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Quartic, sextic, and octic anharmonic oscillators: Precise energies of ground state
and excited states by an iterative method based on the generalized Bloch equation
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Recently, we proposed an iteration method for solving the eigenvalue problem of the time-independent
Schralinger equatioriH. Meifner and E. O. Steinborn, Int. J. Quantum Chéh.777 (1997]. This method,
which is based on the generalized Bloch equation, calculates iteratively certain matrix elements of the wave
operator which are the wave-function expansion coeffici@M&Cs. It is valid for boson as well as fermion
systems. In this article we show that the WEC-iteration method, together with a renormalization technique,
allows us to calculate energy eigenvalues for the ground state and excited states of the quartic, sextic, and octic
anharmonic oscillator with very high accuracy. In order to overcome slow convergence in the iteration scheme
we use a renormalization technique introduced by F. Vinette andzaék@]. Math. Phys(N.Y.) 32, 3392
(1991)] and show that this method is equivalent to the renormalization scheme based on the Bogoliubov
transformatiorfN. N. Bogoliubov, Izv. Akad. Nauk SSSR, Ser. Fi4, 77 (1947] which is frequently used for
the treatment of anharmonic oscillators in second quantizgt®1050-2947{@7)02608-3

PACS numbds): 03.65~w, 02.90+p, 31.15.Md

[. INTRODUCTION Here,m=2,3,4 corresponds to the quartic, sextic, and octic
anharmonic oscillator, respectively, apd [0,0).

A guantum-mechanical system is determined by its wave Anharmonic oscillators are frequently used to test new
function, and the calculation of this wave function is a fun-approximation techniques since the calculation of the eigen-
damental problem. In the case of stationary nonrelativistiozalues and eigenfunctions leads to challenging mathematical
systems one has to solve the time-independent Satger  problems. For instance, Bender and V@u+11] showed that
equation for the ground state of the quartic, sextic, and octic anhar-

monic oscillator the Rayleigh-Schdimger perturbation se-
Fi|l//>= E|¢), (1.1 ries for an energy eigenvalue diverges strongly for eyery
#0. The anharmonic oscillators are also used to test other

whereH is the appropriate Hamiltonian of the system andcomputational approaches which are actually designed for
|) its eigenfunction with corresponding eigenvalEe the treatment of many-fermion systems, such as the coupled
As is well known, an eigenfunctiohy) can be expanded cluster approximation5,6]. However, in this case some

in terms of a complete orthonormal basis ’§¢1;7}°°:1 (see, problems also occyil2,13 (s_ee als_(£14—1q)._Therefore, it
for instance, Chap. 2 of Refl]) K turns out that the anharmonic oscillators defined by (E®)

are well suited to test the power as well as the shortcomings
o of approximation techniques.
|y = 2 an|¢”>_ (1.2 For this purpose, we first present in Sec. Il an overview of
7=1 the nonlinear iterative methol®,3] which is based on the
o _ ) concept of the wave operator and the generalized Bloch
Then, the Schrdinger equatiorf1.1) can be considered to be equation. In Sec. Ill, a renormalization technique introduced
solved if so many expansion coefficierds can be deter- y vinette and ek [17], which is based on Symanzik scal-
mined that one obtains a sufficiently accurate approximatioqhg (Sec. 1.2 of Ref[18]), is applied to the ground state and
to the exact wave functio(d.2. _ first excited states of the quartic, sextic, and octic anhar-
~ For that purpose, we use an iteration method, which wenonic oscillator. This renormalization technique is compared
introduced in[2,3], for the calculation of the wave-function ith the Bogoliubov transformatiofL9]. The results of the

expansion coefficientsVECS a,, of Eq. (1.2). This WEC-  calculations which were performed with the helpwtpLE v
iteration method was originally designed to calculate the cor(release B[20-27, are presented in Sec. IV.

relation energie§4—8| of atoms and molecules.
In the present paper, we use our formalism for the calcu-

lation of the energies of the ground and excited states of the Il METHOD
anharmonic oscillators defined by the Hamiltonians In this section we give a short overview of the method
which we recently introducef?,3], emphasizing some dif-

AM™(B)=p2+x2+ Bx2™. (1.3  ferent aspects.
For the determination of the coefficiends, in Eq. (1.2
we introduce a finite-dimensional reference spageavhich
*Electronic address: Holger.Meissner@chemie.uni-regensburg.d@gether with its orthogonal compleme@t spans the space
TElectronic address: Otto.Steinborn@chemie.uni-regensburg.de of basis functions. This reference space should consist of
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those basis functions whose expansion coefficiapts the
wave function|) have an appreciable absolute value.
A. Reference states

Some eigenstatgss,) of the HamiltonianH, with

|:||¢a>:Ea|¢a>y a-Elp 2.0

are split into their main parh,//g) belonging toP and the
remainder belonging t@ (see p. 202 of Ref.24])

ey =lva)+ 2 Cllen), (2.2

|¢2>=E| @lb.), acl,. 2.3
ae p

Here, I, and|
tions belonging tdP and Q, respectively. For eachy,), the
task is the determination of the stdig)) belonging to the

reference space and of the remainder of the expansio
EAE|qu|¢x>- According to Eq.(2.3), the reference states
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denote the set of indices of the basis func-

n

56

In general, for nonorthogonal reference functions

{¢g}g: , We can express the projection operaoas (see p.
203 of Ref.[24])

P=2 ya)(¥a, (Vilvg)=da- (28
ae p

Here,{W2"_, is a corresponding dual bagisee p. 6 of Ref.
[33]). For the orthogonal case thg¥2}" . reduce to
{vala-1-

In contrast to former consideratiofi3,3,24 we use a dif-
ferent representation of the generalized Bloch equation
[23,34:

OA0=A0, 0=0P. (2.9

In [2,3] we use a special representation of the generalized
Bloch equation where the Hamiltoniath is partitioned into

an unperturbed parf-,lo, and a perturbatiok'. However, the
expressions of the following Secs. Il C—Il E correspond to
the expressions ifi2,3] if we use an Epstein-Nesbet parti-
tioning of the HamiltonianH where o), ,=H, ,d,.,
[35-37.

can be represented by linear combinations of the basis func-

tions building up then-dimensional reference spafg 24, p.

202]. In the following text, we use intermediate normaliza-

tion of the exact wave functions),):

CATASUATASES (2.9

aelp.

B. Equation of motion

Instead of using the Schdimger equation(2.1) for the

C. Basis set

Now, we use the following basis set for the entire space:
In the reference spacP the basis set is chosen to be the
linearly independent reference stafgd}"_,, and in the re-
maining spac&—the orthogonal complement @ —the ba-
sis set will be the basis functiong, ),\ e I 4, which do not
occur in the linear combinations ¢§2}h_, . In terms of this
new basis the eigenstalt¢,) can be written as

determination of the reference states as linear combinations

of the basis functions oP and for the determination of the

coefficientsC{ of the basis function o, we will use an
effective Hamiltoniar(see p. 238 of Ref.23] and p. 207 of

Wa)= 2 Cilyp)+ 2 Cligy), acl,. (210
p €lq

bel

Ref. [24]) for the calculation of the reference states and theThis implies

generalized Bloch equatiof23—29 for the calculation of

the C%. This leads to a formal separation of the two sets of

coefficients{g5|a,ael,} and{C{laely N ely}.

The effective HamiltoniarH®", which is not necessarily
Hermitian, is defined by
PAOP[Y) =A%y =E,|y2). (2.9

Here, we use the so-calledave operatorﬁ which trans-

Cg:ﬁab’ Ci:<¢>\|@|'r/’g>- a’bEIpv Ae'q

2.11)

Therefore, we have accomplished a formal separation of the
two sets of coefficients{gi|a,ael,} and {Cilael, \
elgt. In the sequel, we will call the matrix elements

(2.11) of the wave operatofl the wave-function expansion
coefficientg WECS.

forms in an unambiguous way all states of the reference To determine the reference space, we choose a basis func-
space{¢g}g=l, which are linear independent but in generaltion |#,) which represents the most significant contribution
not orthogonal, into the corresponding exact eigenstatet® the wave functiomy,). In addition to|#,), all other basis
{40 _, (see p. 202 of Ref.24], and Refs[30-32), functions|¢,,>, n# «, are included in the reference spgee

if they fulfill
|‘r/fa>:fz|l/’g>' ae'p (2.6
s g =0, 0<6<l, n#a (2.12
and the projection operatdt according to « o
where
Plyay=lu= 2 gilda). 2.7 . .
Tde E=(balPba), Hap=(dulFldp). (213



56 QUARTIC, SEXTIC, AND OCTIC ANHARMONL . .. 1191

Of course, the dimension of the reference space depends on 1 ) y
the size of the paramete CY W{Ax o[ {A}P+4H (Hya+Th) 193, (2.20)
D. Effective Hamiltonian whereo is the sign ofA$=D$— A% . If the matrix element
The reference states A will be determined by using the Hax vanishes, we obtain instead
effective Hamiltonian according to ER.5) and by utilizing T
the orthonormality of the basis functiofg,}"_, and the ci:ﬁ (2.22
A an

corresponding  projection operator5=2aElp [ o) Pal-
From the eigenvalue equation for the effective Hamiltonianin Egs.(2.21) and(2.22, we use the abbreviations

Eg. (2.5, we obtain by sorting out a coefficiegf, the fol-

lowing nonlinear equations for the unknown coefficients _ H. Ce+ H..CP 29
{g3la,acl,} of the reference states: a ,LEEHN 2 bEP\a PR @23

1
gé=— {B2=\[B3?—4 A%}, aacl,. (214 Fa= 2 Hy, C&— > HpCP— > CRHy,C2,

‘ ZAi /‘Elq\x €lpa €lp\a
melga
Here (2.29
2 g H,Ba! (215) H)\,u:<¢)\|ﬂ|¢,u>v Ha,u=<l//g|ﬂ|¢,u> (223
Hoa=(uilAl¥Q), Di=&—& (2.26
B - E H P + E ga*Aa aaa (216) ~ ~
sty g =(dlAldy), &=(ulAl¥) (.29
Y a
with a,bel, andu,\ 4. For the case of a nonorthogonal
- > H 98 .17 basis spanning the reference space, we refggjto
ﬂelp\a BIp In Eqg. (2.21) we used the negative sign in front of the
square root, which gives the correct limit zero for the quan-
p2h=0% 0y, ab,aBel,, (2.18  tity H,,C2. As already mentioned at the end of Sec. Il B, we

obtain the same representation of the WECs by using the
- Epstein-Nesbet partitioning of the Hamiltonian. Then, this
:x;q HaCXo Hy=(4,Hl¢) (219 cr?oice of the sigr?correspognds to the lirkif,,—0, 1 # v, of
the perturbation in the case of Epstein-Nesbet partitioning
with a,ael,, 7,{el Ul which leads to the unperturbed casg.
The coefﬁmentiga}ae, , which are written here in vec- Instead of using o=sgn(A}) we can also use
tor notation, have to be normallzed such tial|y2)=1  o=sgnD?2) in Eq. (2.21) because this leads to the same
according to Eq(2.4). Possible initial values for the coeffi- resuylt for the limitH ,,— 0. The sign oD, i.e., o is inde-

cientsgg, of the reference states are pendent of the WECs whereas depends on the WECs
a which can be important for iteration procedures.
9,(0)= 640, a,aelp. (220 For an iteration procedure one has to choose initial values

L . . for the WECSs. This can be done by setting all coefficients on

The sign in front of the square ropt_ n ER.14 |s_to be the right-hand side of Eq$2.21) and(2.22 equal to zero.
ghqsen such that one obtains the initial val@<0 in the Here, it should be stressed that this representation of the
limit H,,—0, u#v. With respect to Epstein-Nesbet parti- \y/zc_jteration method does not depend on a special basis set
t|on|ng Of the Hamiltonian  this corresponds to the limit or a set of eigenfunctions of an unperturbed Hamiltonian,
V—0 which leads to the unperturbed cdsp. respectively. Of course, the basis set should be chosen in

Hence, the reference stdigJ), determined by the coeffi- such a way that the iteration procedure converges sufficiently
cientsg?, is also indirectly determined by the coefficients fast to the correct solution.

% in Eq. (2.10. Therefore, we have to solve the equations

for theg? simultaneously with the equations for t6& [2,3]. IIl. RENORMALIZATION

In another article[3] it was shown that the iteration
scheme for the ground state and for excited states of the

The contribution of the basis functions @ to the wave quartic anharmonic oscillator does not converge sufficiently
function | ,) will be determined via the generalized Bloch fast for large coupling constants. These convergence prob-
equation(2.9). The matrix form of the generalized Bloch lems can be overcome by renormalization. We also use these
equation leads to nonlinear equations for the WE@|a  renormalization techniques in the present investigation.
ely N ely}, a formal quadratic equation i@2, which can For tfjat purpose, we consider the unitary scaling transfor-
be solved forH,, # 0 yielding [3] mation U(y),y>0 (Symanzik scaling of the canonically

E. Generalized Bloch equation
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conjugate operators and p according to(see p. 85 of Ref. Here,|¢,) is thenth eigenstate function of the unperturbed

[18], and Appendix C of Ref[38]) Hamiltonianp?+x? with eigenvalueES=1+2n.
o A The variational condition(3.8) looks like the Rayleigh-
U(y)xU~(y)=yx, (3.2 Ritz variational condition if we apply the unitary scaling
transformatior) ~*(y) on the basis functiohe,) instead of
U(y)pU~Y(y)=y"1p. (3.2  applying it on the Hamiltonian according to E&.7). How-
ever, this variational condition is not used to determine the
For a functionf(x), we have wave function or the energy expectation value, respectively.
Itis only used to determine the unspecified scaling parameter
U(y) f(x) =y (yx). (3.3 7 in the Hamiltonian(3.7).

Of course, the procedure discussed above is not the only
The unitary transformation according to E.3) ensures possible renormalization scheme. Numerous other renormal-
that the normalization of the functiof{x) does not change ization techniques are described in the literat(see, for
by scaling. Since a unitary transformation leaves the eigeninstance[39] and references thergin
values of a Schidinger equation and the domain of the  The variational conditiori3.8) leads to a simple nonlinear
Hamiltonian, respectively, invariant we can apply scaling actelationship between the coupling constgnand the scaling
cording to Eqs(3.1) and(3.2) to the anharmonic oscillators parameterr (Sec. 5.5 of Ref[2])
[see[18] and Eq.(3.3) of Ref.[39]]
Bnr" 1 B=1-7 3.9
"1 (m) —n2 v2 ¥2m
H @, f) =Pt ax+ X7, 34 Here, we introduce the coefficients
wherem=2,3,4,..., anda>0, 8>0. To simplify the uni- m
tary transformation in the case of the anharmonic oscillators B" =—5(dnlX*™ bp), (3.10
one can choose= 72 [see p. 85 of Ref[18], and Egs. En
(3.1), (3.2 of Ref.[39]]. Using this unitary transformation,
the transformed Hamiltonian of E€B.4) will be written ac-
cording to Eqg.(3.2) and Eq.(3.3 as follows[Eq. (3.4) of

n=0,1,2,..., m=234,....

For the special casen=2,3,4 we obtain the following ex-

Ref. [39] pressions foB}, :
I:|(m)(a,,8;7')=7'71{f)2+ aTZ)A(Z-I-BTm“)A(zm}. (3.5 .3
S=col1+2n(n+1)], (3.19)
Hence, the eigenvalu&™(«, B) satisfiesee p. 112 of Ref. n
[18], and Eq.(3.5) of Ref.[39]]: 15
Bi=—5(4n®+6n%+8n+3), (3.12
EM(a,B)=7EM(ar? Br™1). (3.6 4E,
For the Hamiltonian of the anharmonic oscillators accord- n 35 4 3 2
ing to Eq.(1.3 we have to choose=1 yielding B4—2E2(2n 4"+ 10n7+8n+3). (313
HM™(B;7)=U(y)H™(B)UL(y) Settingn=0_in Egs.(3.11)—(3.13 reproduces the results of
o A A Vinette and Gzek [Eq. (19) of Ref.[17]]. 5
=7 Yp2+x2+ B Ix2M— (1- 72)x?}. As in the renormalization scheme of Vinette antrek,
3.7) we introduce a renormalized coupling constHaq. (23) of
' Ref.[17]]

Here,7>0 is an unspecified scaling parameter which can be
optimized to speed up convergence.

VNThe renormalization scheme introduced by Vinette a”dConsequently, the original coupling constahitcan be ex-
Cizek [17] is based on Symanzik scalifg8]. Vinette and  hressed in terms of the renormalized coupling constant
Cizek used this renormalization for calculations of upper an Eq. (5.5-13 of Ref. [2]]:

lower bounds for the ground-state energy of the anharmonic

oscillators, Eq(3.7), m=2,3,4, by using Ladin’s inner pro- 1 K

jection techniqud29,40—46. The scaling parameter was B=gm (1= m=234,... (319
optimized by the use of a variational conditipq. (10) of m

Ref.[17]] with respect to the ground statsee alsd47,48,  gettingn=0 again yields the result of Vinette andz€k [see

Sec. 10 of{49], and Sec. 4 of39)). Since we also wantto gq. (3.19 of Ref. [50]]. Thus, our renormalization scheme
calculate excited states, we generalized this condition t0 eX3150 mapsge[0) onto xe[0,1) in such a way that

k=1—72 (3.19

cited states by writing2,3] B=0 corresponds t&=0 andB—x to k—1.
~ () By inserting Egs.(3.9) and (3.14) into the Hamiltonian
d | {(ba[H™(B;7) $n) . 3.9 H(™ (3.7), we obtain the renormalized Hamiltonigsee Eq.

dr (bnl b0 ' (9) of Ref.[17], and Eq.(4.10 of Ref.[39]]
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TABLE |. Ground-state energieE(()Z) of the quartic anharmonic oscillator for different coupling constghtssing the WEC-iteration
method. The calculations were performedvmrLE, using 200 basis functions and an accuracy of 70 decimal digits. The nindoemts

the iteration steps.

B k EQ
0.2 348 1.118 292 654 367 039 153 430 813 153 839 657 185 422 764 786 992 141 711 513 128 134 25
349 1.118 292 654 367 039 153 430 813 153 839 657 185 422 764 786 992 141 711 513 128 134 29
350 1.118 292 654 367 039 153 430 813 153 839 657 185 422 764 786 992 141 711 513 128 134 31
0.6 598 1.275 983 566 342 557 058 905 046 395 979 658 762 338 020 597 274 232 815 718 379 866 34
599 1.275 983 566 342 557 058 905 046 395 979 658 762 338 020 597 274 232 815 718 379 815 14
600 1.275 983 566 342 557 058 905 046 395 979 658 762 338 020 597 274 232 815 718 379 779 65
1.0 698 1.392 351 641 530 291 855 657 507 876 609 934 184 600 066 711 220 834 088 906 367 605 40
699 1.392 351 641 530 291 855 657 507 876 609 934 184 600 066 711 220 834 088 906 366 133 94
700 1.392 351 641 530 291 855 657 507 876 609 934 184 600 066 711 220 834 088 906 364 780 85
2.0 998 1.607 541 302 468 547 538 708 171 929 473 248 382 081 047 203 719 075 902 642 037 261 34
999 1.607 541 302 468 547 538 708 171 929 473 248 382 081 047 203 719 075 902 642 037 261 25
1000 1.607 541 302 468 547 538 708 171 929 473 248 382 081 047 203 719 075 902 642 037 261 17
4.0 1098 1.903 136 945 459 000 022 293 850 722 201 023 931 817 313 964 690 420 813 149 118 275 76
1099 1.903 136 945 459 000 022 293 850 722 201 023 931 817 313 964 690 420 813 149 118 275 20
1100 1.903 136 945 459 000 022 293 850 722 201 023 931 817 313 964 690 420 813 149 118 274 66
100.0 1398 4.999 417 545 137 587 829 294 632 037 349 652 718 625 507 385 776 536 826 258 596 229 78
1399 4.999 417 545 137 587 829 294 632 037 349 652 718 625 507 385 776 536 826 258 596 229 96
1400 4.999 417 545 137 587 829 294 632 037 349 652 718 625 507 385 776 536 826 258 596 230 12
400.0 1398 7.861 862 678 275 891 411 185 809 125 451 972 779 865 901 912 293 522 767 172 178 436 11
1399 7.861 862 678 275 891 411 185 809 125 451 972 779 865 901 912 293 522 767 172 178 437 38
1400 7.861 862 678 275 891 411 185 809 125 451 972 779 865 901 912 293 522 767 172 178 438 59
2000.0 1398 13.388 441 701 008 061 939 006 176 902 807 286 522 960 989 885 174 356 660 397 442 449 98
1399 13.388 441 701 008 061 939 006 176 902 807 286 522 960 989 885 174 356 660 397 442 454 00
1400 13.388 441 701 008 061 939 006 176 902 807 286 522 960 989 885 174 356 660 397 442 457 82
16 000.0 1498 26.733 815 088 189 002 423 231 037 392 721 473 617 618 290 515 353 621 795 417 542 530 07
1499 26.733 815 088 189 002 423 231 037 392 721 473 617 618 290 515 353 621 795 417 542 530 12
1500 26.733 815 088 189 002 423 231 037 392 721 473 617 618 290 515 353 621 795 417 542 530 16
40 000.0 1498 36.274 458 133 736 835 470 376 382 678 474 479 639 356 476 312 937 909 717 948 962 048 26
1499 36.274 458 133 736 835 470 376 382 678 474 479 639 356 476 312 937 909 717 948 962 048 33
1500 36.274 458 133 736 835 470 376 382 678 474 479 639 356 476 312 937 909 717 948 962 048 39
HO™ (k)= (1— ) PAM[ B(k);(1— k)12 The renormalized energy eigenvalgg"™ is related to the
energy eigenvalue dfi™(3;7) according to
- -~ K A ~
—n2 2 2m ng2
=p°+x+ —={x""-B X} (3.16
B! ) ER™ (1) =(1-x)E™™(B). (318

Hence, the renormalization scheme of Vinette andek
[17,39,5Q, which only applies to the ground state<£0), as

In this context, we can consider the infinite coupling limit
[see Eq(4.19 of Ref.[39]]

well as our generalization for excited staf@y, transforms

tial.

the perturbati t&?™ into a double-mini t EM™(B)
e per urpation Opera INTO a double-Mminimum pO en- [Bnm]l/(erl)Eg],m)(l), m:2,3,4

km= ;im —Bll(m+ I -

The renormalized Hamiltoniafi{™™ (x) (3.16 fulfills (3.19
the time-independent Schtimger equation

which corresponds to thaéth energy eigenvalue of the
Hamiltonian H{™ = p?+x?™ whose eigenvalues and eigen-

HO™ ()P (x)=EF™ ()W ™™ (x). (317  functions are not known in closed form.
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TABLE II. Ground-state energieE(® of the quartic anhar-
monic oscillator for different coupling constani using the ap-
proach according to Eq4.18): Egz)(app), compared with the re-
sultsE?)(WEC) of Table | whereA = E{?(app)- E?(WEC).

Here,a’ anda are the usual creation and annihilation opera-
tors for the harmonic oscillatdisee p. 165 of Ref.51]).

In the literaturg12,13,53, the most general linear Bogo-
liubov transformation is usually written as followgs.
(2.1) and (2.5 of Ref.[12]]:

B E® (app E® (WEC) A
0.2 1.118 284 1.118292  —0.000 008 b=ua+val+w, (3.21)
0.6 1.275 946 1.275983  —0.000 037
1.0 1.392 302 1.392351  —0.000 049 - - -
t— *qf * *
2.0 1.607 496 1.607541  —0.000 045 b'=u*a'+v*a+w". (3.22
4.0 1.903 126 1.903136  —0.000 010 _
100.0 4.999 905 4.999 417 0.000 488 Here,u,v, andw are complex numbers. In the following we
400.0 7.862 742 7.861 862 0.000880 restrict ourselves tov=0.
2000.0 13.390 029 13.388 441 0.011 588 The transformations given above have to obey the same
16 000.0 26.737 056 26.733 815 0.003241 Ccommutation relations aa' and a: [b,b"]=1, [b,b]=0,
40 000.0 36.278 871 36.274 458 0.004 413 [BT,BT]IO. Thus, the coefficientsi,v have to satisfy the

relationship

Alternatively, we now consider the renormalization
scheme based on the well-known Bogoliubov transformation
[19]. For that purpose, the Hamiltonians of the anharmoni
oscillators have to be reformulated in second quantization:

|ul?~[v]?=1.

(3.23

SVe choose the phase of the coefficients to be real and intro-
duce the new parametpr=uv/u such that

AMB)=1+2aTa+--(a+aN2", m=2,34,.... . a—pa’ . b+pb
om b= p2<:>a: p2’ pe[0,1][. (3.29
(3.20 Vli-p Vl=p

TABLE Ill. Energies Egz) of the ground state and excited states of the quartic anharmonic oscillator for different coupling constants
B using the WEC-iteration method. The calculations were performegame, using 100 basis functions and an accuracy of 30 decimal
digits. The number of iterations varies between 25 and 250. The values markédabg Jhe real parts of resulting complex numbers.

B 0.2 2.0 10.0 100.0 400.0 2000.0

Eo 1.118 292 654 1.607 541 302 2.449 174072 4.999 417 545 7.861 862 678 13.388 441 701

E; 3.539 005 288 5.475 784 536 8.599 003 455 17.830192 716 28.118 453 544 47.944 412 113

E, 6.277 248 617 10.358 583 375 16.635 921 492 34.873 984 262 55.102 869 334 94.034 677 465

Es 9.257 765 618 15.884 807 969 25.806 276 215 54.385 291 572 86.010 541 609 146.838 227 689
E, 12.440 601 800 21.927 166 188 35.885 171 222 75.877 004 029 120.067 986 129 205.032 314 268
Es 15.799 534 456 28.406 278 209 46.729 080 901 99.032 837 315 156.771 246 445 267.753 782 438
Eg 19.315 679 984 35.268 098 232 58.241 298 740 123.640 697 627 195.782 663 025 334.424 516 387
E, 22.974 631 159 42.472 870974 70.351 051 939 149.545 657 443 236.855 659 414 404.622 399 351
Eg 26.764 949 615 49.989 872 819 83.003 867 038 176.628 655 958 279.800 791 267 478.023 155 101
Eq 30.677 284 079 57.794 502 238 96.156 262 981 204.794 774 513 324.467 058 269 554.368 335 158
Eig 34.703 815 271 65.866 526 080 109.772 570 864 233.966 225 876 370.730 733 552 633.446 186 453
Eip 38.837 886 729 74.188 952 302 123.822 898 910 264.077 875 649 418.488 229 608 715.079 433 896
Ei, 43.073 748 536 82.747 268 756 138.281 763 471 295.074 233 703 467.651 306 959 799.117 075 807
Eis 47.406 373 217 91.528 908 647 153.127 130 748 326.907 350 786 518.143 725014 885.428 649 405
Eis 51.831 319630 100.522 862 999 168.339 723 962 359.535 299 359 569.898 823 586 973.900 090 109
Eis 56.344 629 992 109.719 392 149 183.902 508 794 392.921 046 372 622.857 728 632 1064.430 659 770
Eig 60.942 750 318 119.109 806 103 199.800 302 462 427.031 597 557 676.967 990 360 1156.930 615 236
E.; 65.622 467 906 128.686 294 076 216.019 470 890 461.837 335 032 732.182 529 124 1251.319 403 918
Eig 70.380 861 448 138.441 789 975 232.547 690 138 497.311 495 801 788.458 805 607 1347.524 243 372
Eig 75.215 260 686 148.369 864 702 249.373 755670 533.429 755 055 845.758 157 846 1445.478 986 490
Ex 80.123 213 400 158.464 638 796 266.487 427 865 570.169 888 845 904.045 264 571 1545.123 202 954
Ej 85.102 458 099 168.720 710 776 283.879 305 433 607.511 497 810 963.287 705 721 1646.401 427 036
E,, 90.150 901 225 179.133 097 747 301.540 720 623 645.435 778 559 1023.455 598 782 1749.262 535 191
Eos 95.266 597 953 189.697 185 707 319.463 651 640 683.925 332 697 1084.521 295 032 1853.659 226 198
Eos 100.447 735 895 200.408 687 647 337.640 648 847 722.964 005 941 1146.459 123 665 1959.547 583 249
Eos 105.692 621 167 211.263 607 916 356.064'64) 762.52) 1209.23) 2066.86)




56 QUARTIC, SEXTIC, AND OCTIC ANHARMONL . ..

1195

TABLE IV. Ground-state energieg{®) of the sextic anharmonic
oscillator for different coupling constantg using the WEC- normal-ordered fornj12,13,53.
iteration method. The calculations were performeahiwLE, using Next, a parametdisee Eq(2.13 of Ref.[12], or Eq.(60)
200 basis functions and an accuracy of 50 decimal digits. The numpf Ref. [52]]
berk counts the iteration steps.

In the quartic case the Hamiltonid8.29 is often written in

1_
B K EQ) wZﬁ, we]0,1] (3.26
02 2998 1.173 889 345125 433 152 981 773 27 is introduced. This parametes will be determined by the
2999 1.173 889 345 125 433 152 981 773 61 o ~ . .
variation of( ¢,|H™(8; w)| ¢,,) with respect taw according
3000 1.173 889 345 125 433 152 981 773 95 to
0.6 2998 1.332 895 943 373 392 802 564 23 d (1402 B
2999 1.332 895 943 373 392 802 564 36 — Eg+ = ng =0. 3.29
3000 1.332 895 943 373 392 802 564 49 do| 2o (20)
1.0 2998 1.435 624 619 003 392 315 564 4 This corresponds to E¢3.9) if w is used instead of. Here,
2999 1.435 624 619 003 392 315 565 2 0 n A A
3000  1.435624 619 003 392 315 565 9 En=1+2n, Dp=(¢u(b+b")?"¢,). (3.28
20 29098 1.609 931 952 023 083 569 926 This leads for arbitraryn=2,3,4 ... to asimple nonlinear
2999 1.609 931 952 023 083 569 930 aIgebrayc. expression between the coupling consfamind
3000 1.609 931 952 023 083 569 935 the variational parametes [Eq. (5.5-10 of Ref.[2]]
4.0 2998 1.830 437 343 750 106 212 601 m+1 m—1 no,_ n_ mDnm
2999 1.830 437 343 750 106 212 616 @ @ BrfS=0, m-pm-1g0” (3.29
3000 1.830 437 343 750 106 212 631
The constanB)) is identical with the one in Eq.3.10 ob-
100.0 2998 3.716 974 729 208 620 146 11 tained by generalizing the renormalization scheme of Vinette
2999 3.716 974 729 208 620 146 35 and Gzek[17]. By comparing Eq(3.9) for 7 with Eq.(3.29
3000 3.716 974 729 208 620 146 60 for w, 1we see that Eq(3.29 leads to Eq.(3.9 if we set
wW=T .
400.0 2998 5.188 358 854 438 675 605 01 Thus, both transformation schemes are equivalent. In
2999 5.188 358 854 438 675 605 46 other words, the Bogoliubov transformatidwith w=0)
3000 5.188 358 854 438 675 605 90 used in the second quantization is equivalent to Symanzik
scaling if the parametersandw are determined by E¢3.8)
2000.0 2998 7.701 738 364 609832 717 2 and Eq.(3.27), respectively. Hence, for our calculations we
2999 7.701 738 364 609 832718 0 can use the renormalization technique which is based on the
3000 7.701 738 364 609 832 718 7 Symanzik scaling as well as the one which is based on the
Bogoliubov transformation.
16 000.0 2998 12.902 759 971 023 155 867 8
2999 12.902 759 971 023 155 869 1 IV. ANHARMONIC OSCILLATORS
3000 12.902 759 971 023 155 870 5
In this section we apply the WEC-iteration method, de-
40 000.0 2998  16.211718 2647492430849 scribed in Sec. Il, and the renormalization technique, de-
2999 16.211 718 264 749 243 086 6 scribed in Sec. lll, to the anharmonic oscillators defined by
3000 16.211 718 264 749 243 088 4 Eq. (1.3.

For that purpose, we have to determine the matrix ele-

. . . : ments of the Hamiltonia®3.7),
This representation of the Bogoliubov transformation can be -7

interpreted as a rotatiofplus translation ifw#0) of the
original Hilbert space yielding a new Hilbert spatsee p.
2212 of Ref[12)).

Expressing the Hamiltonia(8.20 in terms of the opera-

torsb,b’ yields

R (1) =R (B(x); (1= 017
= (1= ) VO™ () =A™ (x), (4.2

with respect to the eigenfunctions of the Hamiltonian
Ho=p?+x2. For a giveng=0 the renormalized coupling

2
g<m)(ﬂ;p):1+p2(1+ 2b™D) + 2p 5(b2+b'?) constantx is determined according to E¢B.15.
1-p 1-p In the following, we will consider the quartic, sextic, and
B (1+p)2™ . o_ctic anharmonic oscillatornq=2_,3,4) usi_ng only a one-
om m(bJr bhH2m m=234,.... dimensional reference space which contains the ground state

(3.29

| o) or an excited statgp,), n>0, of the harmonic oscil-
lator.
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TABLE V. EnergiesEEf) of the ground state and excited states of the sextic anharmonic oscillator for different coupling cgBstants
using the WEC-iteration method. The calculations were performedmng, using 100 basis functions and an accuracy of 30 decimal digits.
The number of iterations varies between 25 and 250. The values markeddng Yhe real parts of resulting complex numbers.

0.2

2.0

10.0 100.0 400.0 2000.0

Eo 1.173 889 345 1.609 931 952 2.205 723 268 3.716 974 729 5.188 358 854 7.701 738 365
E, 3.900 835570 5.749 347 753 8.114 843119 13.946 206 623 19.563 130 002 29.121 275718
E, 7.381 647 216 11.543 934 572 16.641 218 108 28.977 293 817 40.778 190 628 60.810 583 703
E, 11.547 467 607 18.649 694 591 27.155 085 605 47.564 984 582 67.029 670 737 100.036 400 295
E,4 16.295 106 578 26.830 242 757 39.289 330 657 69.046 576 526 97.377 734 917 145.391 321 051
Es 21.559 198 785 35.957 488 954 52.849512 678 93.073 891 695 131.329 254 341 196.137 354 955
Eg 27.293 159 807 45.941 185 837 67.698 071 648 119.399 778 937 168.533 879 957 251.749 926 949
E- 33.461 170 767 56.712 885 988 83.730 950 282 147.837 547 352 208.727 055 860 311.832 992 247
Eg 40.034 560 162 68.218 416 493 100.865 986 116 178.239 969 897 251.700 207 862 376.074 359 579
Eq 46.989 696 992 80.413 494 473 119.036 133 924 210.487 018 157 297.283 328 838 444,219 593 327
Eio 54.306 663 460 93.261 028 760 138.185 313 922 244.478 367 578 345.334 343 437 516.056 080 299
Eqiq 61.958 166 340 106.703 944 069 158.224 311 899 280.051 349 559 395.621 856 064 591.236 681 542
Eq 69.934 866 491 120.731 046 132 179.139 196 688 317.184 225 138 448.116 156 660 669.717 834 584
Ei3 78.215 556 365 135.300 198 585 200.865 037 003 355.759 552 652 502.650 498 840 751.249 647 730
Eqs 86.782 276 497 150.377 664 550 223.350 707 147 395.685 753 941 559.095 155 489 835.637 955 256
Eqs 95.615 703 768 165.926 701 478 246.540 302 082 436.862 448 281 617.307 847 977 922.669 736 684
Eg 104.700 590 690 181.921 170 110 270.395 316 428 479.221 808 119 677.192 875 742 1012.202 072 551
Eq; 114.018 320 473 198.326 502 826 294.863 466 008 522.670 259 145 738.617 706 750 1104.036 617 016
Eig 123.555550 426  215.28) 320.35) 567.84)" 803.41) 1200.96)

= 132.97) 232.48) 347.70) 615.90)" 834.02) 1300.39)

The matrices of the Hamiltoniai#.1), with m=2,3,4, are m

sparse matrices. The matrix elements are explicitly shown in Fon= 2 H, 2 CZ—zi . (4.8

Sec. 5.5 of Ref{2]. Therefore, the energy of the ground state PRI

E{™ or an excited stat&{™ for m=2,3,4 can be written as

m Moreover, we choose according to E¢®.26) and (2.27),
E\"= H(nr,]hm)“Li;m Hg,]r’lnl)Zi n—2i - (4.2
i#0 _
=sgnD")=sgnAE, ,). 4.9
Here, o=sgnD,)=sgnAE, ,) (4.9
H W=, [H™™(x)| ) (43 Here,n=0 is the index of the reference state whose WEC
) ) . satisfiesCp=1, andu #n is the index of those basis func-

are the matrix elements of the renormalized Hamlltonlan[ions whose matrix elements.  do not vanish
(4.1). e '

If the matrix elementH, ,

. vanishes we obtain for the
WECs according to E¢2.22

With the help of Eq.(2.21), using o instead ofo, we
obtain the following WECSs:

1 ~ r
CZ=W{A;—a[{A;}2+4Hn,M(HM,n+ r,.)1Y3. ch=—_ M0 (4.10
n,u K A—AEn “
(4.9 ’
m
Here A= 3 Hon-zi Chogi- (4.11)
AL=AE, ,—An ., (4.5 i#0
n.m For the calculation of the WECs and the energy, respec-
AEn,=H,,~Hnan, Hy,=H,", (4.6 tively, we used a one-step iteration scheme of the following
type:
m
= n K K K K K
A= 2 Hona Chia, (4.7 ClRtU=f(C D, L Cii Clo iy, ).
n—2i#n,u (4.12
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TABLE VI. Ground-state energie&{" of the octic anharmonic clktb ¢ (C-("), ... CWw ,C(Kle), o
oscillator for different coupling constantg using the WEC- H we o
iteration method. The calculations were performeaiipLE, using (k+1) (k1) ]
200 basis functions and an accuracy of 50 decimal digits. The num- Choy . Chp), n—2m>pu=i, (4.13
berk counts the iteration steps.
(k+1) _ (k+1) (k+1) (k+1)
B K E@ Cu =Hu(Criz” Gl - Gl
0
0.2 3498 1.241 027 905 768 2 ClY,...C{), n+2m<pus<N. (4.19
3499 1.241 027 905 767 4
3500 1.241 027 905 766 7 We havei =0 if the reference statep,) has an even index,
andi =1 if the reference statep,) has an odd index. Within
0.6 3498 1.397708 765129 9 the set of all indices. specifying the basis functiorjg,,),
3499 1.397 708 765 126 6 which are used in the calculation, the indéxstands for the
3500 1.397 708 765 123 3 maximal index. The quantitj in the iteration functionf ,
according to Eq(4.10 is fixed by the WECs in the expres-
1.0 3498 1.491 019 900 788 sion of the energy Eq4.2).
3499 1.491 019 900 783 With the help of Eq(4.2), the ground-state energy of the
3500 1.491 019 900 778 quartic anharmonic oscillator can be written as follows:
2.0 3498 1.641 370 366 053
2)_14(0,2 0,2 ~0
3499 1.641 370 366 044 EZ=H?+HL2CY, (4.15
3500 1.641 370 366 035
4.0 3498 1.822 179 884 013
where we use that
3499 1.822 179 883 999
3500 1.822 179 883 986
100.0 3498 3.188 654 398 359 (ol M (k)| ) =HPP=0. (4.16
3499 3.188 654 398 311
3500 3.188 654 398 263 ) ] o
Equation (4.16 is a result of the renormalization of the
400.0 3498 4.146 188 636 727 Hamiltonian. An analogous expression holds also for the en-
3499 4.146 188 636 657 ergy of the first excited state:
3500 4.146 188 636 587
HM2 =H{"?=0. 4.1
2000.0 3498 5.666 203 972 945 (¢l ()] ba) =H13 4.19
3499 5.666 203 972 842 . . . .
2500 5 666 203 972 739 Since the matrix elementd?) of the quartic anharmonic
' oscillator with functions of opposite parity vanish, the first
16 000.0 3498 8.536 651 143 218 excited state is the “ground state” for the basis functions
3499 8.536 651 143 056 with _odd m@ces, I|k_e the grou_nd_ staeb,) for the basis .
3500 8.536 651 142 893 functions with even indices. This is also true for the sextic
: and octic anharmonic oscillator.
40 000.0 3498 10.238 868 450 82 Table | shows results of highly accurate calculations of
3499 10.238 868 450 62 the ground-state energy for the quartic anharmon!c oscnl-ator
for different coupling constants. We used 200 basis functions
3500 10.238 868 450 42

The numerical calculations were performed with the help 01’8.

the symbolic computation languageprLE [20-22.

The iteration starts

by settingCj=1 for the

and an accuracy of 70 decimal digits. If we compare these
results with the upper and lower bounds obtained by Vinette
and Gzek[17], the energies from Table | fg8=0.2 through
100.0 lie between their upper and lower bounds. For
=400.0 through 40 000.0 the upper and lower bounds
given by Vinette and &ek are higher then the results of
Table I. However, our results agree, for example for
=40 000.0, with the 15 decimal digits of Banerjee’s result

reference state with index. All residual WEC§ are  [53] (see alsd54]). The results in Table | given by Weniger
equal to zero. Then, we calculate the WECs which occuf3g] for the same coupling constants as used in Table | agree
in the expression of the energ4.2) in the sequenc€;_,,  also with our results listed in Table I.

ni2s -+ Ch_omCniom- Next, the residual WECs will be Table Il shows results of the ground-state energy for dif-
calculated. This will be done by the following one-step itera-ferent coupling constantg using an approximation for the

tion scheme: Cg coefficient in Eq.(4.15 deduced from Eq(4.4):
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TABLE VII. Energies Eg“) of the ground state and excited states of the octic anharmonic oscillator for different coupling co@stants
using the WEC-iteration method. The calculations were performedng, using 100 basis functions and an accuracy of 30 decimal digits.
The number of iterations varies between 90 and 3000. The values markédarg the real parts of resulting complex numbers.

B 0.2 2.0 10.0 100.0 400.0
Eg 1.241 027 906 1.641 370 366 2.114 544 658 3.188 654 398 4.146 188 637
E, 4.275 477 260 5.999 607 360 7.929 683 083 12.195 021 934 15.951 984 779
E, 8.453 030 681 12.421 035 881 16.711 022 381 26.033 458 321 34.183 309 142
= 13.737 162 633 20.660 642 905 28.022 750 233 43.902 113 333 57.739 246 097
E,4 19.993 020 289 30.460 576 795 41.494 702 573 65.201 815 832 85.825 114 583
Es 27.121 781 054 41.657 080 682 56.898 990 130 89.569 748 770 117.961 640 041
Eg 35.056 003 250 54.140 371 960 74.083 047 443 116.762 998 352 153.827 888 142
E- 43.744 375 499 67.826 901 779 92.930 664 513 146.596 403 041 193.179 173 024
Eg 53.145 590 381 82.649 604 300 113.348 632 162 178.921 526 920 235.819 369 582
Eq 63.225 347 319 98.552 969 649 135.259 874 580 213.615 701 996 281.586 427 123
Eqg 73.954 524 917 115.489 994 593 158.599 178 257 250.575 191 998 330.343 324 077
Eqq 85.307 965 177 133.420 159 010 183.310 359 774 289.710 661 566 381.972 073 999
Eq 97.263 627 357 152.308 024 478 209.344 306 977 330.944 045 334 436.369 584 539
Ei3 109.796 736 743 172.112 579 014 236.643 622 787 374.183 493 403 493.414 326 635
Eqy 122.890 901 701 192.808 269 366 265.173 286 541 419.373 774 370 553.033 527 919
Eis 136.49) 214.66) 295.13)" 466.93)
4— x 1 E,, for even indices and in the WEC calculationsk; for
Ef(app)=———=+ 5[AE,p odd indices. For higher excited states the iteration of the
41—k 2 ' WEC calculation apparently converges. However, it oscil-
) by = N lates between a complex number and its complex conjugate.

—{AEZo+4(|Hod*+T40}"%. (418 The values of Table Ill marked by)are the real parts of the

Here, resulting complex numbers.

Table IV shows results of analogous WEC calculations
AEgq| * for the ground-state energy of the sextic anharmonic oscilla-
' ) tor. The same coupling constants as in the case of the quartic
D anharmonic oscillator were considered. These results were
calculated by using 200 basis functions and an accuracy of
50 decimal digits. Here, the results lie between the upper-
(4.19 energy and_ lower-energy bounds of the ground-state of
Vinette and Gzek [17], which are less accurate than in the
quartic case. The results for the ground-state energy given by
and Banerjeg[53] and by Wenigef39], which are of lower ac-
curacy, are in agreement with the results of Table IV up to
the relevant digits.

Energies of some excited states of the sextic anharmonic
oscillator are listed in Table V. As in the quartic case the
results for3=10 and8=100 for the first 11 states agree
If we compare these results with the energies in Table Iwith the results given by Banerj¢&3]. The values marked
which were determined iteratively by the WEC-iteration by )™ are again the real parts of the resulting complex num-
method as described above, we see that this simple approxers as in the case of thé anharmonic oscillator.
mation (4.18 yields remarkably good results. As in the quartic and sextic case, the results for the ener-

Table 11l shows highly accurate results for the energies ofgies of the octic anharmonic oscillator are displayed in Table
the first 26 states of the quartic anharmonic oscillator forVI for the ground state, and in Table VII for the excited
different coupling constants. We used 100 basis functionstates. As before the values marked Bygre the real parts
and an accuracy of 30 decimal digits. Again, our results forof the resulting complex numbers. Furthermore, as in the
Eq throughE, for 8=10.0 and 100.0 are in agreement with cases of the quartic and sextic anharmonic oscillators we
the energies given by Banerjgs3]. Furthermore, variational reproduce up to the relevant digits the results of the calcula-
calculations by using the renormalized Hamiltonian @gl)  tions given by Banerjeg[53] with coupling constants
give the same energies as displayed in Table Ill. These varigg=10 andB=100 for the first 11 states.
tional calculations which utilized the proceduEegenvalsof For the infinite coupling limit Eq(3.19 of the ground
MAPLE [20-22 were based on the same renormalizedstate for the quartic, sextic, and octic anharmonic oscillator,
Hamiltonian which was used in the WEC calculations ofwe obtained with the help of the WEC-iteration method

~ AE,q| 7t
F4,o:|H2,412(1_ D ) +|Had? 1-

AEgo\ !
+|H4,8|2(1_ D )

D=3[AE 0~ {AE;o+4[Ho 434, (4.20
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k8(300() =1.060 362 090 484 182 899 647 046 016 692 663 545 515 208 728 528

977 933 216 245 241 695 943 563 044 344 504 109 68, (4.21
|
kg(35oqz 1.144 802 453797 0527, (4.22 In our calculations we used a renormalization technique
which was introduced by Vinette andZ8k17], and gener-
k(4000=1.225820 1. (4.23  alized it to excited states. Furthermore, we showed that this

renormalization scheme, which is based on Symanzik scaling

The numbers in the parentheses are the numbers of itef1g], is identical with a renormalization based on the Bugoli-
ation. These results agree with the results of Vinette an@ihov transformatio12].

Cizek [17] up to all digits given by them. In the case lof On the basis of the results presented in this article and
andk, the results of Vinette and i&zk are more accurate elsewhere[2,3], one can expect that the WEC-iteration
than our results. method should also give good results in the case of other

Thus, the WEC-iteration method is a powerful tool which qantum-mechanical problems.
produces very accurate approximations to the energies oqf
x?M-anharmonic oscillatorsnf=2,3,4), even if it is used
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