E' + €= ef) 2ot
+e €0 _

e—(i/ﬁ)(E’+ej—ege%at
6665_(EI+€j) 66es_(E/+6j)

+0(6t%),
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|eId|ng i : res : '
F(&|EO,E'+GJ)2— % a«t(ef(llh)eo §t+ef(|/fi){E +ej}b‘t)

F(é‘t|eO,E’+ej)= _;L_ &(e—(i/h)e[)esa:+e—(i/h){E’+ej}at)

XO(E'—A|T), (55)
+0(t3) (53
for all E' e[eo+G(eo)— €~ T, 0+ G(eo) — €+ '], while given that the _time scale over wh_ich the_split-operator for-
F is virtually zero outside this interval. Introducing mula, Eq.(15), is convergent certainly satisfies E§2). In
the light of the above discussion concerning the variation of
O(x|a)= 1, xe[-a,a] (54) the Feschbach resonances’ positions and widths Rijtthe
=10, xe[—a,a] above expression of the functidhy Eq. (55), can be modi-

fied by replacingd;(R) by Af and theR-dependent width’

the functionF(ét|eg,E' +¢;) can thus be rewritten in the by Torr. Then, Eqs(489 and (48b) can be written as

form

St - . —
e (Ritg+ 8=~ 5 e (TN — (E' +e_)S_g Jcosp[e™ (/Mes o4 g~ (1)E"+e )09 (E' — A® |Ty)

+[We — (E'+€,)S, g/ ]sing[e~ (/M0 0 g (1(E" +e)at) g (7 — A8 |T o) be™ (/M TN2y (R t0)

+0(6t%), (568

8t . - . res . ’
726/ (Rito+ 8t = —i — e WTNY2l Ty —(E'+€_)S_g/]sing[ e /M)eo oty g~ (MIE ) (E" — A® |T o)

+[Wer—(E'+€,)S, prJcosp[ @ (10 0 @~ (IME"+ e Q(E' — A% [T }e~ (MTNYZy (R o)
+0(6t%). (56b)

Given the localization of these source terms, as described by tfector, the variableE’ in [vg,—(E'+€_)S_g/] and
[we:—(E'+€,)S,e] in Egs. (568 and (56b) may be replaced b}, j=— or +, and €5 =e€g+G(€p)—iT in the
exp{—(i/h)ey st} factor may be replaced b’ +¢€;—il. This gives, up to ordest?,

e (Rtg+ st)=e ME NG (E' — A% |Tey) 71 (Ritg+ 8+ O(E' — A% |Ter) 75 (R to+ o1)}, (57a
Maer (Rito+ 8t)=e” MENO(E —A®|To) 7; (Rto+ 8t) + O(E' = A% |Teq) 73 (Rito+ o)}, (57b
with
- . ot — (i) Ty 8t/2 / COF|  _ rimat —(ilh)e_ St o—(ilB) Ty U2
7]1(2)(R,t0+5t):|ﬁe N Tve —(E'+€.)S g/llgrace _sing) (€ +1)e ~7e N Xo(R,to),
(583
sing

cos ) (e— F/ﬁé‘t_’_ 1)8_(i/h)5+ é‘te—(i/h)TNé‘t/ZXO(R'to).

(58b)

8t ,
12 (Ritg+ ot) =i >7 © (RN e, — (B +f+)S+E']|E'A§(

A noteworthy feature of the final expression, E(sra and(57b) of the source terms, g, k=1,2, is the separation of the

E’ andR variables. Within each energy band centered at a resonance exferge variousy,g , corresponding to different
values ofE’, depend orE’ only through a separate phase factor{exfy/#)E’ &}, and share the sanfiedependence described

by the functionn, (R,t). It turns out that this type of factorization characterizes the wave pagkgetst all times if the initial
conditions correspond to the experimental situation, i.eyif (R,0)=0, for all E’ andk=1,2, while xo(R,0)=¢2(R), a
vibrational eigenstate of the neutral molecule ground state. To see this, note first that this factorization certainlytholds at
= 4t, i.e., at the end of the first time slice since with the above initial condjigh= 7,/ at this time. It suffices then to show

that if this factorization holds at=ty, then it also holds at=ty+ ét. Indeed substituting the form assumed for

xke' (Rto),

X12e(Rito)= e (ME(O(E' —A® ITei) x1(2)(Rito) + O(E— Ai|Feﬁ)XI(2)(R,tO)}, (59)
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into Eqs.(46a, (46b), and(46¢), and carrying out the prescribed integrations ok&rwithin the same approximations as in
Egs.(42) and(43), the following final expressions are obtained:

XO(R’tO+5t):e—(i/ﬁ):l'Né*t/Ze—(i/ﬁ)[eo+G(eo)—iF]&te—(i/ﬁ)'}N&/ZXO(R’tO)’ (603
X12e (Rito+ o) =~ (ME o 30(Q (E' — A®|T o) 15 (Rito+ ) + O(E' = A [Tei) X112 (R Lo+ 81)}, (60D

where they, (R,to+ 6t)’s are

X1 (Rttt} e 95 (Rtg+at) i . 6t cos  sing|[e-(iieat 0
* =e'fzlo = texp -7 T i —(ilh)e, st
X2 (Rto+ 6t) 75 (R, tg+ ot) f 2|\ —sind cos 0 e +
cos —sind i~ ot Xf(R,to))
X\ . - Tn5(l . = , 61
(sme cod )exp[ hoN 2]<X2(R,to) 61
|

with initial conditions given byy, (R,0)=0, k=1,2. sponds to the beginning of the laser pulse. At this initial

Equation (60b) confirms that the factorized structure of moment, only the neutral molecule ground state, kg,,is
the ionized continuum amplitudes is preserved at all times spopulated andy,(R,0) is the vibrational eigenfunction
that the original problem, which involves an infinite number =0 of H,, while y,g (R,0) are identically zero. Eq$603),
of coupled channels, is reduced to an effective five-channegleob), (61), (58a, and (58b) evaluated withty=t,=0 then
problem: only five functiong, x7 , andy, defined recur- give the wave packet dat= st=t,, i.e., at the beginning of
sively by Eqgs.(609—(61) need be calculated to obtain the the second time slice. These are used in the next cycle to
full wave-packet description of the system during any stagejive xo, x , hencey,g: , att=t;. This is repeated until the
of the ionization process. Within each ionized-electron en4aser pulse is over.
ergy band, the spatial factgr, of x.e given by Eq.(61) Results reported below pertaining to the study of step 2
consists of two terms: the source temi analyzed above alone in Fig. 1 are obtained by wave-packet propagation on
and a term denoting the further propagation of the previouslyhe two coupled manifolds of the ionic species only. In this
promoted part of the continuum wave packets on the ionizedase, the initial wave packet is tle=0 vibrational state of
state PES’s. Note that the final expression fgrno longer the ground-state neutral species, considered to be vertically
contains a set of terms denoting the back transfer of populgsromoted on thezzg ground manifold of H* at time't
tion from the ionized continuum to the neutral ground state;=0. This simpler wave-packet propagation study employs
in the approximations made here, E¢42) and (43), the  the usual implementation of the split-operator formula for
ground-state population is transfered irreversibly to the iontwo coupled channels.
ized continuum. In the context of this wave-packet propaga- At all stages of any wave-packet propagation procedure,
tion scheme for the nuclear dynamics accompanying a tunnehe actions of the exponential operators involving the nuclear
ionization process, the reduction of the problem to an effeckinetic energy are evaluated in the momentum representation
tive five-channel problem reflects the well-known on-the-while those of the operators that depend only on the potential
energy shell transition hypothesis originally introduced bymatrix elements are evaluated in the coordinate representa-
Fano, which rests upon the same kind of approximationsion. Passage from the coordinate representation to the mo-
made here, Eqsi42) and (43). Insofar as the bound-free mentum representation is achieved using a fast Fourier trans-
coupling matrix elements are weak as is the case for the firgbrm procedure.
ionization of H, in the neighborhood of the neutral ground-  When the wave-packet propagation is carried out over a
state equilibrium geometr{85], this hypothesis of on-the- time that is long as compared to the typical time scale for
energy shell transition is well justified and the wave-packetarge amplitude nuclear motions in the coupled channels of
dynamics are accurately represented by the above recurrengee ionized species, wave-packet extension over a large re-

formulas, Eqs(60a), (60b), and(61). gion of space may require an unpractically large spatial grid.
To avoid this, a procedure is employed to split the excited
V. NUMERICAL CALCULATIONS manifold’s wave functjons(,; (or xi simply, in the study 'of
_ step 2 along k=1,2, into two parts: an outer part defined
A. Algorithm over the asymptotic region of the ionized state PES'snd

With the above results, the wave-packet description of thee2, Where the contributions of the source terrs are zero,
tunnel ionization of H has become completely tractable. and an inner part associated with the region of space where
Eqgs.(608 and(60b) used recursively together with Eq61)  the Hellmann-Feynman forces derived from the PES's are
and Eqs(58a and(58b) give an algorithm for the numerical nonzero and where the wave packats are numerically
wave-packet preparation and propagation during the continlsomposed and propagated by actually using E&b. In the
ous tunnel ionization of K As mentioned previously, the outer region, the asymptotic laser-driven dynamics of the
total duration of the laser pulse is divided into short timewave packetg, can be related to an equivalent laser-driven
slices [t,,t 1] with t,=(n—1)ét so thatt;=0 corre- free-particle dynamics problem and can be described analyti-
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TABLE I. Molecular parameters used for the evaluation of potential-energy surfaces and transition momgahahHy*.

Potential D, (V) B (agh) R. (ao) t A (eV)
eo(R) 4.7484 1.03 1.4 1.0 13.606
e1(R) 2.7925 0.72 2.0 1.0 0
e(R) 2.7925 0.72 2.0 —-1.11 0

Transition moment n(eag) un'(e) y
V1oR) 1.07 0.396 —0.055

cally. This splitting procedure that permits the analytical goe—(t—trise)z for <t

propagation of asymptotic wave packets was originally de-
veloped by Heather and Metil86] and later adapted by )
Keller [37] to the case of k", where the asymptotic wave Eoe~ (172N tisd”  for 20T <t=<t1200 fs,

packets are coupled together by a linear transition dipole (66)

moment. It is used here to circumvent the need to use afim ¢ —7fs. In the study of step 2 alone where the wave-

|mpract|cal, large spatial grid tha’g would otherwise be "€-hacket propagation is restricted to the two electronic mani-

quired to represent the large-amplitude wave-packet motiong, s of H,*, f(t) is considered constant(t)=_&, for all

and also to obtain the kinetic energy distribution of d|ssom—t and various values of the phase stiftorrespond to dif-

ated fragments. To this end, a relative momentum dlstrlbuferent delays in time between the moment the initial wave

tion is extracted from the Fourier transforms of the - +

asymptotic parts of the wave packets and is then converted acket is prepared on th@g surfap e and the onset of the
ymptotic p . > packe L eld. For example, withd=0, the initial wave-packet prepa-

an equivalent normalized distribution for the kinetic eNergy _+on oceurs at péak inten’sity whereas with /2. it oc-

of a single H' fragment viewed in the center-of-mass frame. ., < when the field is zero. This procedure was initially used

_ _ to demonstrate the sensitivity of the wave-packet dynamics
B. Computational details during step 2 with respect to the initial conditions. A fixed
1. Model parameters value for the amplitudeg, is used in all the calculations

Th di ional potential ¢ for th reported below and corresponds to a fixed value of the field
€ one-dimensional potential-energy sSurtaces 1or th€ rog,ie ity | =5% 1013 W/c?.  The matrix elementsv g/

. 1 + .
ftatlonless neutral mzoleiculﬁ 29 ground state and the ion- —(E'+€.)S g and wg —(E'+¢€,)S,g defining the
ized molecule’S. ', X states are modeled by Morse func- hoynd-free coupling in the present Feshbach model for the
tions[38] tunnel ionization of H are evaluated on the corresponding
_ energy shell. Thu€'=A® for vg,—(E'+€_)S_g/, while
i(R)=Dg{exd —2Bi(R—Ry)]—2tiexg — Bi(R—Re,
€(R)=Do{exr — 25( o)1= 2texd — Al oI} E'=AS for wg,—(E'+€,)S,g/, andvg: and wg, are
—-A, (i=0, 1, or 2 (62  given by Eqs.(25). The determination of these matrix ele-
ments requires the calculation of matrix elements of the
and the transition dipole moment between the two states afingle electron dipole moment operatobetween the &:2

f(t): 50 fOI’ trise<tS20T|_

H," is modeled by orbital of H, and the ionized electron wave functiofg or
H2Jr +. i -
w (' 1B8y){1—exd — By(R—Ry)]} the 1o, .o-f H,™; see Eqs(ng) and(13b). U.smg the well -
wiA(R)= for R<12 a.u. 63) known minimal basis expression of the orbitals and the Airy

approximation to the time-dependent wave functidg,
these matrix elements, as well as the overlap integrals

<10':2|AE>, are calculated by numerical integration; the in-

R/2 for R>12 a.u.

The laser fieldf(t) yields an interaction between the two

states that is given by tegrals are restricted to the electronic dimension parallel to
the field polarization. Because of the restriction of these in-
Vo= fige &(1). (64) tegrals to this single dimension and the use of the simple

Airy function to representdg , which, more correctly, should

The relevant parameters definieg, €; , €, according to Eq.  be constructed as Airy-Coulomb waves, the amplitude of the
(62) and w1, according to Eq(63) are given in Table I. The bound-free coupling matrix elements is underestimated,

laser electric fieldé(t) is polarized along the internuclear yielding ionization rates that are Ipwer thgn predic;ed_ by_the
axis and its amplitude is given by standard ADK expression for vertical static tunnel ionization

[14,39. Figure 5 compares the vertical ionization r&tg,,

E(t)=f(t)cod wt+ &), (65)  associated with the present formalism with the ratg>"

predicted by ADK theory as a function of the field intensity.
wherew=27/T_, T =35.65fs, corresponding to a carrier Within the present formalism, this rate is estimated by
wavelength of 10.um. In the full calculations including the N
first ionization step, the phase shiftin this expression is _ =i _ g ey
. L Wion(1) 1-—ex dt’ I'(t') |,

zero, and the envelope functidit) is given by To 0
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10‘;0‘3 o7 et electron energy. These wave packets are taken at four times within
Intensity (W/cm ) the 19th optical cycle:(@ t=193T,, (b) t=193T,, (c) t

FIG. 5. lonization rates of Has a function of the field intensity, :19_‘%1-'- ! (d) t=20T, . The insets show the cgrrespondmg _results
calculated using the present formaligsolid line) and the ADK obtal_ned mthg study of step 2 alone at these tlmt_as. T_he initial wave
theory (dashed ling The rates are evaluated at the equilibrium function used n the insets correspond_s tpqueo V|brat|onal_staFe
internuclear distance and the field has a wavelength of Lth6 ,Of the electronic ground state 0f2HTh'S initial wave functlgn IS

instantly promoted on the ground ionic channel when the field is at
wherel®(t') is the instantaneous width defined by E45) ' Peak intensity; this corresponds -0 in Eq. (65).
e b oo o el S Space P ~208¢10 A 1. o the umeral s

X ion lon = ) . lation of the one-dimensional electronic integrals needed in
This reflects the approximations made in the evaluation o orming the bound-free “on-the-energy-shell” matrix ele-
the bound-free coupling matrix elements as detailed above;hentS ve —(E'+e)S g and We—(E'+€,)S, e/, a

However, the phases of the wave packets continuously pro-

moted on the excited channels by tunnel ionization are exgrld containing 800 points and extending from=

ected to be weakly affected by these approximations as caﬁ4'232 A toz=4.232 A is used. Since the wave function
b y y pp is peaked at the equilibrium internuclear distance of the

be seen by analyzing the structures of the recurrence formu<® tral moleculeR=0.79 A dsi i tial
las of Egs.(60a), (60b), and(61). Insofar as the main object nmeatjinrs Smmc;ﬁg:' teha_l A at éﬁ?imzlsm?h:asrzg?ri;? erlzrr]r?een':g
of our study is the effect that the continuous tunnel ioniza- ’

tion can have on the wave-packet dynamics, the errors madie’ —(E'+€)S g/ and wg, —(E'+€,)S, g were not

in estimating the amplitude of the bound-free matrix ele-€valuated foR larger than 6.348 A.

ments are inconsequential. In principle, d4g varies with

time andR, the bound-free coupling matrix elements must C. Results

be recalculated at each time step. These calculations thus T4 discuss the results of the wave-packet propagations

constitute the time-consuming part of the entire wave-packefsing the present algorithm, which allows for the complete

propagation scheme. inclusion of the tunnel ionization step, it is useful to show
these results in parallel with those of the separate, strictly
two-state study of the second step of Fig. 1. Figure 6 shows
The time stepst onto which the total evolution time must the wave packets associated with the adiabatic charnels
be divided is governed by the smallest of the two naturabf the ionized H* species for a valug’ =A*® of the ionized
time scales of the problem: the typical vibrational period ofelectron energy. Wave packets associated with the higher-
H," and the period of the field. The latter is important sinceenergy bandg’=A® , are found to be of much smaller am-
a quasistatic picture is implicit in the construction of the plitudes. The wave packets of Fig. 6 are taken at four typical
basisB of Eq. (6). Thus st must be such that the amplitude phases of the field oscillations within the 19th optical cycle.
of the laser electric field varies little on this time scale. With To facilitate viewing them together with the adiabatic poten-
ot=0.05fs, this condition is well satisfied and the lasertial changes, these wave packets have been renormalized to
pulsewidth encompasses more than 20 000 time steps.  the total ionized-state population. Also reproduced in the in-
The wave packet, and the internal parts of the compo- sets, to be found in each panel of this figure, (@ealuated at
nentsy; , x, are discretized on a spatial grid containing the same moments of tim¢he wave packets that were ob-
1024 points covering the intervalO,R.] With R tained in the study of step 2 alone fé=0 in Eq. (65).
=30 A; thus the spatial grid size 8R=2.93x10 2 A and  Recall that these evolved from the same initial wave function
that of the corresponding grid in the reciprocal momentundescribed above, denoting the ground vibrational state of the

2. Temporal and spatial grids
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neutral parent. However, here, this initial wave packet is con- 2.0%10 ™
sidered to be instantly promoted on the ground ionic channel
as the field is at its peak intensity. The results of the full

. . L 1.5X10714
calculations, where the continuous tunnel ionization is prop-
erly included, indicate a pronounced nonadiabatic character
of the wave-packet dynamics, while these dynamics are adia- 3 , ;04|

Probability

batic in the study of step 2 alone. Indeed, in this study of step
2 alone, a single wave packet is associated with the lower
adiabatic channel at all times. In fact, this is the case for all s.0x10™ |
other values of§ considered. In contrast, the present com-
plete calculations show that the upper channel is occasion-
ally populated. If the dynamics were adiabatic, then any 0.0X10°%
wave-packet portion previously promoted on this channel 10
would stay on this channel forever. The periodic disappear-
ance of the wave packet associated with the upper adiabatic
PES indicates that an appreciable nonadiabatic population
transfer occurs between the two adiabatic states of the ion. It
is also interesting to note that the centers of the wave packets
exhibit dynamics that are synchronized with the field oscil-
lations in a manner that is opposite to what is observed in the
case of the step 2 alone with=0. While the motions of the
wave packets shown in the insets are synchronized such that 02|
only small portions of the wave packets can escape from the
potential well of the lower adiabatic channel, the wave- 0.0 : : : ] ‘
packet dynamics observed in the complete calculation ° 2000 Tooe Ta;zo((:.)u.) 20000 Et00 30000
(step I+step 2) appear to offer more favorable conditions
for the dissociation of the ion. Whether this is actually the FIG. 7. (a) Absolute total populatiorR3es, 4 associated with the
case or not will become clear in the further discussion to beibrational states of b (b) Renormalized total populatioRpo ng
found below. associated with the vibrational states of'Hsolid line) and local-
Figure 7 shows, as a function of time, the total populationized populationP . (dashed ling This results forPyeynq from the
associated with the bound vibrational stajieéH,")) of the stqdy (_)f step 2 alone are reproduced for four values of the phase
ionic species. In pandk), this population is shown in abso- Shift 8in Eq. (65, 6=0, w/4, m/3, andm/2.
lute form and is given by

0.8

Probability
o
>

o
»

are zero, and may be somewhat misleading as it appears to
abs 3 N ) start from an unphysical value close to unity: in this respect,
Phoond 1) =2 [(v(H,")[xa())2. (67) it is important to keep in mind tha@p.,,qis the probability
0 that the ion,once formedstays within the manifold of its
It is, however, more instructive and meaningful to consider dield-free vibrational bound states. .

bound-state populatioR,,,,qrenormalized to the total popu-  Also shown in Fig. Tb) (dashed lingis a localized popu-
lation of the ionic states. This is shown in the pafi®l of  lation defined by
Fig. 7, and is defined by R
Jo™Mx(R,H)|?dR

Zul(o(H)a(O) - i) = a0 + O xa0)

(O xa(0) + (x2(H)  x2()

whereR.,— 12 a.u. so that the range of the integral in Eq.
In the above definitions, the wave packets and x, are  (69) encompasses the supports of all the bound vibrational
supported by the two charge-resonant states of the ion assgmtes. For comparison, a set of correspond®gg,.{t) re-
ciated with a given value of the ionized electron energy, andsyits obtained in the two-state, study of step 2 alone With
the vibrational statesv(H,")) are defined as the bound —0, 7/4, 7/3, and/2 is shown in the same panel of Fig. 7.
eigenstates of the Morse oscillator associated with then this case, the graph @#,,,qexhibits two distinct decay
ground state of the ion, E62). In the study of step 2 alone, regimes: an initial fast decay occurring within a few optical
there is no distinction betweePy, ,qand Pioangsince then,  cycles of the IR laser field, followed by a much slower de-
(xa(®)xa(t)) +{x2(t)|x2(t))=1. In contrast, in the com- cay, which, for the same pulse duration, leads to a final pla-
plete study, the total conserved population includes that ofeau in the bound-state population ranging from 16% for a
the neutral species’ ground state. Thus, in this case, thghase shifts= /2 to 65% for a zero phase shift. In the case
complement of the relative bound-state populat®g,,.q of §=0, the synchronization between the field oscillations,
represents the probability that the ion is in a dissociativevhich govern the time variation of the adiabatic potentials
continuum whereas the complementRf> ;is dominated e, ,e_, and the nuclear motion is such as to give the largest
by the neutral ground-state population. For this reason, it ibound components in the wave packgt This denotes an
more meaningful to analyzBy,,qthan ngfmd although the important stabilization of the ion with respect to dissociation.

former is not defined at=0 when the ionic state populations With the tunnel ionization operating continuously, the

(69

Pboundt) =
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bound-state population tends to remain larger at all timeswhere v%Yt) is the proper rate of dissociation of,H,
attaining a final value exceeding 70% at the end of the pulse:'°(t) represents the rate of change in the localized popula-
This appears to be most surprising since the observatiortfon (normalized to the total ionic populatinra change that
concerning the synchronization of the wave-packet dynamicaccounts for the continuous ionization of,Fandv(t) rep-
with respect to the field oscillations, made above, suggest thesents the rate of population transfer between the bound
contrary, i.e., that the ion would be less stabilized. Howeverstates and the dissociative continuum. This last quantity,
the observed higher plateau ff,,,,qcan be partially under- "(t), is positive when the transfer is from the continuum
stood by noting that the continuous tunnel ionization tends tatates to the bound states and negative for a transfer in the
create, at the beginning of each time slice, new wave-packefpposite direction. On the other hand, by definitiofi$*and
components that are localized in the internal region associ'°° are always positive. Hence, Ef.0a implies
ated with the bound states. Note th&y,,,q €xhibits oscilla-
tions that are in-phase with those of the field and that, when dPioc
the field attains its peak intensit,,,,qand P, are equal Codt
and Py,nq is at a local maximum, which agrees with the _
above interpretation. The oscillations R,,,,qare also ob- for all t. At a timet=t, lying within the time interval asso-
served in the case of step 2 alone. However, in the case oiated with one of the dips exhibited both 4,4 @and
the complete study, including continuous ionization, they areP o in Fig. 7(b), localized population is being transferred
much more pronounced and are characterized by dips th&tom the bound states to the dissociation continuum, so that
are particularly pronounced during the first optical cycles. .
These reflect the fast, initial decay regime, which is clearly v'=<0. (72)
delineated in the two-state results of step 2 alone and is her —
quickly compensated for by the continuous population translgurthermore, ift, is chosen such th440]
fer from the neutral ground state. The dips come from the loc/t 3\ —

o . . : vty =0 (733
repetition of this decay after each population byrsaxima
in Phound OCCUITing at peak intensity. On the other hand, theor, less stringently, such that
localized population varies more smoothly and the dips it o o
exhibits at short times are much shallower than those of the 0'%%(t) <|o"(ty)] (73b)
bound-state population. This indicates that the wave packets
contain a part lying in the dissociative continua of the two-then(70b) gives
state ionic species and that is nevertheless localized within

<p9t) (71

. : . dP — _ — R
the range of the attractive grou'nd—state'potennal at QII times. _% _zvdISS(tn)_[vtr(tn) +0'o%(t,) 1= 09t
Does this effect occur concomitantly with a larger dissocia- t 0
tion probability of the ion as suggested at first sight by the (74)

wave-packet dynamics shown in Fig. 6? In this respect, it is

interesting to note that if one follows closely the wave- Thus, the slopes of the dips exhibited By, and Ppoungin
packet portions found, in the full calculation, in the vicinity Fig. 7(b) provide upper and lower bounds for the dissocia-
of the potential gap when this is widely opened at thoseion ratev %{t,,) evaluated right after each burst in the popu-
moments the field amplitude is at a maximum, then it turndation of the ionic channels

out that these wave-packet portions tend to be reflected back

towards the inner region at a later time instead of proceeding _diloc
towards the dissociative limit. This is seen by comparing Fig. dt =
6(b) to Fig. 6c). However, it is hazardous to assess in this "
manner the dissociative or nondissociative character of thgne dissociation rate estimated in this manner is to be com-
wave packets obtained in the presence of continuous i0Nizasa.aq  with the initial dissociation ratevg{zzz(O)z

tion as compared to those observed in the study of step 2 dPyound/dtli_o, evaluated at=0, i.e., at the beginning of

a!one, pr(_acisely because the Continuous. ioniz.at.ion alwaytshe propagation, for the calculation of step 2 alone with the

gives a bias towards a much larger nondissociative popul Shases=0. It is found that the values of dPpgung/dt|7

tion. A reliable, unbiased assessment of the dissociation rate o . . - pound Tty
btained within the dips exhibited B¥,,,nqin the results of

in the presence of the continuous ionization can be obtaine tull calculat | h he di o
by measuring the slopes of the dips exhibitedPigungor e uo cla (;u "’;t'?r:" arle esbsdists a(r)l the 'Sstohc'at'ton, rate
P .. after each maximum reached in Figby, as these slopes Ustepd0)- In fact, the value obge; {0) is more than twice
furnish upper and lower bounds for the dissociation ratethe average value of dPyound/dt|y , as

This can be seen by invoking the followinpenomenologi-

I:)boun

dt

(79

$vdiSS(t_n) <

th

cal rate equations: vg{?fp {0)=2.659x 10 * (a.u) !,
dP
dP - _ — bound _ —4 -1
d'I:OC:_UdISS(t)+UIOC(t), (703 < dt E?t> 1.005x 10 (a..u.) .
dp These estimates indicate at least that no increase in the dis-
bound_ — 95 t) + 9% t) + (1), (70b) sociation rate accompanies the wave-packet localization due

dt to the continuous ionization. It is in this sense that, with
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10F ' ‘ ' ] single, prominent, narrow peak centered at approximately
(a) 0.9 eV (per fragment which may be associated with the fast

05 ] dissociative component of the wave packets newly promoted
onto the ionic channels each time the field attains its maxi-
00 . . mum amplitude. In addition, a set of well-defined peaks is

‘ ' found at low energies in all these spectra and may be due to
(b) leakage of a portion of the wave packet trapped in the well of
the lower adiabatic potential. Once the pulse is over, panel

s
o
T

o4
o
)

m (e), a large number of new lines emerge. These lines can
-‘é’ ?g - : s = : only come from a relaxation of those parts of the wave pack-
S5° (c) ets that belong to_the _dissociation contir_1uum and that were
_e' 0s trapped, i.e., localized in the internal region, by the fluctuat-
8 ing electric field. This interpretation is consistent with the
W, . N fact that, in the two-state study of step 2 alone, the kinetic
a 1ol ] energy spectrum of the fragments retains its form after the
(d) pulse is over while the bound-state and localized populations
05 ] defined above are indistinguishable at all times.
Previous experiments on the dissociative ionization of
00 bos e H, under a 10.6um laser pulse gave a typical spectrum that,
10 ' ' ' 1 within the resolution then attainable, was interpreted as a
T Ihi (e) wide distribution of the proton kinetic energy about a single
0.5

] nominal value. The range of this peak value, as observed
over 100 laser shots &t=5x 10" W/cn? [12], is indicated

oo o - T 20 by the pair Io;‘ arrows Ii(r_l panele) of Fig. 8. Thehtypical y

experimental fragment kinetic energy spectrum, thus consid-

Energy (eV/fragment) ered monoenergetic, was rationalized in terms of the com-

FIG. 8. Kinetic energy spectra of the dissociated fragments of)lete Coulomb explosion of 4 In comparison, the Cal(.;u' .
H,* in the center-of-mass frame féa) t= 17T, , (b) t=18T, , (c) ated spectrum covers a _Iarger range of frag_ment kinetic
t=19T, , (d) t=20T,, (&) t=t;=1200fs. In panele), the arrows  ENergies and is characterized by a complex line structure.

indicate the range of the experimentally observed kinetic energie€W experimental developments have been brought to our
of the H' fragments. attention[41], in which refined experimental methodologies
allowed higher-resolution proton kinetic energy spectra to be

respect to the dissociation of the ion, there seems to be @Ptained. Preliminary resulistl] of this new experimental

stabilization above and beyond that observed in the study QFOTK reveal structured spectra that cover the entire range of
step 2 alone. kinetic energies illustrated in Fig. 8. Meanwhile, the analysis

A final, noteworthy observation is that the wave-packetOf the structures observed in the experimental and theoretical

localization effect appears to be correlated with the nonadiaSPECtra is being made and an interpretation of these struc-
batic dynamics illustrated in Fig. 6. The wave packet Sup_tures in terms of a Floquet picture is being examined. This
ported by the upper adiabatic chanrel at peak intensity work_ is planned for fu_ture publ_lcat|on. The present results,
[panels(b) and (d) of Fig. 6] lies within the dissociative obta!ned from calculations t_hat mplgde only step 1 and step 2
continua of the ion as viewed in the diabatic, field-free rep—Off'g' 1, show that the dissociation of,H can produce
resentation. As the field amplitude decreases toward zerd! fragments with kinetic energies in the experimental range

this wave packet is transferred back to the lower adiabati®/ithout the further ionization of bi". However, since step 3
potentiale_ before it has time to move toward larger inter- has not been included in the calculation, its relevance in the

nuclear distances. interpretation of the experimental spectra, as suggested by
In summary, a localized, trapped component of the wavdhe complete Coulomb explosion picture of Fig. 1, has yet to

packet is found in the dissociative continua of Hat all P& established.

times and reflects the continuous population transfer from

the ngutral grpund_ state to the ioniq chann_els. No enhance- VI. SUMMARY AND CONCLUSIONS

ment in the dissociation rate of the ion, which would effec-

tively result from this continuous population transfer, is ob-  Electron tunneling processes corresponding to the succes-

served. sive ionizations of Hinduced by an intense low-frequency
The existence of a trapped continuum component in thdield have been expressed in terms of field-free BO PES's.

wave packets is further corroborated by the spectra in Fig. 8To achieve this goal, a projection of the new time-dependent

which show how the distribution of the kinetic energy of the adiabatic electronic states associated with the distorted Cou-

dissociation products evolve in time. In par@), a stable lomb potential, the electron-nuclei potential, plus the instan-

structure of this spectrum starts to emerge after 17 opticalbneous radiative interaction potential onto the field-free

cycles, and this structure, consisting notably of a set of highstates is needed. This is done by using the time-dependent

energy lines in the region 0.6—1.2 dWer fragmentis pre-  electronic basis defined by E(f). Essentially, the construc-

served thereafter during the action of the laser field, panelfon of this basis amounts to recognizing that electrons ion-

(b)—(d). Especially noticeable in panelg) and (d) is a ized during the action of the laser pulse are not free but
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continue to feel the driving force of the field. By treating the sjon of H, has been studied. The dynamics of the ion under
ionized electrons in this manner while the bound ones areénhe influence of the continuous ionization process are less
still described by field-free BO electronic states, an asymmeadiabatic than those observed in the case of sudden ioniza-
try is introduced in the theory. This asymmetry is preciselytion, step 2 alone. In addition, continuous ionization appears
what is needed to allow for a discussion of the tunnel ionto temporarily give a trapped, i.e., a spatially localized wave-
ization processes in terms of field-free electronic states. Dupacket component belonging to the dissociative continuum,
to its interaction with the radiation field, an ionized electronenhancing the stabilization of the ion with respect to disso-
described in this basis can have negative total energy. As @ation. Although this enhancement is not very large, its
consequence, when dressed by the continuous ejected eldd¥esence, together with the more pronounced nonadiabaticity
tron energy, the BO PES's of the ionic channels can bdn the wave-packet dynamics, indicates that interference be-
brought into resonance with the ground state of the parerfveen portions of the wave packets that are promoted on the
Species_ In this way, the tunnel ionization process, a Shap@mc grOUnd-State at different times dUring continuous ion-
resonance problem, has been transformed into a FeshbatZ@tion plays an important role, and denotes a strong cou-
resonance problem. pling between the ionization and dissociation events, which
Even when the parent molecule and the bound ionic speare both induced by the laser field.
cies are each described by a single electronic state, this prob-
lem originally involves the interaction between an electronic ACKNOWLEDGMENTS
manifold (PES of the parent molecule and at least one con- ] ]
tinuous series of PES’s associated with the ionic species, 1he authors wish to thank Professor S. L. Chin and Dr. F.
which is accompanied by an ionized electron of enegy likov for sﬂmulatmg_ discussions, L S_trach, T. Wals_h, and
This requires a technique for wave-packet propagation on grofessor S. L. Chin for communicating new experimental
continuum of coupled electronic manifolds. A reduction of findings prior to their publicatioriRef. [42]). Financial sup-
the wave-packet propagation scheme to an effective fiveport of this resear_ch by the Natural Science and Engineering
channel problem has been obtained for the description of thEesearch Council of Canad&SERQ and b¥ Queec’s
first dissociative ionization process in,Hy using Fano's Fonds pour la Formation de Chercheurs et I'AidéaeRe-
formalism to analytically diagonalize the infinite, continuous cnerche(FCAR) are gratefully acknowledged. This research
interaction potential matrix and by using the properties ofVas also supported by the joint (hee-France cooperative
Fano’s solutions. More precisely, the property of Fano’s soProgram “Coopeation ~ France-Queec: Recherche et
lutions that permits such a reduction is the well-known lo-Enseignement Supeur” through Grant No. 01-03-92.
calization of bound-free population exchanges to “on-the-
energy-shell” transitions in the neighborhood of Feshbach APPENDIX A
resonances. This localization demands that the bound-free .
couplings do not vary too rapidly with respect to the continu- To.proceed further from Eq:§393)_—(390), analytical ex-
ous energy variable, and that they are not so strong that t essions for the integrals defined in E¢$03—(400 .and.
Feshbach resonances do not overlap appreciably. These c ds- (41_3)_(41(:) are nee_ded. The present Appe’?d'x gIves
ditions are well met in the case of the first ionization of H t € deta}lls of the evaluatlpns of t_hese mtegra_ls using gontour
which occurs mainly in the neighborhood of the neutral equi_lntegratlons. For_ convenience, in the followinf(g) wil
librium geometry, where the ground-state population initiallydenc"[e the function
resides. In contrast, the second ionization, i.e., the ionization
of H,", is expected to occur at larger internuclear distances,

. ; o L (T _ES 124 _FS |2
as found in recent investigations of an ionization- {(E)=([ve—ES_ g*+|Wg—ES; g[*). (A1)
enhancement effe¢,9]. In this case, both conditions will
not be met, and a reduction of the wave-packet propagation Evaluation of |

scheme to an effective problem involving a finite number of o 5 .

channels will not be obtained. It is in this respect that the FOr laa, substitution of Eq.(35) for |a;(E)[* into Eq.

inclusion of the second ionization of,Hi.e., of step 3in Fig. (40 gives

1, constitutes the main challenge for future work, while re-

finements such as the generation and use of more accurate

bound-free matrix elements or the inclusion of rotations in Iaa(&):f dE

the wave-packet dynamics will, in comparison, be much [E

more straightforward. This is not to say that these refine- ~ _ -

ments are not important and can be neglected. Another point ve: —ES_ g andwg, —ES, g/ are slowly varying with

that would require particular attention when the present workespect tcE andE’, viewed as complex variables, Eq42)

is generalized to much higher field intensities and to a highe&nd (43), then the integrand in the above has only a single

frequency regime is the participation of excited states of théole in each half plane of the complex plane. In the lower

parent molecule to the dynamics of the dissociative ionizahalf plane, this pole is approximately at

tion process. These aspects, in particular the adaptation of

the present wave-packet formulation to the second ionization

of H,, are being considered in ongoing research. E=ep =€yt G(e&)—il’, (A3)
Presently, only the first dissociative ionization step in the

complete sequence of events leading to the Coulomb explavhere

§(E)e_iE5t/ﬁ
—eo—G(E)]*+ m°L(E)*”

(A2)
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I'=m¢(€). (A4)
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| a(St) =@ i€0 dh, (A5)

Integrals I, and | .,

The integral ,, can then be evaluated using the residue theo- Substituting Eqs(27) and(291) into the definition ofl

rem and the contour of Fig.(8. The result is

Eq. (40D first yields

[E'+e_ —e—G(E'+e)][Tgre —(E'+€)S_prre ]

lba(E',8t)=1,(E',dt)+

where the second term arises from ®E)S(E—E' —¢€_)
factor in Eq.(29b), after substitution of Eq(30) for Z(E),
while

(UE'+67— E§_Er+€7)|al(E)|ze*iEﬁt/ﬁ
|1:’Pf dE .

E—(E +e )
(A7)

{(E'+e)

|a1(E/ + 6_)|Zefi(E'+e,)5t/h,

(A6)
Terse — €S gy, el oV
|,=
1 GBES_(E"FE,)
—ima(E'+e.)|?
X[Verve —(E'+e)S gra Je E T (ag)

Substituting this back into EGA6) yields

Within the approximation made above, the integrand in this

has a single pole, that ¢&,(E)|2, on the lower half plane,
so that using the contour of Fig(l9, it is found that

(a)

ReE

(b)

ReE

FIG. 9. Integration contours used in evaluation(a¥ | 4,(t)
and (b) integrals involvingP/(E—E") in I,,(E’,6t), 1.a(E’, 1),
lop(E’,E",8t), a,f=Db or c. The single pole ofa,(E)|? found in

the lower complex half plane is indicated in both panels symboli- Iba(E,!at):(;E’+e,

cally by ®.

~ Pt _ . res
(UE’+57_GBGSS—E’+57)e eg oA

+|a(E' +€e_)|?
EBES—(E"FE_) | 1( € )|

lha=

X[Verve —(E'+e)S g ]

E'+e_ —€;—G(E'+€.)
{(E'+e)

Xefi(E’Jre_)Bt/ﬁ il

(A9)
Substituting Eq.(35) for |a,(E)|? into the second term on

the right-hand side of the above gives

~ = _ . res
(Fere — S prye Jo o

| =
ba eroes—(E’-l-e,)

[EE’+67_(E,+6,)§7E,+Ei]e*i(E'+E_)§t/h
T EFe) (et GE +e ) —Iml(E +e )]’
(A10)

Due to the localized character of the Lorentzian-shaped func-

tions [ex™—(E'+€.)]"% [e—(E'+e )+G(E'+e€.)
—im{(E'+€_)] %, which appear in Eq(A10), and the as-
sumed weak dependence of the bound-free couplings,on
Egs.(42) and(43), it is possible to rewrite the above in either
of the following final forms:

— €S _grs . )F(Ot|€g,E +e),
(A11)
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lpa(E",80)=[verye —(E'+€)S gryc ] lca(E',80)=[Wer s, —(E'+€:)Sierye, ]

XF(6t|€y,E'+€_), (A12) XF(6t|€g,E'+€,). (A14)

where Integrals 1§}, @,B=b,c, k=1,2
e ieb oA _ og—i(E' +e.)ot/h The evaluations of the integrald), 1{¢, and 1% are

F(ot|eg,E' +€.)= T (E ter) . somewhat more tedious. The deta|ls are given here for the
= (A13) evaluations ol only.
Substituting Eqs(27) and (29b) into the definition of
Similarly, the integral ., is found to reduce simply to 1), Eq. (418, we have

(UE/+5 E’é— E'+e )(’JE//'FE _Ené— E"+e )* ~
)= - - e 20— IEdUA ~ _
de (E—E'—e,)(E—E"—e,) |al(E)| e +deE(UE'+e_ ES,'ErJrE_)

Z(E) Z(E)

X (Verse —ES. gric )*|an(E)Pe MM o S(E-E'—e )+ g d(E-E'—¢)

+ f dE(Verse —~ES_ grie )@erse —ES. gri )¥Z2E)S(E—E'—€_)8(E—E"—e€_)|ay(E)|2e EV™,

(A15)
In the first integral on the right-hand side, we use
P P P P
(E'+e_—E)E"+e_.—E) E'—-E" |(E'"+e_.—E) (E'+e_—FE)
+728(E'—E")5(E—i[E'+E"+2€_]) (A16)
to obtain
v - 'S ’ v n - 'S n *
|(l)— 'Pf dE (UE’+e_ ES*,E +e_)(vE +e_ ES*,E +e_) g(E) e*iEﬁt/ﬁ
bb T E—E” (E"+e_—E)|[E—ey—G(E)—im(E)|?

efiEﬁt/ﬁ

(Terie —ES_grie )@erie —ES_ gric )*UE)
‘Pde (E'+e_ —E)E—e—G(E)—imL(E)]?

+7725(E,_E”)|’JE’+57_(E,+ef)sf,E’+ef|2|a1(E’+67)|zeii(E’+6_)&/h+P[’l;E’+ef_(E’+67)87,E’+67]

- Z(E'+e )] .., _ -
X[UE”+E (E te_ )S, E"+e_ ] |al(E te )|2(—EH eil(E JrE_)gt/h_7D[UE’+ef_(E”—i_ef)sf,E’Jrej

- ~ Z(E"+e )] .., _ -
><[vE~+e—(E"+e)S,Ef,+e]*|a1(E"+e)|2[(E,T e 1E e e, —(E'+e)S_prpe |?
XZ2(E'+e_)|a,(E' +e_)|2e (B +e)dh sE —E"), (A17)

In the first two terms of this long expression, i.e., in the two integrals that remain to be evaluated, the expresaid} %or
Eq. (35), has been used to exhibit the analytical properties of the integrands. These integrals can be evaluated by contour
integration using the contour of Fig(l9, and yield
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—IiEét/h

, f | (Verse —ES_ grie )Beri—ES. gric )*L(E)
(E+e.—E)|E— e~ G(E)—im{(E)[?

(Ve +e_ T E{)e%—,E' +s,)(’17E"+e, - 'f(r)e%—,Eus,)*

. res L f— ~
e ' m/ﬁ_lW[UE’+57_(E+67)87,E’+57]

(E+e —ef
X [’JE"+67 - (E‘F E—)HS'—,E'/+57]* |a.1(€" E_)|zeii(E+67)5t/h, (A18)

whereE=E’ or E”. Substituting these results into E@17) and using Eqs(35) and (30) for
tively, we finally obtain, after some lengthy but straightforward algebraic rearrangements,

a,(E)|? andZ(E), respec-

P ~ _ ~
(B E)= 5= (Verve —€6 S grve )(Uerie —€5 S pric )*{F(Otleg,E' +e)—F(dt|eg,E'+e.)}

|EE'+57_(E, + E—)S—,E’+e,|2e_i(E,+L)m/h

+8(E'—E") BT

(A19)

Again, due to the localized character of the functiéfst|ey,E'+ € ), and the weakE dependence of the bound-free
couplings, Egs(42) and(43), we can rewrite this in the following simpler, final form:

|’5E/+57 - GE)eSS*,E’JrEJz

Iy (E"E")=P =5

{F(St|€g,E'+e€_)—F(St|€g,E"+e€_)}+ S(E'—E")

|’JE’+€,_(EI + 6—)8—,E’+s,|2e_i(E,+€7)§t/ﬁ

X GEYS . (A20)

Adding to this result the integrat,z), which, according to Eq27) and (32b) is simply

—~ ~ i ’
[Werpe —(E'+€)S, pry |2 /(EFe)olh

{(E'+e)

|E)%)(EI,E”):5(E,_EH) (A21)

we have

> IW(EEN=P {F(0t|eg,E'+€e_)—F(St|eg,E"+e_)}+ S(E'—E")e (E'Te)ovh,

(A22)

o

Similarly, it is found that
|VVE’+6 _EE)E%+,E’+€ |2 =
- — {F(0t|€0,E' +€,) —F(0t|€9,E"+€,)} + S(E' —E")e (B Fer)dth

Ek‘, IYE E"=P

E/_E/r
(A23)
and
Ker gr ('JEUrE—_ege%f’E,+E—)(\TvE"+f+_ege%+,E”+e+)* f "
g Ib(E'E")=P E e e e {F(6t|€p,E' +e_)—F(St|eg,E"+e.)}.

- €+
(A24)

APPENDIX B

Appendix A gives the final expressions for the various integrals appearing ifd#-(390). These results were obtained
within the approximation that the bound-free matrix elements are slowly varying with respect to the energy of the ionized
electron, Eqs(42) and(43). The present Appendix deals with the use of these expressions to obtain the results reported in Egs.
(469—(460). While Eq. (469 follows straightforwardly from Eq(39a using the results of Eq$A5), (A12), and(Al4), the
substitutions of Eq9A22), (A23), (A24), and(A12) into Egs.(39b) and(39¢) do not yield Egs(46hb) and (460 directly. For
example, consider the wave packgt, belonging to the continuum associated with the ground state of $hedd. We first
obtain, within the same approximation as in E4Q):
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XlE’(R1t0+ &): nlE’(thO—’_ (S\t)+e*(i/h)E'&ef(i/h)TNé‘t/Z{Coyef(i/ﬁ)e_&[Coagef(i/h)TNﬁt/ZXlE,(R1to)
_Singe—(i/ﬁ)TNzSt/ZXZE,(R,tO)]}+e—(i/h)E'5te—(i/h)TNét/Z{Sinee—(i/h)e+é‘t[sinae—(i/ﬁ)TNﬁt/ZXlE,(R,to)
+cosge” (MMTNZx e (R to) ]} + e T TN cos v, — eoﬁsi,véol2

F(ot|eg,E' +e_)—F(6t|eg,E"+€_)
E' —E"

X P f dE” [cosee—“’ﬁ)*NMXlE,(R,to)

—singe” M2y, (R o) ]+ CoA(T . — €0S- o) (W — €05 o))*

€0
F(ot|€q,E' +€e_)—F(6t|eg,E"+€,)
E'—-E"+e_—€,

X P f dE” [sinee—“’ﬁﬁwmxlE"(R,to)

+cosge” (MMTN2x e (R, to) ] +Sin 60— €0S- ¢ ))* (W, — €0Ss ¢

F(ot|eq,E' +€_)—F(6t|eg,E"+€,)

E'—E'+e_—e€, [cosge™ TNy L /(R 1)

fo dE”

- Sineei(i/ﬁ)TN&/ZXZEu(R,to)] + Sin0|V~V€O_ Eoré+ ‘€0|2

F(otleg,E'+€,.)—F(ot|eg,E"+ € ] Lo
XPI dE” (tleo ;—E’(’ <o +) [singe™ (/WTNOY2y (R 1)
+cospe” (MMTNO2y L (R to) ], (B1)

where
e (Rito+ o) =e~ (N2 cospe, — (E' + € )S_ g JF(St|eg,E' + e ) +sind[we — (E' +€,)S, ¢/]

XF(5t|eg,E + e, )}e (M2, (Rt ). (B2)

The first part of the above lengthy expression, &1), rep- XF(6t|€g,E"+¢)), (B4)
resents what would be obtained if the integigfg, 1(-, and

I{X) did not contain the nonlocal terms involving the function wherej, | == and, in conjunction with the nonlocal terms of
F in Egs.(A22) and (A23). It turns out that these nonlocal 1{, integrals of the form

terms have a vanishing net effect on the propagation scheme.

To see this, consider first what happens at the end of the first

two time slices. Withty=0, and the physical condition that ’pf dE”
only the neutral species ground state is populated at this

initial moment, i.e., xo(R,ty)#0, while x;g(t=0)=0
= xoe(t=0), the above Eq(B1) gives

F(6t|€g,E'+€e_)—F(6t|eg,E"+€,)
E'-E"+e_—¢€,

XF(6t|eg,E"+€)). (B5)

x1e'(R,8t) = n1e/(R, 6t) (B3)  Due to the localized character of the functidhést|e,E’
+€.), viewed as a function dt’, Eg. (B4) is nonzero only
simply, so thaty;e: (and x,g/) are simple linear combina- When € =¢;, assuming thaf’, Eq. (A4), is small, i.e., that
tions of the functionsF(t|ey,E’'+€.). Now, these con- the bound-free couplings are small with respect to the energy
tinuum wave functions are part of the initial conditions for Séparatiorje_ —e.[. Note that while this would warrant the
the propagation over the second time slice, i.e., fromSatisfaction of the conditions of Egg12) and(43), it is not
to= 4t to t=25t. Substituting these expressions into Eq'requwed, or implied by these conditions. Also, in writing
(B1) gives, in conjunction with the nonlocal termsI¢f) and ~ Eds.(B4) and(B5), a commutator between exp(Tydt/2%)
1Y) integrals of the form andF(dt|eq,E’ + ¢) has been neglected. By referring to the
cer expression of (8t|ey,E’' + €) given in Eq.(53), this com-
, , mutator is found to be of ordest®, i.e., the same order of
PJ dE” F(ot|€,E" + ) —F(t|€o,E"+ ¢)) magnitude as error terms associated with the split-operator
E'-E" formula itself, and can be consistently neglected. Using the
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explicit expressions df (5t|ey,E' +€+), Eq.(A13), and the
following straightforward relations

E"+e)é‘t/h )
f dE// _i,n_e—l(E'+ej)é‘t/h, (BG)

Eu
o i(E"+e))at/h e
j dE”W 2ime™ "% &/h, (B?)
J' dE” ! [ B8
_ =
6663_(Er/+6j) T, ( )

it is found that

zpf dE” F((Stlé'o,E,‘"Eé"j)F(&qu,E”_"ej)

_E//
_F(é\tlfo,E,‘f'Gj) dE” P 1
e —(E'+e) E'—E" € —(E'+¢)

X (@710 ot — g I(E"+€)oUh) — il F (5t| €9, E' + €))]?
(B9)

and

Pf - [F(é‘t|eo E"+¢)]?

E/!

— l J’ dEH P 1
W E!_E/I EI’ES (E/I+EJ)

% (e—zlegesat/ﬁ+ e 20(E"+e)otlh _ e—l(e{,es L E + € )&/h)

|eg°'55t/ﬁ e i(E”+ej)é‘t/ﬁ)2
2
res E +6]) f [Groes_(E”‘l‘Gj)]

=imF(dt|eg,E' +¢))]% (B10)

Thus, the integral defined in EB4) vanishes exactly. As to
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term in Eq.(B5) is zero due to the vanishing overlap of the
two functionsF centered at, ande_. On the other hand,
the first term is

F(5t|60 E'+e_)
—E"+te_—e€,

F(ot|eg,E' +€_ )Pf E”

=imF(ot|eg,E'+€_)F(5t|€y,E"+2e_—€,)=0.

(B11)
To obtain this result, it suffices to repla&@ in all the terms
1/(E'—E") appearing in Eq(B9) by E'+ de, where de
=e_—¢€, . Since the twd- functions on the right-hand side

of Eq. (B11) are centered at very distant energy, their prod-
uct is virtually zero. Similarly, withe,= € , the second term

of Eq.(B5) is
&|EO!E +E+)]

Pde —E"+ Se

=i7T[F(6t|eo,E’+e++5e)]2

=in[F(btleg,E' +€_)]? (B12)
while the first term gives
, , F(dtleg,E"+ey)
F(dt|eg,E +e,)7>f dE E BT e
=imF(5t|eq,E' +€_)F(dt|eg,E' + €, + Se)
=in[F(btleg,E' +€_)]? (B13

and the two terms cancel each other exactly.

Summarizing, with respect to wave packets propagated up
to the end of the second time slice, the nonlocal terms in
15D, 18D andI{Y give a net effect that is vanishingly small.
The demonstranon of this result rests on the fact that
and y,g+ at the beginning of the second slice are linear com-
binations of the function$, which give a localization of
these wave packets in two narrow intervals of the energy
scale. It can easily be seen by recursion that this qualitative
trait of y,g: and y,g, will be preserved at all times, so that
the analysis made above can be generalized to an arbitrary
time slice, yielding the general conclusion that the nonlocal

terms ofI{}), 11, andI{Y remain ineffective at all times.

Eq. (B5), considere;=€¢_ for example. Then the second Thus Eq.(B1) reduces to

xie'(Rito+ 8) = m1e/(Rto-+ 6t) + e~ (VHE g™ (Thov2

X {cosge™ (1f)e-ot

X [cospe(IMTnot2,.

+cosge” (MMTNOV2y o (R )],

(thO)_

+ e—(i/ﬁ)E’ &e_(i/ﬁ)TN&/Z{Sinae_(i/h)&r é‘t[sinee—(i/h)TNé‘t/Z)(l

singe— (/M T2y,

28/ (R,to) I}
e'(Ritp)

(B14)

which is the result reported in EG6b). A similar treatment of the detailed expressionyeg: gives the reduced form reported

in Eq. (460).
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