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Two-wavelength-difference measurement of gravitationally induced quantum interference phase

K. C. Littrell, B. E. Allman,* and S. A. Werner
Physics Department and Research Reactor Center, University of Missouri-Columbia, Columbia, Missouri 65211

~Received 4 April 1997!

One of the significant successes in the field of neutron interferometry has been the experimental observation
of the phase shift of a neutron de Broglie wave due to the action of the Earth’s gravitational field. Past
experiments have clearly demonstrated the effect and verified the quantum-mechanical equivalence of gravi-
tational and inertial masses to a precision of about 1%. In this experiment the gravitationally induced phase
shift of the neutron is measured with a statistical uncertainty of order 1 part in 1000 in two different interfer-
ometers. Nearly harmonic pairs of neutron wavelengths are used to measure and compensate for effects due to
the distortion of the interferometer as it is tilted about the incident beam direction. A discrepancy between the
theoretically predicted and experimentally measured values of the phase shift due to gravity is observed at the
1% level. Extensions to the theoretical description of the shape of a neutron interferogram as a function of tilt
in a gravitational field are discussed and compared with experiment.@S1050-2947~97!04109-7#

PACS number~s!: 03.30.1p, 03.65.Bz, 04.80.2y, 07.60.Ly
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I. INTRODUCTION

One of the fundamental ideas in modern physics is
equivalence principle, the idea that the effects of gravity a
acceleration on the trajectory of a classical particle are
cally indistinguishable. An analogous concept for quant
mechanics is the hypothesis that the wave function o
quantum-mechanical system in a uniform gravitational fi
g is indistinguishable from that of the same system mov
with uniform acceleration2g. Since the wave function is
complex, it can be written as the product of a real probabi
amplitude and the exponential of an imaginary phase.
square of the probability amplitude of a quantum-mechan
particle is related to its density along the classical trajecto
The phase is related to the propagation of the particle’s
Broglie wave and has no classical analog. Since detec
measure only particle densities, the phase of a matter wa
not directly observable. However, by using interferomet
techniques similar to and based upon those for electrom
netic radiation, phase differences between matter wave
beams can be measured.

The influence of gravity on the quantum-mechani
phase of the neutron de Broglie wave in a neutron inter
ometer was first observed by Colella, Overhauser,
Werner @1# in 1975 and then more accurately by Staude
mannet al. @2# in 1980, beginning a series of experiments
increasing sophistication of which this is the latest. The
experiments, collectively known as COW experiments,
unique in that they involve the interaction of gravity with a
intrinsically quantum-mechanical quantity and thus neces
ily depend on both Planck’s constant\ and Newton’s uni-
versal gravitational constantG @3#. This dependence allow
the principle of equivalence to be studied in the quant
limit. Previous neutron experiments in which gravity was
consideration involve the deflection of particles by grav
and are thus essentially classical in nature.

*Present address: School of Physics, University of Melbou
Parkville, Victoria 3052, Australia.
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The validity of the classical principle of equivalence h
been verified to a very high precision@4#. Similarly, it has
been demonstrated@5# that the probability density of the neu
tron in the Earth’s gravitational field follows the same pa
bolic trajectory as a classical point particle with the sa
inertial mass to within an uncertainty of 3 parts in 10 00
The previous COW experiments have clearly demonstra
that a gravitational phase shift of the right magnitude exis
but later, more precise measurements@6,7# have shown dis-
turbing discrepancies on the order of 1% between the
~including all known corrections! and experiment. Statistica
errors and estimated and measured uncertainties in the
perimental parameters are of order 1 part in 1000. T
present work is an attempt to understand the reasons
these discrepancies.

Recently, Kasevich and Chu@8# have used an atomic
fountain interferometer to measure the gravitational accel
tion of atoms. They reported no significant discrepancies
an experiment with a resolution of 30 parts per 13109, al-
though a direct comparison with a locally measured value
the acceleration due to gravityg is not yet available.

In previous experiments, the effects of bending of t
perfect Si crystal interferometer as it is tilted about the in
dent beam were measured by using x rays diffracting al
approximately the same paths through the interferomete
the neutron beams. Since x rays are photons and thus m
less and the gravitational redshift is negligibly small over t
distances involved in these experiments, any phase shifts
served should be the result of bending of the interferome
as it is tilted about the incident beam. These x-ray ph
shifts were then scaled to the neutron wavelength and use
compensate for bending effects in the neutron data. H
ever, x rays are rather strongly absorbed in silicon and th
fore sample a different region of the interferometer crys
blades than neutrons. The Borrmann fans within each cry
are fully illuminated in the neutron case, leading to a su
stantial spreading of the beam as it traverses the interfer
eter as schematically shown in Fig. 1. The tilt-induced ph
of the x-ray interferogram has been shown to be a sensit
nonlinear function of the position of the incident x-ray bea

e,
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on the first blade of the interferometer within the region
luminated by the incident neutron beam@9#, leading to un-
certainty in what value to use to correct for bending in t
neutron data.

In this experiment, we avoid difficulties of this nature b
using neutrons to characterize the bending. This is done
ing neutrons of two almost harmonic wavelengths diffract
off the 220 and 400 lattice planes of the crystal blades
thus following approximately the same paths through the
terferometer and illuminating the same regions of each c
tal blade. We then exploit the different assumed functio
dependencies on the neutron de Broglie wavelengthl of the
phase shifts due to gravity~proportional tol! and bending
~inversely proportional tol! to separate their effects. W
have used two interferometers of different geometry in or
to separate and identify systematic discrepancies other
the previously known bending correction that are depend
on the interferometer or how it is mounted in the appara

The experimental arrangement is illustrated in Fig. 2.
nearly monochromatic, collimated beam of neutrons is in
dent upon a neutron interferometer constructed out o
single perfect crystal of silicon. The crystal lattice of th
silicon acts as a three-dimensional diffraction grating
neutrons, allowing the various blades of the interferomete
act as mirrors or beam splitters due to Bragg diffraction
perfect crystal is used to ensure that the lattice planes of
various blades are perfectly aligned. The first blade of
interferometer splits the neutron beam into two compone
which are redirected by the intermediate blades to recom
in the final blade. The difference in optical path length a
therefore the phase accumulated by the neutron along
path relative to the other can be modified by varying
potential energy of the neutron along the two spatially se
rated beam paths. These differences in accumulated p
are measured as the swapping of intensity between the
3He gas proportional detectorsC2and C3. A 2-mm-thick
aluminum phase flag is placed across both beams and ro
through the angle labeledd in Fig. 2 about an axis perpen
dicular to the scattering plane of the interferometer to p

FIG. 1. Schematic diagram of a symmetric LLL perfect-crys
interferometer showing the spreading of the neutron beam by
Borrmann fans in each crystal plate. Since x rays experience
stantial absorption in silicon, the rays traverse the interferomete
the anomalous transmission effect and do not spread out very m
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duce a phase shift by varying the relative path length that
two beams must travel in aluminum. It is also possible
produce a phase shift by tilting the entire assembly cons
ing of the interferometer, detectors, and phase flag about
incident beam of neutrons through the angle labeleda in Fig.
2 so that the horizontal portions of the two paths I and II
the neutron are at different heights and thus different gra
tational potentials.

The items shown in Fig. 2 are contained in a cadmiu
covered aluminum box for shielding from stray neutrons a
thermal variations. This aluminum box provides an isoth
mal enclosure for the interferometer. It is mounted on an a
which provides an axis for rotation about the incident bea
This assembly is mounted inside a heavy masonite box
is supported on four pneumatic vibration isolation cylinde
and enclosed in a Plexiglas greenhouse for further isola
from thermal variations and airborne microphonic vibration
The neutron wavelengths for this experiment were selec
using a focusing double-crystal monochromator with pres
copper monochromator crystals. A diagram of our expe
mental apparatus at the University of Missouri Research
actor ~MURR! is shown in Fig. 3.

In order to detect discrepancies that may be related to
interferometer, the experiment was performed using two
terferometers of differing geometry. For each interferome
two different wavelengths of neutrons were used to comp
sate for bending effects as described below. One interfer
eter, shown in Fig. 4, is a skew-symmetric interferome
with blade separationsd1516.172~3! mm andd2549.449~3!
mm and blade thicknessa52.621~3! mm. The other interfer-
ometer, shown in Fig. 5, is a symmetric interferometer sim
lar in geometry to the interferometers used in previous CO
experiments but larger in size and therefore more sensitiv
has a separation between bladesd15d2550.404~3! mm and
a blade thickness of 3.077~3! mm.

II. THEORETICAL BACKGROUND

The Hamiltonian for the neutron moving in the interfe
ometer’s frame of reference on the surface of our rotat
Earth is@2#

l
e
b-
ia
ch.

FIG. 2. A schematic diagram of the experimental arrangem
One sub-beam of the interferometer is raised above the othe
tilting the interferometer an anglea about the incident beam. An
additional phase shift due to the interaction of neutrons with ma
can be introduced by rotating an aluminum phase shifter exten
across both sub-beams through an angled.
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H5
upu2

2mi
2

GMmg

r
2V–r3p, ~1!

whereG is Newton’s universal gravitational constant,mi and
mg are the inertial and gravitational masses of the neutr
M is the Earth’s mass,V is the Earth’s angular velocity o
rotation, r is the neutron’s position relative to the Earth
center, andp is the neutron’s canonical momentum. The L
grangian can be written down using the inverse Legen
transformation

FIG. 3. The beamportB neutron interferometry apparatus
MURR: ~a! a top view of beamportB illustrating the positions of
the interferometer and the double crystal monochromator, and~b! a
closeup view showing the box within a box vibration isolation a
rangement.

FIG. 4. A photograph of the skew-symmetric interferome
used in this experiment. The dimensions of the interferometer
d1516.172 mm,d2549.449 mm, anda52.621 mm. This interfer-
ometer was machined in the physics shop at the University
Missouri-Columbia.
n,

-
re

L5p–v2H

5
1

2
mi uvu21

GMmg

r
1mi~V3r !•v1

1

2
mi uV3r u2, ~2!

wherev is the neutron’s velocity relative to the interferom
eter. The canonical momentum is readily obtained from t
Lagrangian,

p5
]L
]v

5miv1mi]3r . ~3!

Since the interferometer is very small compared to
Earth’s radiusR, we define a local position variablex5r2R,
whereR is taken to extend from the center of the Earth to t
point at which the neutron enters the interferometer. Thus
a very good approximation we have

L> 1
2 mi uẋu21mgg–x1mi~V3x!• ẋ1L0 , ~4!

whereL05L(R), the velocityvrs5ẋ, and

g52S GM

R2
R̂1

mi

mg
V3~V3R!D ~5!

is the effective acceleration due to gravity and the centrifu
force. The magnitude of this effective gravitational accele
tion is 9.800 m/s2 at the surface of the Earth in Columbia
Missouri, as determined from values measured in St. Lo
and Kansas City@10#. Althoughg contains a component de
rived from the centrifugal force and thus couples the gra
tational and inertial masses, we do not expect this to b
problem in this experiment because it is expected from c
sical physics to result in a reduction in the magnitude ofg of
only 2 parts in 1000 from the value determined by grav
alone.

When the neutron is inside the aluminum phase shif
the Lagrangian has an additional component due to
neutron-nuclear optical potentialUn related to the strong
nuclear force, so that the total Lagrangian inside the alu
num is

r
re

f

FIG. 5. A photograph of the symmetric interferometer used
this experiment. The blades of the interferometer are 3.077
thick and 50.404 mm apart. This interferometer was machined
Atominstitut, Vienna, Austria.
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L> 1
2 mi uẋu21mgg–x1mi~V3x!–ẋ2Un1L0 , ~6!

This component is given by

Un52p\2Nb/m, ~7!

whereN is the number density of atoms in the aluminu
and b is the average coherent neutron scattering length
the aluminum nuclei. Because of this additional potential
ergy the aluminum plate of thicknessD acts as a phas
shifter for the neutron beams in the interferometer.

The effective gravitational, Coriolis, and neutron-nucle
optical potential-energy terms are all small compared to
kinetic energy of the neutrons for all of the wavelengths u
so that the quantum-mechanical phase accumulated by a
ticle in traveling along one path through an interferome
can be calculated semiclassically by integrating the actio
the particle along its straight-line, free-particle trajectory
time and space@11#. This method, based on the idea
Feynman-Dirac path integrals@12,13#, is accurate to first or-
der in the potential energy for potential energies small re
tive to the kinetic energy of the free particle. This conditi
is easily met sincemgg'1 meV/cm,Un'0.05 meV, andE
5miv0

2/2'20 meV for l'2 Å neutrons. According to this
approach, the difference between the phases accumu
along path I and path II, defined by

DF[F II2F I , ~8!

is given by

DF5
1

\
F E L„xII~ t !,ẋII~ t !,t…dt2E L„xI~ t !,ẋI~ t !,t…dtG ,

~9!

where xI(t)and xII(t)are the positions of the particle as
function of time along the free-particle trajectories of path
and II, respectively. Since the Lagrangian in this situation
time dependent, Eq.~9! can be reduced to

DF5
1

\F E
path II

p–dl2E
path I

p–dlG ~10!

by use of the inverse Legendre transformation, Eq.~2!. The
locally defined canonical momentum is given by

p>mi S v02
mgg–x

miv0
D l̂1miV3x ~11!

outside the phase shifter, and

p>mi S v02
mgg–x

miv0
2

Un

miv0
D l̂1mV3x ~12!

inside, wherel̂ is the unit vector along the trajectory of th
neutron andv052p\/ml is the initial speed of the neutro
when it enters the interferometer. In this form the pha
shifts due to the effects of gravity, rotation, and the ph
shifter can be calculated independently.

Since the incident beam is level, gravity and the centri
gal force due to the Earth’s rotation result in a phase shif
,
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DFgrav5
mg

\vF E
path II

g–x dl2E
path I

g–x dlG
52mggA0sina/\v0522plmimg

g

h2
A0sina,

~13!

where

A05@2d1d21a~d11d2!#tanuB ~14!

is the area enclosed by the trajectories of the neutrons~see
Fig. 2! that exactly satisfy the Bragg condition along the tw
paths of the interferometer assuming no deflections due
potentials other than that of the interferometer itself. Eq
tion ~14! is the area for the skew-symmetric interferomet
with Bragg angleuB . For the symmetric interferometerd1
5d2. Thus, the phase shift due to gravity can be written
the form

DFgrav~a,l!52ul sina tanuB , ~15!

where the wavelength-independent parameter

u[
mimggA0

2p\2 tanuB

. ~16!

Note thatA0 /tanuB depends only on the blade thicknessa
and their separationsd1 andd2. The calculated value of the
parameteru is 69.695~16! rad/Å for our skew-symmetric in-
terferometer and 212.119~21! rad/Å for our large symmetric
interferometer.

Since the experiment is done in the Earth’s rotating fra
of reference, the Coriolis force on the moving neutron giv
rise to a phase shift known as the Sagnac or Page e
@14–16#. It is given by

DFSagnac~a,l!5
mi

\
V–F E

path II
x3dl2E

path I
x3dlG

5
mi

\ R ~V3x!–dl

52miV–A0 /\, ~17!

whereA0 is the normal area vector corresponding to the lo
in space whereby the neutron leaves the source along pa
and returns to it via path I. Since the beam incident on
interferometer is oriented from North to South and is lev
with respect to gravity, the Sagnac phase shift for our exp
ment is

DFSagnac52s cosa tanuB . ~18!

The factors is given by

s[
2miVA0cosuL

\ tanuB
, ~19!

whereuL551.37° is the colatitude angle for Columbia, Mi
souri. The value ofs is 2.5616~6! rad for the skew-
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symmetric interferometer and 7.7962~7! rad for the symmet-
ric interferometer and is independent of wavelength.

The phase shift due to the aluminum phase shifter is
termined by the difference in the relative thickness of alum
num along the two paths. From the geometry of our exp
ment this nuclear phase shift is

DFnuc~d,l!5lNbDF 1

cos~uB1d!
2

1

cos~uB2d!G ,
~20!

whereD is the thickness of the phase shifter andd is the
angle through which it is rotated defined as shown in Fig

The interferometers are inevitably somewhat strained
result of the process of machining with diamond cutti
wheels, even after etching, and the way in which they
mounted in the apparatus. They can also deform under t
own weight when tilted. Deformation of interferometers su
ficient to cause significant phase shifts has been obse
experimentally in previous experiments and also modeled
mathematical simulation for a symmetric interferometer@17#.
Although the bending predicted by simulation is quite co
plicated and that of the actual interferometer is expected
be even more so, we have assumed for the purpose of
analysis of the experiment that the only effects of bend
and strains on the phase are the result of a slightly lon
free-space path length in one path of the interferometer t
in the other. This produces a phase shift of

DFbend~a,l!52pl21Dl ~a!, ~21!

whereDl ~a! is the amount that path II is longer than path
due to bending. The x-ray experiments of Staudenmannet al.
@2# using a small, symmetric interferometer have shown e
pirically that this phase difference can be modeled by

DFbend5wl21 sina sin2uB , ~22!

where the factorw is dependent on the interferometer us
and the way in which it is mounted in the apparatus,
independent of wavelengthl. While the axes of symmetry
for mechanical stress of a skew-symmetric interferometer
very different, we have assumed that the functional form
the bending correction remains the same. For the purpos
analysis of this experiment, we have assumed that the b
ing and strains of the interferometer have no other effect
point that we shall return to later.

Although the theoretical treatment so far has assumed
incident plane wave, the incident beam is neither perfe
collimated nor perfectly monochromatic. Due to the geo
etry of the monochromator, there is a distribution of ang
between the trajectories of the neutrons in the vertical pla
Since the monochromator uses pressed copper crystals,
is also a distribution of wavelengths reflected in any giv
direction and a distribution of angles in the scattering pla
of the interferometer at which neutrons satisfy the Bra
condition. These distributions produce variations in e
beam intensity and influence visibility of fringes and the fr
quency of oscillations as functions of tilt angle due to int
ference and coherence effects as discussed below.

Since there is a distribution of velocities of neutrons in
dent on the interferometer in any given direction, there i
e-
-
i-
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distribution in the degree to which these neutrons fail
satisfy the exact Bragg condition. As first discussed by
traschecket al. @18#, neutrons that do not satisfy the exa
Bragg condition can take sixteen different paths through
interferometer from a single point on the entrance blade
to dynamical diffraction. These paths are shown for a ske
symmetric interferometer in Fig. 6. Horne@19# has pointed
out that these paths form multiple interacting interferomet
and proposed a solution in integral form for a symmet
Laue interferometer. The integrals have been worked
analytically by Werneret al. @16# for the beam accepted b
the C3 detector using a symmetric interferometer assum
equal probability for all velocities, an assumption that is ju
tified by the fact that the distribution of velocities accept
by the interferometer as determined by the Darwin width
very small compared to the incident distribution of veloc
ties. This analysis has recently been generalized@20# to in-
clude skew-symmetric interferometers and extended to
scribe interference and diffraction effects observed by
C2 detector and occurring along each average path I an
for both detectors with the other path blocked. Indepe
dently, Bonse and Wroblewski@21# have shown that similar
corrections to the phase due to dynamical diffraction effe
are significant in a related experiment involving an acce
ated interferometer. Corrections of this sort require the ph
shift due to gravity to be scaled by a factor@11«~a,l!# and
cause the mean intensity and visibility of the fringes also
vary as functions of the tilt angle, wavelength, and para
eters of the interferometer due to this averaging over
incident velocity of neutrons in a given interference patte

Since each component of the incident beam satisfyin
different Bragg angle feels a different phase shift due to b
gravity and the Sagnac effect, the components dephase c
ing a tilt-dependent loss of contrast. This is analogous
some ways to the loss of contrast due to larger amount
matter in one path of the interferometer that is observed
longitudinal coherence length and phase echo experim
@22–24#. Assuming that the distribution of intensity in th
incident beam at angles in the scattering plane for which
Bragg condition is exactly satisfied is given by

FIG. 6. A diagram of eight of the possible paths through t
interferometer predicted by dynamical diffraction theory. The
primary paths~solid lines! interfere with each other as do the tw
maverick paths~dashed lines!, but the primary paths do not inter
fere coherently with the maverick paths as they arise from differ
components of the incident beam. Another eight paths exit at
same point on the final blade of the interferometer for nega
values of the entrantG.



be

o
t

se

th
in
he
b
te
in
in

er
e
so
nd
te

te
-

ch
e
b

th

er
er
s
y
th

m
m

e
as
w
o

re
e

ow

if
li-

se
nce
ths
on-
if-
ata,
e
g
dif-
nts

b-
as
e-
a in
ed.
the

and

gle
in.
tant
te at
am
ta
s at
ata
two

1772 56K. C. LITTRELL, B. E. ALLMAN, AND S. A. WERNER
P~u!5
1

A2psu

expS 2
~u2uB!2

2su
2 D . ~23!

This effect requires that the amplitude of oscillation
scaled by the dephasing factor

C~a,l!5expS 2
2@DFgrav~a,l!1DFSagnac~a,l!#2su

2

sin2 2uB~l!
D ,

~24!

wheresu is estimated to be about 6 mrad from the widths
the peaks in wavelength determination scans. The effec
this angular dispersion on the measured average pha
negligible.

The contrast of a measured interferogram can be less
the theoretical ideal maximum for a variety of reasons
cluding vibration, strains, and surface irregularities of t
interferometer blades. Vibrations of the interferometer can
treated as the result of rotations that are randomly distribu
in angular frequency and axis of rotation. The time averag
of the Sagnac phase shifts due to rotational noise results
loss of visibility that is proportional to the interferomet
area. The presence of a Moire´ pattern due to strains in th
interferometer or imperfections in its manufacture will al
produce a loss of visibility. Since strain in the crystal a
thus the interference fringe pattern may change as the in
ferometer is tilted, this effect also may be tilt dependent.

III. EXPERIMENTAL RESULTS

A. Tilt-angle interferograms

Samples of interferograms measured by rotating the in
ferometer tilt a with the phase flag fixed for both wave
lengths in both interferometers are shown in Figs. 7 and
Note that the point of maximum contrast is different for ea
situation. The fact that the point of maximum visibility in th
actual data is not at zero tilt indicates that strains may
present in the interferometer even when it is level. Also,
sum of the intensities in the detectorsC2 and C3 is not
constant but is a function of tilt anglea. This is the result of
the variation in intensity of neutrons accepted by the int
ferometer due to the tilt of the scattering plane of the int
ferometer relative to that of the monochromator as discus
by Werneret al. @25#. We compensate for this variation b
normalizing the intensity measured in each detector to
sum of the intensities measured in both detectorsC2 andC3
at each value ofa. The normalizedC2 and C3 tilt-angle
interferograms for the longer wavelength used with the sy
metry interferometer are shown in Fig. 9. The maximu
fringe visibility in the C3 interferogram is about 60%. Th
intensities at the maxima of the interferograms decre
more slowly than the intensities at the minima increase as
move away from zero tilt. Furthermore, the frequency
oscillation of intensity is reduced away from the central
gion. For large values of the tilt angle no interference fring
are visible.

The theoretical normalized interferograms in Fig. 10 sh
our present understanding of the situation. Figure 10~a!
shows the results of including the effects of dynamical d
fraction. This interferogram exhibits the reduction of amp
f
of
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tude and frequency of oscillation away from zero tilt. The
features are the result of the averaging of the interfere
patterns produced by neutrons traversing all of the pa
through the interferometer that are possible if the Bragg c
dition is not exactly satisfied. Although the dynamical d
fraction effects explain some features of the observed d
the theory predicts a partial recovery of visibility at larg
values ofa that is not observed experimentally. Includin
the coherence length effects due to averaging over the
ferent wavelengths that satisfy the Bragg condition preve
this recovery of visibility as shown in Fig. 10~b!. If the vis-
ibility of the interference fringes is scaled to match the o
served visibility at zero tilt without adjusting the mean
shown in Fig. 10~c!, the difference between the rates of d
crease of the intensity maxima and increase of the minim
the central region of the interferogram is better reproduc
This envelope shape occurs due to interference among
sub-beams of the interferometer that comprise path I
path II resulting in a minimum in the mean intensity ata50.

While we have explained several features of the tilt an
interferograms qualitatively, quantitative difficulties rema
In the central region the intensity maxima are more cons
than expected and theory appears to overestimate the ra
which both the amplitude and the mean of the interferogr
change as a function ofa. The discrepancies between da
and theory in the ratios of the means of the two detector
various tilt angles may be a result of failure to adjust the d
to compensate for the background counting rates in the
detectors, which may also be a~weak! function of the tilt.

FIG. 7. Gravity interferograms observed in theC3 detector pro-
duced at the wavelengths~a! 2.1440 Å and~b! 1.0780 Å using the
skew-symmetric interferometer.
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B. Wavelength measurement and selection

The wavelength of neutrons used in this experiment w
set by adjusting the angles of two copper crystals in
double-crystal monochromator. The wavelengths were
lected for each of the interferometers so that contrast at
long wavelength for each interferometer was as high as p
sible and the second-harmonic wavelength was accessib
the monochromator. The shorter, second-harmonic wa
length was chosen by adjusting the angles of the monoc
mator crystals until the centers of peaks measured by var
the angle of the normal to the 220~and thus 440! lattice
planes of the interferometer relative to the incident be
nearly coincide as shown in Fig. 11.

In this experiment, the wavelength of the neutrons part
pating in the interference was measured using the experim
tal arrangement shown in Fig. 12. A pyrolytic graphite~PG!
crystal with the 002 planes nominally parallel to its surfa
was attached to a shaft perpendicular to the scattering p
of the interferometer in path II of the interferometer wh
path I is blocked by a small piece of shielding made of B4C
in epoxy resin. Determination of each wavelength used w
done by measuring the separation between the minima o
sum of the intensities in theC2 andC3 detectors as the PG
crystal was rotated through the first- and second-order Br
reflections and averaging the results of several hi
resolution, long counting time scans such as those show
Fig. 13. The mean wavelengths of the neutrons used with
skew-symmetric interferometer were found to
l252.1440~4! Å and l151.0780~6! Å, corresponding to

FIG. 8. Gravity interferograms observed in theC3 detector pro-
duced at the wavelengths~a! 1.8796 Å and~b! 0.9464 Å using the
symmetric interferometer by varying the interferometer tilt anglea
with the aluminum phase flag fixed.
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Bragg angles ofu2B533.94° andu1B534.15° with respect to
the Si@220# and@440# planes, respectively. Those used wi
the symmetric interferometer werel251.8796~3! Å and
l150.9464~6! Å with the corresponding Bragg angle
u2B529.304° andu1B529.504°.

After completion of the experimental runs for each inte
ferometer a high-resolution scan was repeated for each w
length to verify that the wavelengths used had not chan

FIG. 9. Experimentally observed tilt-angle interferogram no
malized toC21C3 to compensate for the dependence on tilt of t
intensity of neutrons accepted by the interferometer for 1.879
neutrons in the symmetric interferometer.

FIG. 10. Theoretically predicted tilt-angle interferograms no
malized toC21C3 for 1.8796-Å neutrons in the symmetric inte
ferometer~a! as predicted by the dynamical theory of diffractio
~b! modified to include the reduction in visibility as the interferom
eter is tilted due to wavelength dispersion, and~c! scaled to match
the visibility of the observed interferogram ata50.
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1774 56K. C. LITTRELL, B. E. ALLMAN, AND S. A. WERNER
during the course of the experiment. The wavelengths de
mined before and after the experimental run were found to
in agreement to within the uncertainties quoted above.
also tested for any dependence of the measured wavele
on the tilt of the interferometer by performing waveleng
measurement scans at various values ofa. Again, the values
measured in these scans are in statistical agreement
those measured ata50°.

C. Phase-shifter interferograms

Since interferograms of the type shown in Figs. 7, 8, a
9, referred to as ‘‘tilt-angle interferograms,’’ vary in bot
amplitude and frequency of oscillation over the range of

FIG. 11. Interferometer rocking curve scans for the ske
symmetric interferometer. Note the near coincidence of the Br
peaks for the two wavelengths.

FIG. 12. A diagram of the experimental arrangement for wa
length determination. A pyrolitic graphite crystal is rotated in o
subbeam of the interferometer with the other blocked. The PG c
tal may also be tilted vertically with respect to the incident beam
ensure a horizontal scattering plane as shown in the lower diag
r-
e
e
gth

ith

d

tangle scanned in a complicated fashion that is known o
qualitatively, it is difficult to use them to study phase shi
in a precise, quantitative fashion. For quantitative measu
ment of the phase shift due to gravity we generate interfe
grams at various tilt anglesa for each neutron wavelengt
separately by rotating the aluminum phase shifter. The int
sity measured by interferograms of this type, referred to
‘‘phase-shifter interferograms,’’ is described by a functio
derived from Eq.~20!, which we write as

I ~d,a!5a1b cosFvS 1

cos~uB1d01d!
2

1

cos~uB2d02d! D
1DF~a,l!G , ~25!

which can be fit using nonlinear least-squares methods
extract the offset phaseDF~a,l! containing the gravitationa
phase shift. The interferogram oscillation frequencyv and
the offset rotation angled0 are initially allowed to vary as
parameters of the fit. After a large number of scans, the fi
values forv andd0 are averaged for each interferometer
obtain the fixed values used in the final analysis, leaving o
3 adjustable parameters,a, b, andDF~al!.

The series of interferograms shown in Fig. 14 demo
strates that the phase of the interferograms advances a
twice as fast with the tilt anglea for the longer wavelengths
as for the shorter ones as predicted by Eq.~15!. The inter-

-
g

-

s-
o
m.

FIG. 13. Precision PG analyzer scans used for wavelength
termination for the skew-symmetric interferometer. The scans w
conducted using a vertical analyzer scanned across the paralle
anti-parallel graphite 002 Bragg peaks. The peaks were le
squares fitted assuming a Gaussian~with a linear background sub
tracted!.
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FIG. 14. A series of phase ro
tator scans taken for various va
ues ofa using the wavelengths~a!
2.1440 Å and~b! 1.0780 Å in the
skew-symmetric interferometer
The phase advances almost th
same amount with each step an
nearly twice as much for the
2.1440-Å data as for the 1.0780-Å
data.
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ferograms generated at various tilt angles for each wa
length were sequentially interleaved with ones measu
with the interferometer level. By comparing the phase of
ones measured at a given tilt angle with the average of
phases of the level interferometer measurements imm
ately preceding and following it, we are able to compens
for small drifts in the baseline phase of the interferome
This method also minimizes the effects of the phase shift
to the Sagnac effect to a large extent. By subtracting
zero-tilt Sagnac phase shift from the data, the Sagnac p
shift in the adjusted data is described by the difference
pression

DFSagnac5s tanuB~12cosa!, ~26!

which is very small for the useful range of tilt angles. Pre
ous measurements of the neutron Sagnac phase
@2,26,27# have shown agreement between experiment
theory on the order of a few percent. Since this phase shi
sufficiently small compared to that due to gravity it can
treated as a known quantity to the resolution of this exp
ment. We compensate for it by subtracting the calcula
value from the raw data for each wavelength at each
setting. The phase shift data with the Sagnac phase rem
is shown in Fig. 15, illustrating that the agreement betwe
e-
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the data and the theoretical phase shift due to gravity is be
for the longer of the two wavelengths for both interferom
eters used.

IV. PHASE-SHIFT DATA ANALYSIS

The total phase shiftDF~a,l! obtained from fitting the
phase-shifter interferograms is composed of three terms

DF~a,l!5DFgrav~a,l!1DFbend~a,l!1DFSagnac~a,l!,
~27!

where we assume that the functional form of each term
the tilt anglea and the wavelengthl as described above i
correct. Thus, we use the equation

DF~a,l!52~ul sina!Fg~a,l!1~wl21 sina!Fb~l!

1s~12cosa!tanuB ~28!

to determine the parametersu and w from the phase-shift
data. The functionsFg andFb are

Fg~a,l!5tanuB@11«~a,l!# ~29!

and
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Fb~l!5sin2uB . ~30!

Calculated values of the multiple-path dynamical diffracti
correction factor«~a,l! for both interferometers for the
longer wavelength used are shown in Fig. 16. This facto
dependent on the interferometer blade thicknessa and their
separationsd1 andd2 and on wavelength and tilt as a fun
tion with argumentl sina. Since the Sagnac effect pha
shift is small relative to the gravitational phase shift a
known to sufficient accuracy, we treat it as a known quan

FIG. 15. Graphical representation of the phase shift data u
~a! the skew-symmetric interferometer and~b! the symmetric inter-
ferometer with the Sagnac effect phase shift subtracted. The
curves are the gravity phase shifts expected from theory.
a

he
is

y

for the purpose of our data analysis and subtract a calcul
value of it from the measured phase shiftDF~a,l! before
fitting the data.

Since we have measured the phase shiftDF at two wave-
lengthsl1 andl2 for each tilt anglea, we have two equa-
tions for the two unknown parametersu and w. Theoreti-
cally, these parameters should be independent ofa and l.
The experimentally determinedu andw parameters are the
given by

g

lid

FIG. 16. A plot of the values for the multiple-path dynamic
diffraction correction term«~a,l! for ~a! 2.1440-Å neutrons in the
skew-symmetric interferometer and~b! 1.8796-Å neutrons in the
symmetric interferometer.
uexpt5
DF~a,l1!l1Fb~l2!2DF~a,l2!l2Fb~l1!

@l2
2Fg~a,l2!Fb~l1!2l1

2Fg~a,l1!Fb~l2!#sina
~31!

and

wexpt5
DF~a,l1!l2Fg~a,l2!2DF~a,l2!l1Fg~a,l1!

@~l2 /l1!Fg~a,l2!Fb~l1!2~l1 /l2!Fg~a,l1!Fb~l2!#sina
. ~32!
due
f

n

Note that the value of the gravity parameteruexpt as deter-
mined by Eq.~31! is independent of the assumed function
form of the dependence ofDFbend(a,l)on the tilt anglea.

In this manner, we have determined thatuexpt is 68.63~8!
rad/Å for the skew-symmetric interferometer and 210.28~23!
rad/Å for the symmetric interferometer. In this analysis, t
angular range considered was restricted touau<11.25° for the
l
skew-symmetric interferometer anduau<10.00° for the sym-
metric interferometer due to concerns about uncertainties
to loss of fringe visibility. If data taken over the full range o
tilt angles used are considered, the values ofuexpt for the two
interferometers become 67.63~22! and 210.82~29! rad/Å. The
measured values ofuexpt at various tilt angles are shown i
Fig. 17. Likewise, we have used Eq.~32! to obtain the values
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56 1777TWO-WAVELENGTH-DIFFERENCE MEASUREMENT OF . . .
of the bending parameterwexpt of 6.92~13! rad/Å for the
skew-symmetric interferometer and 32.61~18! rad/Å for the
symmetric interferometer for the restricted range of
angles and 7.34~14! rad/Å and 31.57~25! rad/Å for the full
range. The results of the pointwise calculation ofwexpt are
shown in Fig. 18. These results are compared with the th
retical predictions in Table I.

V. DISCUSSION

We have also considered the possible effects due to
incident beam being neither perfectly level nor perfec
horizontally collimated. If the incident beam were out of t
horizontal plane by an anglej, then thea-dependent gravi-
tational phase shift would be reduced by cos~j! and there
would be an additional, constant phase shift that would
removed by our difference method. Similarly, if the interfe
ometer were tilted so that the incident beam formed an an
j with its horizonal surface then the size of the gravi
induced phase shift will be increased by 1/cos2(j) by the
increase in the effective thickness and separation of the
terferometer blades. Since the incident beam and the in
ferometer are level along the longitudinal direction to le
than half a degree, these effects would be negligible. Li
wise, the effects on both phase and contrast of a spread i
direction of the incident beam relative to the horizontal s
face of the interferometer will be negligible. In these es

FIG. 17. A plot of the values for the gravitational parameteru
experimentally determined pointwise using~a! the skew-symmetric
interferometer and~b! the symmetric interferometer. The two hor
zontal lines are 68.63~8! rad/Å and 210.28~23! rad/Å, the weighted
average of the data in the restricted regions ofa described in the
text.
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mates we assumed that the angle of scattering vector o
interferometer was unchanged relative to the incident be
during tilting.

The effects of misalignment between the crystal plan
and the macroscopic surface of the interferometer have
been considered. The condition described as level in
work is determined by the use of a spirit level with a pre
sion of 0.1° placed on a surface parallel to the surface of

FIG. 18. A plot of the values for the bending parameterw ex-
perimentally determined pointwise using~a! the skew-symmetric
interferometer and~b! the symmetric interferometer. The two hor
zontal lines are 6.92~13! rad/Å and 32.61~18! rad/Å, the weighted
average of the data in the restricted regions ofa described in the
text.

TABLE I. Summary of the theoretical and experimental resu
for the gravity parameteru and estimates of the size of the bendin
parameterw.

Skew-symmetric
interferometer

Symmetric
interferometer

Gravity parameteru
Theoretical~rad/Å!

69.695~16! 212.119~21!

Gravity parameteruexpt

a range restricted~rad/Å!
68.63~8! 210.28~23!

Gravity parameteruexpt

full range ofa~rad/Å!
67.63~22! 210.82~29!

Bending parameterwexpt

a range restricted~rad/Å!
6.92~13! 32.61~18!

Bending parameterwexpt

Full range ofa ~rad/Å!
7.34~14! 31.57~25!
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1778 56K. C. LITTRELL, B. E. ALLMAN, AND S. A. WERNER
interferometer. The alignment of the crystal planes with
spect to the surface of the skew-symmetric interferome
was examined on a double-axis x-ray spectrometer at
tional Institute of Standards and Technology and found to
parallel to within 0.5°. The situation is expected to be simi
for the symmetric interferometer. The only misalignme
that has any effect on the result is a tilt of the scattering pl
relative to the top surface of the interferometer. This lead
an offset in the measured value of the tilt anglea. An as-
sumed uncertainty in this offset tilt angle of 0.5° introduce
relative uncertainty of 0.1% into the measured value ofu, an
effect that has been included in the analysis. The meas
misalignment is taken into account in the results present

The differences shown in Table I between the obser
experimental values of the gravity parameter and the ca
lated theoretical values are significant. The most likely
planation for this discrepancy is that the way in which t
effects of strains and bending of the interferometer have b
modeled is too naive. In addition to producing a path len
difference, bending and strain can cause local variation
the lattice spacing due to stretching or compression and
alignment of the crystal planes on one blade of the inter
ometer relative to the others. Therefore, it is quite poss
that coupling between the bending and effects due to
namical diffraction is not as small as has been assumed
though the dimensional changes to the interferometer du
bending are trivially small compared to the area of the int
ferometer and the areas appearing in the dynamical diff
tion correction, the resulting variation of the relative ang
of the crystal planes of the interferometer blades may
nontrivial compared with the Darwin width. This would hav
the result that neutrons perfectly on Bragg in one crys
would be off Bragg slightly in another, introducing add
tional changes into both the amplitude and phase of the
terferogram not seen in the uncoupled dynamical diffract
approach.

There is evidence to support this conclusion in the da
For the skew-symmetric interferometer the agreement of
data with the theoretical phase shift due to gravity after
justing for bending is much better in the restricted range oa
as can be seen from Fig. 19. Also the qualitative agreem
between the experimental and theoretical gravity interfe
grams is better and the tilt angle for which the visibility
maximum is closer to zero for the longer wavelength da
This is to be expected as the parameter

y5
2k–G1G–G

4muVGu/\2
5

DuL0

dhkl
, ~33!

which is used to characterize the deviationDu from the exact
Bragg condition and determines the paths along which a
ticular neutron travels through the interferometer, is prop
tional to both the neutron wave vectork and the reciproca
lattice vector for the diffracting planesG. In this expression
VG is the Fourier component of the potential of silicon co
responding toG, L05p\2k0cosuB /uVGu is the pendello¨sung
length, anddhkl is the spacing between the diffracting lattic
planes. Therefore,y is twice as sensitive to small variation
in wavelength at the shorter wavelengths. Furthermore,
experimentally determined values of the gravitationally
duced phase shift differ from the theoretical values by mu
-
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less than the size of the dynamical diffraction correctio
suggesting that the effects of dynamical diffraction are be
damped in some manner.

Another, less likely source for the discrepancy is a diffe
ence in the way in which centrifugal force acts in classi
and quantum mechanics. As yet the effects of centrifu
force on the quantum-mechanical phase have not been s
ied experimentally except as a correction to COW-type
periments such as this where it is expected to be a contr
tion that is nearly at the resolution of the measureme
While it is impossible to study the effects of the Earth
gravity independent of centrifugal acceleration, the relat
size of these two effects can be determined by studying
tems such as the phase shifts due to the sun and the m
where the magnitudes of the inertial forces are in differ
proportions to the gravitational forces than in the system
the rotating Earth alone.

VI. FUTURE WORK

If the coupling of strains to dynamical diffraction effec
is the source of the discrepancies, then it may be possib
reduce them by floating the interferometer in a neutro
transparent solution of the same density as has been do
experiment to measure the inertial and gravitational effec
masses of diffracting neutrons@28,29# or by modifying the
apparatus so that the interferometer is rotated about an
of elastic symmetry. Both of these methods would have
effect of reducing the dependence of bending and strain
the tilt angle but would do nothing to counteract the coupli

FIG. 19. Graphical representation of the data of Fig. 15 using~a!
the skew-symmetric interferometer and~b! the symmetric interfer-
ometer pointwise corrected for bending effects. The solid curves
the gravity phase shifts expected from theory.
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of the constant, baseline strains, and distortions with the
namical diffraction correction. The experiment could also
performed with an interferometer with blades thinner in p
portion to its length to reduce the size of the dynamical d
fraction correction. This would make the interferometer le
rigid and thus more susceptible to bending, but this prob
could be ameliorated by using the techniques descri
above. Of course performing the experiment with long
wavelength neutrons would be helpful by increasing the s
of the gravitational phase shift relative to other effects wh
at the same time decreasing the size of the bending co
tion and the sensitivity of the dynamical diffraction corre
tion to variations in the interferometer.

It may also be necessary to modify the experiment
change the form of the dynamical diffraction correction. Th
can be done by performing the experiment using more co
mated, more monochromatic beams, like those produced
ing nearly perfect crystals in the monochromator, or by us
entrance and exit slits on the interferometer to restrict
wavelength distribution of neutrons along a particular dir
tion that can contribute to the interferogram. It may also
informative to perform the experiment with a two-blade i
terferometer or a three-blade LLL interferometer in the
cusing geometry. Since the gravity-induced phase shift is
result of the neutron spending more time in a higher poten
along one path and not actually the area, it would also
interesting to perform the experiment using a neutron in
ferometer in the Michelson geometry if these become av
able. Use of this geometry would have the added benefi
completely decoupling the Sagnac effect as there is no
closed area in the interferometer and thus no Sagnac ef

VII. CONCLUSIONS AND CONNECTIONS

After careful analysis, tantalizing and significant discre
ancies remain between the phase shift due to gravity as m
sured by experiment and that predicted theoretically. T
experimentally obtained values for the gravitationally
duced phase factoru were lower than the theoretically ex
pected value by 1.5% for the skew-symmetric interferome
data and 0.8% for the symmetric interferometer data in m
surements with relative uncertainties of 0.12% and 0.11
respectively. Since the discrepancy is different in relat
magnitude for the two different interferometers when co
pared to both the theoretical predictions and the size of
dynamical diffraction corrections, it appears to be related
the interferometer and its mounting. Although these discr
ancies appear to be related to the way in which dynam
diffraction interacts with bending and strains in the interf
ometer, they may also represent a difference between
ways in which gravity acts in classical and quantum mech
ics. Before any quantitative conclusions can be reac
about the role of the equivalence principle in nonrelativis
quantum mechanics, this discrepancy must either be pro
to be due to differences in the gravitational potential betw
classical and quantum mechanics, or understood as a r
of other, unaccounted for experimental parameters and el
nated.

In conclusion, we would like to make a few comments
the Sagnac effect for light, and also on the possibility
observing the gravity-induced phase shift for light. A
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pointed out by Dresden and Yang@30#, the formula@17# for
the Sagnac phase shift can be written as

DFSagnac52
k

v0
V–A0 . ~34!

This is correct to first order inV, since the neutron’s mo
mentum\k5miv0, thusmi /\5k/v0. For photons the veloc-
ity v05c, the velocity of light. Thus, using the same perfe
crystal interferometer for x-ray photons of the same wa
length as our neutrons, the expected phase shift would
factor of v0 /c smaller than for neutrons. For a waveleng
l52 Å, v0 /c'0.6731025, so that DFSagnac~x rays!5
(v0 /c)DFSagnac~neutrons!' 1.531025 rad for the interfer-
ometer~ A0515.6 cm2! used in the original Sagnac effec
experiment@2#. Even for an interferometer of linear dimen
sions 10 times larger~area 100 times larger!, which appears
feasible, the Sagnac phase shift for x rays would only be
mrad, presenting an experimental challenge to observe
course, if there were a scheme to allow the photons to
around the interferometer many times, as in the ring-la
gyroscope, the conclusion would be quite different. The p
fect crystal resonant cavities as described by Rostom
et al. @31# provide an example of such a scheme.

Recently, Mannheim@32# has pointed out that the COW
formula ~13! for the gravity-induced phase shift can be wr
ten in the form

DFgrav~a!52pgA0sina/lv0
2, ~35!

if one again makes the replacementm/\5k/v0. Further-
more, he shows using a fully covariant analysis and the n
relativistic reduction of the Klein-Gordon equation, that t
phase shift formula for classical light is identical to Eq.~35!
if we replace the neutron velocityv0 by c. This realization
shows us again that the COW effect is really a gravitatio
redshift for massive particles. For x-ray photons of the sa
wavelength as our neutrons, we haveDFgrav~x rays!
5(v0 /c)2DFgrav~neutrons!. For l52 Å, (v0 /c)2'0.44
310210, so that observing the COW effect with x ray
would be quite difficult indeed, but not totally inconceivabl
Suppose we use 0.1-Å x rays and had an interferomete
m310 m, thenDFgrav~x rays!50.6 mrad. Clearly, such an
experiment would take some technological development.

We see in the above numerical examples the consider
sensitivity of the neutron interferometer to rotation and gra
ity. This has provided the motivation for the current activi
in using atom beam interferometers@8,33# for ultrahigh sen-
sitivity accelerometers and gyroscopes, as suggested
Clauser@34# about 10 years ago.

Recently, Ahluwalia and Burgard have investigated t
effects of gravitationally induced quantum phase shifts
neutrino oscillations@35#. In the neighborhood of a 1.4 sola
mass neutron star they find that the gravity-induced pha
are roughly 20% of their kinematical counterparts.

A preliminary account of the two-wavelength gravity
induced phase-shift experiment discussed in detail in
paper was given at the Neutron Optics Kumatori ’96 conf
ence@36#.
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