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Photon statistics and the optical Stark effect

T. Altevogt, H. Puff, and R. Zimmermann
Max-Planck-Arbeitsgruppe Halbleitertheorie an der Humboldt-Universita¨t zu Berlin, Hausvogteiplatz 5-7, D-10117 Berlin, Germany

~Received 12 November 1996!

We theoretically describe a pump-probe scheme for detecting the optical Stark effect on two-level atoms
with a fully quantized pump field. The probe absorption reflects the photon statistics of the pump field for both
the single-atom and multiatom case. Nonclassical features, without counterpart in the single-atom case appear
in the multiatom absorption and result in strong variations of the absorption amplitude and nonclassical gain or
absorption.@S1050-2947~97!05708-9#

PACS number~s!: 42.50.Ct, 42.50.Ar, 42.50.Hz
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I. INTRODUCTION

An extensively investigated phenomenon in modern sp
troscopy is the optical~or dynamical! Stark effect. It is due
to the dynamic coupling of atomic states by a quasireson
electromagnetic field leading to shifts of the energy lev
with respect to their original positions. After its first demo
stration by Autler and Townes@1#, the optical Stark effect
has been investigated in a large variety of systems, for
ample, atomic and molecular systems@2,3# or excitons in
semiconductors@4,5#. Theoretical descriptions of these e
periments have usually relied on treating the electromagn
field classically@6,7#. One feature neglected in this semicla
sical approach is the dependence of the energy shift on
photon number as exemplified by the Jaynes-Cummi
model@8,9#. For strong atom-field coupling, the shifted res
nances are expected to reflect the photon statistics of
incident electromagnetic field, as has been proposed ea
for interband transitions in semiconductors@10#. Closely re-
lated are investigations of resonance fluorescence spectr
pendent on field fluctuations@11–13#.

Due to progress in highly sophisticated experimental te
niques, nonclassical features of the radiation field have
ready been observed@14#. These results stimulate the inve
tigation of effects in spectroscopic experiments that are
to the quantized radiation field.

The purpose of the present paper is to discuss the in
ence of photon statistics on Stark-shifted resonances dete
in pump-probe experiments. It will be shown that the calc
lated absorption spectra of the probe field directly display
photon statistics of the pump field. The corresponding sp
tra for the multiatom case reveal a complex substruct
which has no counterpart in the single-atom case and w
results in a probe absorption highly sensitive to slight f
quency changes. Another nonclassical feature is the app
ance of probe gain~absorption! at frequencies where th
semiclassical approach predicts absorption~gain!.

In semiconductor physics, high-resolution pump-pro
techniques are used to detect the optical Stark shift of e
tonic resonances@15,16#. For narrow exciton lines, the pho
ton statistics of the pump field could have an observa
influence on the shape of the shifted probe absorption
spite of this, the line broadening of an excitonic resona
would not allow the resolution of the complex substructur
In order to detect the latter, an extremely narrow absorp
561050-2947/97/56~2!/1592~6!/$10.00
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line of a microwave, a near-infrared or a dipole-forbidd
optical transition in an atom should be taken into consid
ation. Although their optical Stark shift has not been detec
yet to our knowledge, ultranarrow atomic absorption lin
have already been recorded in the microwave and the op
regime~e.g.,@17–19#! by applying a detection scheme whic
is discussed by Cook and Kimble in@20#.

The paper is organized as follows: In Sec. II, the Tav
Cummings scheme@21# will be introduced and used to de
rive an expression for the probe absorption. In Sec. III,
sorption spectra for the single-atom and multiatom case
presented and interpreted in terms of dressed states.

II. THEORETICAL MODEL

A. Hamiltonian

The model system considered here consists ofN0 identi-
cal two-level atoms with ground stateug& and excited state
ue& confined in a high-Q cavity. Their spatial localization is
assumed to be in the Lamb-Dicke regime, i.e., the locali
tion uncertainty is much less than the wavelength of both
pump and the probe field. The cavity is tuned to resona
with the pump mode, and the mean Rabi frequen
^V&52gA^n& ~with g the atom-field coupling constant an
^n& the mean photon number! is assumed to be sufficientl
high to neglect dissipative processes. Within these limits,
atom-field dynamics may be adequately described in
rotating-wave approximation by the Hamiltonian

H05 (
n51

N0

$\vg gn
†gn1\ve en

†en%1\vp$a
†a1 1

2 %

1\g(
n51

N0

$gn
†ena†1aen

†gn%, ~2.1!

wherea anda† are annihilation and creation operators for
photon of the pump field andgn(gn

†), en(en
†) are the annihi-

lation ~creation! operators for an electron in the statesug&,
ue& of the nth atom. This Hamiltonian obviously conserve
the numberNn5en

†en1gn
†gn of electrons at thenth atom,

and the following considerations can be restricted to the s
spaceNn51. With the collective atomic operators@22#

J15(
n

en
†gn , J25(

n
gn

†en ,
1592 © 1997 The American Physical Society
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J35
1

2(n
$en

†en2gn
†gn%, ~2.2!

the Hamiltonian can be rewritten as

H05\dJ31\g$J1a1a†J2%1\vpH a†a1J31
N0

2 J ,

~2.3!

whered5(ve2vg)2vp denotes the pump detuning, and
irrelevant constant has been dropped.

The operators ~2.2! obey the commutator relation
@J3 ,J6#56J6 , @J1 ,J2#52J3 of a generalized angula
momentum operator; its squareJ2 is constant in time. An-
other constant of motion is provided by the operator

K5a†a1J31
N0

2
, ~2.4!

whose integer eigenvalues, the excitation numbers, co
photons and excited atoms. The relevant dynamics of
coupled atom-photon system is governed by the redu
Hamiltonian

H05\dJ31\g$J1a1a†J2%. ~2.5!

A simultaneous eigenstateum, j ,k& of H0, J2, andK,

H0um, j ,k&5Em~ j ,k!um, j ,k&,

J2um, j ,k&5 j ~ j 11!um, j ,k&, Kum, j ,k&5kum, j ,k&,
~2.6!

is called the ‘‘dressed state,’’ and may be obtained from
uncoupled atom-photon basis$un; j ,m&%, defined by

a†aun; j ,m&5nun; j ,m&,

J2un; j ,m&5 j ~ j 11!un; j ,m&,

J3un; j ,m&5mun; j ,m&,

n50,1,2,. . . , j 50,1, . . . ,N0/2,

m52 j ,2 j 11, . . . ,j , ~2.7!

~provided N0 is even!. A dressed state corresponding to
fixed excitation numberk is a superposition of a finite num
ber of uncoupled states, i.e., those obey
k5n1m1N0/2.

B. Absorption of the probe field

The quantity to be investigated is the absorption of a w
and monochromatic probe field of frequencyv, which can
be treated as a classical field@23#. This external field is, in
the rotating-wave approximation, coupled to the system
cording to

H5H01V, V5\ g̃~J1ae2 ivt1H.c.!, ~2.8!

where thec numbera denotes the amplitude of the prob
field. The coupling constantg̃ is assumed to be much les
nt
e
d

e

k

c-

thang, as the test field is nonresonant to a cavity mode,
shown schematically in Fig. 1.

The detection of the time-integrated probe absorption
appropriately described by the responsex(v) linear in a
which can be obtained by applying the Kubo formula@24# as

x~v!52 i\ g̃2 lim
T→`

1

TE0

T

dt E
2`

t

dt8 ^@J2~ t !,J1~ t8!#&

3ei ~v2vp!~ t2t8!. ~2.9!

The time-dependent operators are Heisenberg operators
respect to the reduced HamiltonianH0 of Eq. ~2.5!.

The angular brackets denote the expectation value w
respect to the initial state. In the present case, atoms
photons are assumed to be initially decoupled, and all
atoms are in their ground states. SinceJ2 is conserved, only
states withj 5N0/2 are involved in the dynamics of the sy
tem, and the atomic states will be denoted byum& instead of
u j 5N0/2,m& in the following. The corresponding statistica
operator for the initial state is therefore

r5rpump̂ um52N0/2&^m52N0/2u. ~2.10!

The linear susceptibilityx(v) derived from Eq.~2.9!
obeys the dispersion relation

x~v!5 lim
e→0

E
2`

` dv8

p
x2~v8!

1

v2v81 i e
, ~2.11!

with

x2~v!5p\ g̃2 (
m,m8

(
n50

`

g~v! d„v2vp2vm,m8~n!…,

~2.12!

whereg(v) is defined as

g„v5vp1vm,m8~n!…

5z^m8,k85n11uJ1um,k5n&z2

3$pnz^m,k5nun;m52N0/2&u2

2pn11z^m8,k85n11un11;m52N0/2&u2%,

~2.13!

FIG. 1. Schematic pump-probe setup with the probe field be
nonresonant to a cavity mode.
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1594 56T. ALTEVOGT, H. PUFF, AND R. ZIMMERMANN
and where the abbreviation\vm,m8(n)5Em8(k85n11)
2Em(k5n) and the selection rule ^m8,k8uJ1um,k&
}dk8,k11 have been used. Due to the special initial st
~2.10!, the susceptibility depends only on the diagonal e
mentspn5^nurpumpun& of the statistical operator of the pum
field, i.e., the photon-number distribution. The nondiago
elements ofrpump do not appear in the linear response. T
quantitiesu^m,k5nun;m&u2 determine the relative contribu
tion of the bare stateun;m& to the dressed stateum,k5n&,
i.e., its occupation probability. Their difference for two co
secutive excitation numbers essentially fixes the sign of
weight g(v) at the corresponding transition frequency a
thus discriminates between regions of absorption and ga

C. Semiclassical probe absorption

A semiclassical approach for the pump field, i.e., sub
tuting the operatorsa anda† by thec numbersA^n&eivt and
A^n&e2 ivt, leads to a much simpler expression for the line
response, i.e.,

x2~v!}S 11
d

Ṽ
D 2

d~v2vp2Ṽ!

2S 12
d

Ṽ
D 2

d~v2vp1Ṽ!, ~2.14!

whereṼ denotes the generalized Rabi frequency given b

Ṽ5A4g2^n&1d2. ~2.15!

Thus the semiclassical probe absorption consists of only
sharp resonance lines at frequenciesv65vp6Ṽ, with a
probe absorption atv1 and a probe gain atv2 .

III. CALCULATED ABSORPTION SPECTRA
AND INTERPRETATION

A. Absorption for a single atom

In the single-atom case~Jaynes-Cummings model!, the
subsets of bare states mixed byH0 are

$un;m51/2&,un11;m521/2&%. ~3.1!

Without atom-photon coupling, these two states are se
rated energetically by the pump detuningd, as shown on the
left-hand side of Fig. 2. The dressed states, shown on
right-hand side, are shifted relative to the bare states by
Stark shift

Dn56
1

2
$A4g2n1d22udu%. ~3.2!

Due to its dependence on the photon numbern, it is different
for each pair of dressed states with a common excita
number.

The photon statistics considered here are the well-kno
result of the simplified laser model@25#

pn5
~rb!n

~b1n!!
p0 , ~3.3!
e
-

l

e

.

i-

r

o

a-

he
he

n

n

where r indicates the pump parameter, i.e., the pump r
relative to the laser threshold, andb is a parameter depend
ing on the decay rates of the upper and lower laser leve

In Fig. 3, the photon statistics for three choices of pum
parametersr are shown, i.e., a thermal-like statistics f
pumping below the laser threshold~triangles!, slightly above
the threshold~squares!, and a Poisson-like shape for pum
ing considerably above threshold. In Fig. 4, the correspo
ing absorption spectra are shown whereg(v) given by Eq.
~2.13! indicates the positions and the heights of the abso
tion peaks. Four different groups of resonances are cle
recognized, denoted byA, B, C, andD. They are traced back
to the corresponding transitions sketched in Fig. 2 and
beled accordingly. Since the pump detuningd is chosen in
the range of the mean Rabi frequency^V&, the bare state
un;m521/2& assigned to the atomic ground state domina
in the dressed stateum1 ,k5n&, whereas the state
un21;m51/2& assigned to the excited atomic state dom
nates inum2 ,k5n&. As the atom is initially in its ground
state, transitionA leads to an absorption, while transitionB
gives rise to a probe gain. Apart from spreading into grou
of lines, A and B are found in the semiclassical treatmen
too. TransitionsC andD lead to resonances with small am

FIG. 2. Bare states and dressed states for the single-atom c

FIG. 3. Photon statistics of a laser for different pump parame
r : triangles,r 50.98; squares,r 51.03; circles,r 51.5; ^n&540.
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56 1595PHOTON STATISTICS AND THE OPTICAL STARK EFFECT
plitudes because of the nearly equal occupation probabil
of the states involved. They have no counterpart in the se
classical approach.

The occupation probabilitypnu^m1 ,k5nun;m521/2&u2

of the dressed stateum1 ,k5n& depends, for sufficiently high
detuningd, on the photon-numbern mainly by means of the
photon number distributionpn . Thus the absorbing trans
tions A reflect the shape of the photon statistics, as a co
parison of Figs. 3 and 4 clearly shows.

B. Absorption for two atoms

The probe absorption for two atoms for the Poisson-l
photon statistics of a laser is shown in Fig. 5. A striki
difference compared to the single-atom spectrum appea
groupsA and B, which each consists of two subgroups
resonances with different amplitudes. In the inset of Fig

FIG. 4. Probe absorption for the photon statistics in Fig
~single-atom case!: triangles, r 50.98; squares,r 51.03; circles,
r 51.5; parameters:d516g, ^V&512.6g.

FIG. 5. Probe absorption for two atoms; parameters as in Fig
photon statistics: laser above threshold (r 51.5).
es
i-

-

e

in

5

the two subgroups ofA are labeled byA1 andA2. A strong
variation of the probe absorption results when changing
probe frequency slightly. Moreover, there are two groups
resonancesC andD which have no counterpart in the single
atom case and the semiclassical case. Three further grou
resonances also appear in the central regionv.vp , which
are not resolved in Fig. 5.

The new features can be interpretated along lines sim
to those in Sec. IIIA. In the two-atom case, the finite sub
of bare states mixed by the atom-photon interaction is

$un22;m511&,un21;m50&,un;m521&%. ~3.4!

Two of these bare state triplets are shown on the left-h
side of Fig. 6. The corresponding dressed states shown
the right-hand side are shifted relative to the bare states,
again these shifts depend on the excitation number. The t
sitions are labeled according to Fig. 5.

For a sufficiently high detuningd of the order of̂ V&, the
occupation probabilitiesu^m i ,nun;m521&u2;( i 51,2,3) of
the dressed states obey the relation

u^m1 ,nun;m521&u2@u^m2 ,nun;m521&u2

.u^m3 ,nun;m521&u2. ~3.5!

In this case, transitionA1 leads to a considerably strong
absorption than transitionA2, representing a resonance
subgroupA2, as seen in the inset of Fig. 5. Since the tran
tion frequencies ofA1 andA2 are slightly different, a large
variation of the absorption amplitude results. The two su
groups ofB in Fig. 5, represented by the transitionsB1 and
B2 in Fig. 6, are to be explained by analogous argume
The groups of resonancesC and D are small because o
small transition matrix elements.

In Fig. 7, the absorption spectrum for a detuningd sig-
nificantly smaller than the mean Rabi frequency^V& is
shown. Here subgroupA1 causes a probe gain, and the su
groups of B behave similarly. This is due to a dramat
change of the population distribution within a triplet wit
decreasing detuningd, as shown in Fig. 8, for the two lowe
dressed states. For larged the occupation probability of

4;

FIG. 6. Bare states and dressed states for the two-atom cas
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1596 56T. ALTEVOGT, H. PUFF, AND R. ZIMMERMANN
um1 ,n& is larger than that ofum2 ,n11&, and transitionA1 in
Fig. 6 leads to an absorption. For low detuningd, the popu-
lation difference between these two states is inverted,
transitionA1 causes a probe gain.

C. Absorption for more than two atoms

If the number of atomsN0 is further increased, the ab
sorption spectra become more and more complex. The n
ber of subgroups increases asN0, sinceN011 is the number
of states within a dressed state multiplet, provided that
excitation number is not less than the number of atoms.
example for six atoms is shown in Fig. 9. Here the popu
tion inversion between the lowest dressed states withi
multiplet appears even at a detuningd of the order of the
mean Rabi frequencŷV&. Thus one subgroup ofA causes a
probe gain.

As already mentioned in the introduction, it will be rath
difficult to resolve the fine substructure in the lines beca
of homogeneous and inhomogeneous broadening. For
ample, the detection of the substructures for two atoms

FIG. 7. Probe absorption for two atoms with nonclassical gain
A and absorption inB; parameters:d52g, ^V&512.6g; photon
statistics: laser above threshold (r 51.5).

FIG. 8. Occupation probability ofum1 ,n& and um2 ,n11& vs
pump detuningd; parameters:̂V&520g, n5^n&5100.
d

m-

e
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e
x-

e-

quires a line width less than 0.1g. Nevertheless, the spectr
with the unresolved substructure still reflect the pump pho
statistics reasonably well, as shown in Fig. 10. Here we h
assumed a homogeneous line broadening of 0.4g.

In order to observe the photon statistics via the line sh
of the Stark-shifted probe absorption, the line broaden
should not exceed the coupling constantg drastically. If a
pump-probe experiment in semiconductor physics is con
ered, narrow resonances of impurity-bound excitons
have a linewidth as low as 40meV @26#. Using common
dipole matrix elements, we have estimated a coupling c

n

FIG. 9. Probe absorption for six atoms; parameters:d516g,
^V&520g; photon statistics: laser above threshold (r 51.5).

FIG. 10. Probe absorption (A transition! for six atoms with as-
sumed spectral broadening for thermal-like~a! and Poisson-like~b!
photon statistics; the statistics’ shapes are also included~circles!;
parameters as in Fig. 9.
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stantg of the order of 10meV. Consequently, the influenc
of the photon statistics on the Stark-shifted absorption
shape might be observable for these narrow excitonic re
nances, although possibly not as clear as in Fig. 10.

IV. SUMMARY

We have shown in this paper that the probe detection
resonances shifted by the optical Stark effect may provid
tool to measure the photon statistics of the pump. Moreo
we have found nonclassical features in multiatom spe
that have no counterpart in the single-atom case; i.e., h
.

R

. A

J.
e
o-

f
a
r,

ra
h

variations of absorption amplitudes and nonclassical g
and absorption of the probe. The dressed state model g
an insight into the processes which cause these nonclas
features.
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