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Optical measurements of the condensate phase
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We propose a light-scattering scheme to measure the relative phase of atomic Bose-Einstein condensates and
its diffusion rate. The proposal relies on the existence of two independent condensates coupled to a common
excited state. To this end, we consider a two-well ground-state potential together with excited-state trap wave
functions that extend over the whole region. When the first trap is driven by a weak monochromatic laser field,
the light scattered from the second trap has a nonzero mean-electric field amplitude with a phase shift propor-
tional to the difference of the condensate phases. When both condensates are driven, the phases of the two laser
fields can be adjusted to cancel the scattering completely by a quantum interference. The particular value of the
laser phase difference that gives zero scattering determines the relative phase of the two condensates.
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The impressive progress in laser and evaporative coo
of atoms has recently resulted in the experimental realiza
of a Bose-Einstein condensate~BEC! of cold rubidium@1#,
lithium @2#, and sodium@3# atoms. These experiments ha
established that a macroscopic number of atoms occupy
lowest-energy quantum state of an atom trap, without p
viding any further information about the condensate wa
function. The majority of theoretical work on the BEC in
weakly interacting Bose gas utilizes mean-field theory@4,5#,
where the ground state of the condensate is predicted to b
a coherent state with a well-defined phase. Many interes
physical phenomena, such as superfluidity and the Josep
effect, are associated with the phase of the condensate.
therefore interesting to measure and monitor the time ev
tion of the condensate phase in atomic BEC experime
using a nondestructive method.

We propose two related schemes for measuring the p
difference between two independent condensates. B
schemes rely on the fact that coherent light is generated
an absorption-emission cycle between initial- and final-s
condensates. Our goal is to illustrate in principle how th
generic schemes give information on the relative phase
two condensates. To be concrete we will present an ana
of what is probably the theoretically simplest configuratio
The limitations that are necessary to impose along the w
such as a relatively stable excited state, suggest altern
configurations that may be more practical. However, as th
are not different in principle, we choose the simplest setup
a basis for our discussion.

We envisage a two-well, spatially separated, ground-s
potential along with a single-well excited-state potential t
extends over the regionsR1 and R2 of both ground-state
potentials~Fig. 1!. Non-overlapping probe laser fields a
used to weakly excite the condensates in either trap. As
scribed by Ketterle and co-workers, the use of a strong b
detuned laser~coupled to an atomic stateu f 1&) would realize
the described ground state potentials@3#. The excited state
ue& of the probe transitions must be relatively stable so t
551050-2947/97/55~2!/849~4!/$10.00
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the laser-excited atoms have enough time to travel from
region of one~ground-state! potential well to the other; this
is the primary criterion that we must fulfill. How can this b
arranged? The excited-state potential could be formed by
ing the dipole force from an additional laser that coup
ue& to another excited levelu f 2&, with a red detuning. Excited
atoms created in one trap would then be accelerated a
the z axis that connects the two ground-state minima. T
trap frequency is controlled by the intensity of the addition
laser. We require that the resulting excited-state trap
quencyvz (@vx ,vy) exceed the effective linewidth of th
excited stateue& and assume that the probe fields~near! reso-
nantly couple the two condensates to excited trap states
the sameqz quantum number, whereq5(qx ,qy ,qz) labels
the trap eigenstates. Clearly, ifue& is an electronically ex-
cited state, its natural linewidth is going to provide a low
bound onvz . Alternatively, if ue& were stable, for example
another hyperfine level of the ground state, this would
ideal. Such a state could be excited from the condensat
resonant two-photon Raman transitions, and this sugges

FIG. 1. The ground- and excited-state trap potentials that
envision. The ground-state trap minima are assumed to be sepa
by at least a few optical wavelengths, so that each trap may
accessed independently by two laser fields. To satisfy the long
time requirement for the excited stateue&, it might in practice be
necessary to use two-photon transitions.
R849 © 1997 The American Physical Society
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alternative configuration in which the excitation and deex
tation stages of the cycle between the condensates are
made using Raman transitions. The intermediate propaga
between condensates takes place in a stable hyperfine
with acceleration provided by dipole forces. In this case,
have a field tunable excited-state lifetime that eliminates
long ~single-photon! lifetime requirement and enables us
keep the medium optically thin.

Returning to our basic model, we assume that only
single Zeeman sublevel is involved in both ground and
cited levels. In general, two weak, resonant monochrom
light fieldsEL1(r ) andEL2(r ) excite the two wells, which we
label 1 and 2, respectively; these classical fields do not o
lap spatially. We start from the Hamiltonian

Ĥ5E d3r F (
i51,2

ĉgi
† ~r !Hc.m.

g,i ~r !ĉgi~r !1Ĥgg

1ĉe
†~r !~Hc.m.

e ~r !1\v0!ĉe~r !

2 (
i51,2

D~1 !
• Ê~r !ĉe

†~r !ĉgi~r !1H.c.G , ~1!

where Hc.m.
g (r ) and Hc.m.

e (r ) denote the center-of-mas
~trap! single-particle Hamiltonians for the ground- an
excited-state atoms, respectively.Ĥgg is the Hamiltonian
density for the interactions between ground-state ato
D5D(1)1D(2) denotes the dipole moment andÊ(r ) is the
electric-field operator. The atomic transition and laser f
quencies are given byv0 andvL , respectively.ĉgi(r ) de-
notes the ground-state field annihilation operator for thei th
potential well (i51,2). For simplicity, we assumed a singl
photon coupling between the ground- and excited-state
oms in Eq.~1!; extension to the practically more importa
two-photon transitions~described above! is straightforward.

We introduce slowly varying field operators by settin
ĉg5Ĉg , ĉe5Ĉee

2 ivLt, and Ê5Ê(1)e2 ivLt1Ê(2)eivLt.
The atomic field operators in the rotating frame obey
Heisenberg equations

Ĉ
˙
gi52

i

\
Hc.m.
g Ĉgi1

i

\
D2

•Ê2Ĉe2
i

\
@Ĉgi ,Ĥgg#

Ĉ
˙
e52 i S v02vL1

Hc.m.
e

\ D Ĉe1
i

\ (
i51,2

D1
•Ê1Ĉgi ,

~2!

where a rotating-wave approximation on the electric field
been made. Following Javanainen@6,7#, we express the scat
tered field amplitude in terms of the atomic field operato

Êsc
1 ~r ,t !5E d3r 8FK S r ,r 82

d

2D Ĉg1
† S r 82

d

2
,t retD

3ĈeS r 82
d

2
,t retD1K S r ,r 81

d

2D
3Ĉg2

† S r 81
d

2
,t retD ĈeS r 81

d

2
,t retD G , ~3!
i-
ach
on
vel
e
e

a
-
ic

r-

s.

-

t-

e

s

whereK (r ,r 8) is the appropriate propagation kernel for th
configuration of two ground-state traps@7#, t ret is the re-
tarded time,d is the trap separation, and the origin is chos
midway between the traps. The integration is taken over
volume of the respective traps. The next step is to obtain
expression for the excited-state operators that is correc
first order in the incident classical fields. As stated before,
are interested in resonant coupling to a set of quasimetas
excited statesue,qx ,qy ,qz&, all with the sameqz value; in
this case, it is convenient to work with mode operators

the excited-state trap potentialĈe(r ,t)5(qfq
e(r )âq(t).

Since we are interested in near-resonance conditions,
lifetime broadening of the excited state needs to be inclu
in the effective detuningDvq5(v01vq2vL)2 iGq,e f f /2,
whereGq,e f f is the Bose-enhanced collective linewidth of th
qth trap eigenstate. We remark thatGq,e f f depends on the
particular trap state under consideration via the overlap in
gral betweenfq

e(r ) and the condensed ground-state~trap!
wave function. Equation~2! can then be integrated to give

âq~ t !'
i

\E0
t

dt9e2 iDvq~ t2t9!

3E d3r 9D1
•Ffq

e* S r 92 d

2DEL1
1 S r 92 d

2D
3Ĉg1S r 92 d

2D1fq
e* S r 91 d

2DEL2
1 S r 91 d

2D
3Ĉg2S r 91 d

2D G ~4!

where we have ignored the contribution from the initial val
of the mode operator~Langevin noise term!. The expansion
used to obtain Eq.~4! is valid as long as the medium remain
optically thin; we will discuss the validity of this assumptio
shortly.

We now substitute Eq.~4! back into Eq.~3! to obtain our
principal result,

Êsc
1 ~r ,t !5

i

\(
q
E d3r 8E d3r 9E

0

tret
dt9e2 iDvq~ tret2t9!

3H FkqeS r ,r 82 d

2
,r 92

d

2D
3Ĉg1

† S r 82 d

2
,t retD Ĉg1S r 92 d

2
,t9D

1kq
eS r ,r 81 d

2
,r 92

d

2D
3Ĉg2

† S r 81 d

2
,t retD Ĉg1S r 92 d

2
,t9D G

3D1
•EL1

1 S r 92
d

2D1@1↔2,d↔2d#J , ~5!
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55 R851OPTICAL MEASUREMENTS OF THE CONDENSATE PHASE
where the last term in parentheses is obtained by interch
ing the subscripts 1 and 2, andd↔2d in the previous ex-
pression. For compactness we have defined

kq
e~r ,r 8,r 9![fq

e~r 8!fq
e* ~r 9!K ~r ,r 8!. ~6!

The quantum interference and nonlocal correlations betw
the two condensates are apparent in Eq.~5!. If retardation
effects are negligible one may sett ret5t @7#. We note that
the excited-state potential is likely to be strongly asymme
with vx ,vy!Gq,e f f , which implies that manyqx ,qy states
will contribute to the scattered field. The scattering theref
carries information about nonlocal atomic correlations alo
the z axis only.
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When the phase diffusion rate of the condensate atom
slow on the scale of the inverse effective detuningDvq

21

an adiabatic elimination of the excited-state atoms may

carried out. In this limit,t9→t ret and *0
tretdt9e2 iDvq(tret2t9)

→1/Dvq in Eq. ~5!. We will assume that such an adiabat
elimination is valid in order to describe the light-scatteri
schemes we propose:

~a! Excitation of trap 1 only(EL2[0). We assume tha
laser 1 is used to excite trap 1 only, and only the photo
emitted from trap 2 are collected. In terms of Eq.~5! we may
formally put terms that depend on creating ground-state
oms in trap 1 equal to zero. The part of the scattered fi
that is detected is thus given by
Êsc,2
1 ~r ,t !5E d3r 8E d3r 9 AIS r ,r 81

d

2
,r 92

d

2D •EL1
1 S r 92

d

2D Ĉg2
† S r 81

d

2
,t D Ĉg1S r 92

d

2
,t D , ~7!
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where the tensor

AI~r ,r 8,r 9![(
q

K ~r ,r 8!

\Dvq
D1fq

e~r 8!fq
e* ~r 9!. ~8!

In contrast to scattering from independent atoms, the
tected scattered field̂Êsc,2

1 (r ,t)& has a nonzero mean valu
that is determined by the phase difference of the two c
densates. Using the exciting laser field as thelocal oscillator,
either homodyne or heterodyne measurements may be
to measure this difference. For independent condens
nonlocal field scattering will realize a continuous quantu
measurement on a single quantum system, rather tha
ensemble of systems@8#. While this measurement will fix the
mean value of the relative phase, it does not unambiguo
determine that the condensates were prepared in coh
states@9#.

We remark that there will be two contributions to th
scattered field: Stimulated scattering of the excited-state
oms into the ground condensed trap state and spontan
scattering into noncondensed excited trap states. In princ
by operating in theboson-accumulation regime@10#, where
the number of condensate atoms greatly exceeds the nu
of trap states into which spontaneous emission may oc
the noise due to spontaneous scattering may be effecti
eliminated.

We have seen that in the absence of reabsorption or
cattering events, the light scattered from the nonexcited c
densate has a coherent component due to stimulated sc
ing. Since the analysis was carried out to first order in
incident classical field, the predictions are valid as long
the atomic medium remainsoptically thin. In the case of
optically thick media, a decorrelation approximation h
been employed to discuss coherent light scattering in R
@11#. In our case this implies that the coherently scatte

field depends on nonlocal correlations of the form^Ĉg2
† (r 8

1 d/2 ,t ret)Ĉg1(r 92 d/2 ,t)&, which are still sensitive to the
relative phase of the two condensates.
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~b! Excitation of both traps. Although both traps are ex
cited to a common electronic excited state, for simplicity w
will assume that only photons scattered from one of
traps, say trap 2, are detected. The scattered electric fie
given in this case by

Êsc,2
1 ~r ,t !5E d3r 8E d3r 9Ĉg2

† S r 81
d

2
,t D

3FAIS r ,r 81
d

2
,r 92

d

2D •EL1
1 S r 92

d

2D
3Ĉg1S r 92

d

2
,t D

1AIS r ,r 81
d

2
,r 91

d

2D •EL2
1 S r 91

d

2D
3Ĉg2S r 91

d

2
,t D G . ~9!

As the laser fields arec numbers their amplitude and rela
tive phase may in principle be fixed, over times short co
pared to that for laser phase diffusion. We assume that t
are derived from a common source so that diffusion of
relative phase can be ignored. Now, if we wri
EL1,2

1 (r )[E1,2f L1,2(r ), then Eq. ~9! gives ^Êsc,2
1 (r ,t)&5

(D1
•E1)anonlocal(r ,t)1(D1

•E2)a local(r ,t). In the pres-
ence of the BEC in both traps, the mean scattered field fr
trap 2 is a superposition of contributions due to the excitat
of the condensates in traps 1 and 2, respectively, and at
particular observation point, can be made to vanish by
justing the amplitudes and relative phase of the laser fie
This is the general result, cancellation of the scattered fiel
the point of observation by a fixed pair ofE1,2, the mean
field being nonzero elsewhere.

We observe from Eqs.~3! and ~4!, that if ^Ĉe(r ,t)&50,
or equivalently^âq&50 for everyq ~with a fixed qz), the
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mean field vanishes everywhere, provided that the factor

tion ^Ĉgm
† Ĉe&5^Ĉgm

† &^Ĉe&, m51,2, is valid in Eq.~3!. Us-

ing Eq. ~4! one can show that̂âq&50, for all q, is possible
for a fixed pair ofE1,2, under certain conditions. Here w
simply quote sufficient conditions:~i! the lasers are plan
waves~over the trap dimensions!, with identical wave vec-
tors directed perpendicular to thez axis,~ii ! the two conden-

sate wave functions are proportional^Ĉgm(r1(2)md/2)&
}Fg(r ), m51,2; and~iii ! the excited-state wave function
and condensate wave function have a well-defined pa
i.e., fq

e(x,y,z)56fqx
e (x)fqy

e (y)fqz
e (2z) andFg(x,y,z)5

6Fg(x,y,2z).
This scheme based on the quantum interference of

dipole moments generated by the two laser fields is
nonlocal analog of coherent population trapping~CPT! in a
double lambda scheme, proposed earlier in the contex
lasers without population inversion@12#. In the latter, two
strong laser fields pre-fix the relative phase and magnitud
the atomic probability amplitudes in two lower-energ
atomic states by transferring the atoms into the stable C
state. Two weak laser fields then couple the two lower sta
to a common upper state where scattering may be obse
unless a certain phase-amplitude relation exists between
laser fields. In the case of CPT systems, the cancellatio
the atomic scattering remains valid to all orders in the la
field intensity. Even though our analysis is valid to first o
der, it is clear from the form of Eq.~4! that the excited-state
amplitude remains zero at all times, provided that the la
fields are turned on adiabatically. Therefore, it is likely th
even in an optically thick sample, the cancellation of t
mean scattered field could be possible. Finally, we rem
that this method provides a way to realizeoptical Josephson
couplingbetween two independent condensates. The stre
an
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and phase of the coupling may be adjusted simply by cha
ing the amplitude and relative phase of the laser fields,
spectively.

A limitation of both methods is the assumed long lifetim
for the excited atomic state. We believe that experimenta
the most promising method is to use two-photon transition
a stable excited state, as described earlier. In contrast to
lier works @6,7#, our proposal relies on spatially nonlocalize
transitions, which in turn requires that we access one~or a
few! of the excited-state trap eigenstates resonantly, ei
with one- or two-photon transitions. We have already me
tioned that to select out a singleqz eigenstate, the excited
state trap frequency along thez axis (vz) must exceedGqz

;
using a strong red-detuned laser field~on theue&2u f 2& tran-
sition!, one can obtainvz.105 s21. Physically,vz is deter-
mined by the laser field intensity that is required to acce
ate the excited atom so that it travels from one potential w
to the other (;20 mm! in an effective upper-state lifetime
The corresponding lifetimesGqz

21;102121024 s may be
readily obtained~and tuned! if one uses the two-photon tran
sition between hyperfine states.

In summary, we have discussed related coherent lig
scattering schemes that may be used to measure the re
phase of two atomic condensates. Both schemes rely on
assumption that the phase of the condensates will not dif
during the time of the measurement so that an adiab
elimination of the excited state may be carried out. Co
versely, the proposed measurements may be used to d
mine the phase diffusion rate of Bose condensates.

Note added in revision. Since the completion of this work
we have become aware of a related preprint by J. Javana
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We acknowledge useful comments by W. Ketterle, D. We
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