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Above-threshold ionization in the tunneling regime
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A compact generalization of the Keldysh ionization amplitude is derived that includes rescattering. It is used
for calculations of above-threshold ionization spectra with respect to energy for various emission angles for
tunneling ionization of helium at high intensity, for the simple case of a zero-range potential as the binding
potential. Most of the essential features of recent measurements are reproduced, that is, the onset, the extent,
and the relative height of the plateau, which makes up the major part of the observed spectrum.
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Above-threshold ionization ~ATI !—the phenomenon
whereby an atom absorbs more photons than are actu
necessary for ionization—has come a long way since its
observation nearly 20 years ago@1#; for a recent review, see
@2#. As a consequence, the physical picture of the proces
ionization has become much more colorful. In particular,
recent dramatic improvement of electron counting statis
owing to the development of high-repetition femtosecond
sers has revealed qualitative features@3–6# that look distinc-
tive on a logarithmic scale, but would have escaped detec
on the linear scale that necessity enforced in earlier d
The observations of the past few years have pointed to
significance of electrons returning to the ion for proces
such as high-harmonic generation, double ionization, and
course, above-threshold ionization itself@7#. In fact, on a
logarithmic scale, the ATI electron spectrum at high energ
consists of an extended plateau that owes its existenc
rescattering.

The backbone of a compact theoretical description of i
ization is the Keldysh theory@8#, which satisfactorily ac-
counts for a multitude of features of the electron spectra
ATI for comparatively low electron energies. In its commo
versions, however, it does not allow for rescattering. Hen
as it stands, there is no comparably compact expression
is capable of generating the entire ATI spectrum. In t
Rapid Communication, we will derive such an express
and compare it to recent data taken at high laser intensi

The strong-field approximation@9# within the Keldysh-
Faisal-Reiss~KFR! framework has produced very goo
agreement with experimental data of strong-field ionizat
of helium @10,11#. However, these data did not extend
sufficiently high electron energies to display the rescatteri
induced plateau, nor did the theory contain rescattering.
most recent measurements of Walkeret al. @6# for helium at
around 1015W/cm2 do reach up to electron energies excee
ing 10Up ~the classical cutoff of the electron spectrum owi
to rescattering@12#!, and indeed they are, on the logarithm

*Also at Center for Advanced Studies, University of Ne
Mexico, Albuquerque, NM 87131.
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scale, completely dominated by a very long plateau. He
an extension of the standard KFR description is requir
The plateau as well as the angular distributions of ATI
moderateintensities are well described by a three-step mo
that employs a zero-range potential for binding as well
rescattering@13#. A closely related description based on th
first two steps of an iterative procedure for a Coulomb p
tential has been formulated in Ref.@14#; see also an approac
along the lines of the Lewenstein model of high-harmo
generation@15#. A series of papers attempts to incorpora
rescattering by using Coulomb-Volkov solutions instead
the ordinary Volkov solutions in the context of the standa
Keldysh approach@16#. An approximation to multiple Cou-
lomb scattering is proposed in Ref.@17#. Thus far, however,
there is no calculation by any of these methods correspo
ing to the most recent high-intensity data of Walkeret al.
@6#. ~We have presented preliminary results in Ref.@18#.!

We proceed in the spirit of the usual Keldysh approxim
tion, following a route that has already been applied to hig
harmonic generation@19#. The matrix element for ionization
from the ground stateuc0(t)& of an atom with binding po-
tentialV into a scattering stateucp(t)& with asymptotic mo-
mentump is

Mp5 lim
t→`,t8→2`

^cp~ t !uU~ t,t8!uc0~ t8!&, ~1!

whereU(t,t8) is the time-evolution operator of the atom
the presence of the external laser field. It satisfies an inte
equation which yields an expansion with respect to the in
actionHI(t) with the external laser field (\51),

U~ t,t8!5U0~ t,t8!2 i E
t8

t

dt9U~ t,t9!HI~ t9!U0~ t9,t8!,

~2!

whereU0(t,t8) denotes the operator of free time evolutio
We use this equation in the matrix element~1! and exploit
the orthogonality of the ground state and the scattering st
We can then carry out the limit oft8→2` and arrive at
R4003 © 1997 The American Physical Society
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Mp52 i lim
t→`

E
2`

t

dt8^cp~ t !uU~ t,t8!HI~ t8!uc0~ t8!&. ~3!

In addition to the integral equation~2! the time-evolution
operator also obeys an integral equation with respect to
interaction with the binding potentialV,

U~ t,t8!5U ~V!~ t,t8!2 i E
t8

t

dt9U ~V!~ t,t9!VU~ t9,t8!. ~4!

HereU (V)(t,t8) represents the time-evolution operator of
free electron coupled through the interactionHI(t) to the
external field laser field, viz., the Volkov time-evolution o
erator. Now, using the latter integral equation in the ma
element~3! we obtain two terms,

Mp52 i lim
t→`

E
2`

t

dt8^cp~ t !uU ~V!~ t,t8!$HI~ t8!uc0~ t8!&

2 i E
2`

t8
dt9VU~ t8,t9!HI~ t9!uc0~ t9!&%. ~5!

The first term yields the common Keldysh amplitude if w
replace the scattering state^cpu by a plane wave. It incorpo
rates the atomic potential only in the initial state and is the
fore not able to describe rescattering. In contrast, the sec
term allows for additional interactions with the atomic p
tential. In the representation~5!, the matrix element is still
exact.

In order to obtain a manageable expression we now
place in the second term the complete time-evolution op
tor U by the Volkov time-evolution operatorU (V). More-
over, we rewrite Eq.~5! replacing in the second term
HI(t9)5@ p̂2/2m1HI(t9)#2@ p̂2/2m1V#1V and noticing
that the two square brackets act like derivatives with resp
to t9, respectively to the left and to the right. If now w
integrate by parts, the contributions from the two squ
brackets cancel and the first term in Eq.~5! ~viz., the stan-
dard Keldysh term! is canceled by a boundary term that o
curs in this partial integration. Furthermore, we now repla
the scattering state by a plane wave. We are then abl
carry out the limit of t→` and are left with the compac
result

Mp52E
2`

`

dtE
2`

t

dt8^cp
~V!~ t !uVU~V!~ t,t8!Vuc0~ t8!&.

~6!

This expression takes into account both the ‘‘direct’’ ele
trons that depart from the atom without any further inter
tion with the binding potential as well as those electrons t
rescatter. Following the same steps as above, the first ter
Eq. ~5! can be rewritten as

Mp
~0!52 i E

2`

`

dt^cp
~V!~ t !uVuc0~ t !&, ~7!

which is an equivalent form@20# of the standard Keldysh
amplitude. The statêcp

(V)(t)u, which appears both in Eq.~6!
and Eq.~7! denotes the Volkov state, viz. the state of a fr
electron in a laser field with time-averaged momentump.
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Comparison of these two expressions shows that the for
is an appealing generalization of the latter.

The time-evolution operatorU (V)(t,t8), which in Eq.~6!
is sandwiched by the binding potential, allows for excursio
of the electron away from and back to the ion. This becom
more transparent if the matrix element~6! is explicitly re-
written in position space,

Mp52E
2`

`

dtE
2`

t

dt8E d3rd3r 8cp
~V!~r ,t !*V~r !

3U ~V!~r t,r 8t8!V~r 8!c0~r 8,t8!. ~8!

The propagatorU (V)(r t,r 8t8) describes an electron propaga
ing from the positionr 8 at the timet8 to the positionr at the
later timet where bothr and r 8 are restricted to within the
range of the atomic potentialV(r ). In addition, the propaga
tor also accomplishes some dressing of the initial and
final state.

The evaluation of the matrix element~8! becomes the
simpler, the shorter the range of the atomic potential. In
limit of a zero-range potential, the two spatial integrations
Eq. ~8! can be carried out trivially. Of the remaining tw
integrations over time, one yields the energy-conservind
function. Hence, just one quadrature is left for numeri
evaluation. The calculation is fairly straightforward and w
are content with just presenting the final answer. The ma
element~8! is proportional to

Mp;(
n

dS p2

2m
1Up1uE0u2nv D (

l52`

`

J2l1nS 2pxv
AUp

m D
3E

0

`

dtS im

2pt D 3/2S e2 i @ uE0ut1 ld~t!#

3expH 2 iU ptF12S sin12 vt
1
2 vt

D 2G J
3JlS y~t!

Up

v D 2JlS Up

2v D D . ~9!

Here px5upucosf denotes the component of the electron
momentum parallel to the laser,Up is its ponderomotive po-
tential, uE0u stands for the binding energy, and theJn are
Bessel functions. The real quantitiesy(t) andd(t) are de-
fined via

y~t!e2 id~t!5
1

2
2 i S sinvt2

4 sin2vt/2

vt De2 ivt. ~10!

The matrix element~9! includes the contribution of the direc
electrons, viz., the standard Keldysh matrix element~7!,
whose explicit form is

Mp
~0!;

m

2p
A2muE0u(

n
dS p22m1Up1uE0u2nv D

3 (
l52`

`

J2l1nS 2pxv
AUp

m D Jl S Up

2v D . ~11!
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The results~9!–~11! are very similar to an earlier versio
that was applicable in the multiphoton regime@13#.

Figure 1 exhibits results of calculations based on Eq.~9!.
Electron spectra are shown for ionization of helium at 115

W/cm2 for \v51.58 eV for emission at various anglesf
with respect to the electric field of the laser. An extend
plateau is the most prominent feature of all of the graphs.
each angle, the plateau has a very well defined cutoff.
emission along the direction of the field, the cutoff is
10.007Up , as predicted by the completely classical mod
@12#. For the other angles considered, the cutoff energie
calculated from the same model are marked, respectively
arrows. In each case, there is perfect agreement between
classical prediction and the fully quantum-mechanical cal
lation based on Eq.~9!. At the intensity considered here, th
drop of the plateau is much steeper than at the lower in
sities, for which the plateau was originally discovered@4#
and the first calculations were carried out@13#. For emission
along the field, the result of the standard Keldysh amplitu
~7! is also given, which describes only the direct electrons

FIG. 1. Electron yields of ionization of helium by a linear
polarized laser with\v51.58 eV at 1015 W/cm2 at angles of~a!
f50° and 20° and~b! 10° and 40°, with respect to the polarizatio
of the field. The arrows at 10Up , 9.8Up , 9.1Up , and 6.8Up mark
the classical end of the plateau forf50°, 10°, 20°, and 40°, re-
spectively. The arrow at 2.5Up in ~a! points to the energy where th
calculations based on Eqs.~6! and ~7! start to differ from each
other; that is, where rescattered electrons start to be more num
than direct electrons. Forf50°, the thin solid line in~a! gives the
result of the standard Keldysh approximation~11!.
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agrees precisely with the complete result up to about 2.5Up
~indicated in the figure!, which is just below the onset of th
plateau. From there on, the spectrum consists almost ent
of rescattered electrons. For emission off the direction of
field, the plateau starts for lower energies, as low as ab
Up for f540°. For any angle, the plateau is very rugged.
average elevation does not depend on the angle.

Figure 2 is an enlargement of the low-energy region
Fig. 1. It shows that for emission off axis the electron yie
drops more and more quickly for increasing electron ener
as opposed to the conditions within the plateau. Another v
conspicuous feature of the spectra is the narrow suppress
of the yield separated by fairly broad rounded tops, wh
are particularly well developed forf50° and 10°. They are
a manifestation of quantum-mechanical interference.
given energy and emission angle, in the tunneling regi
electrons are released at precisely two times during one
tical cycle. These two events interfere, and the interfere
alternates between constructive and destructive as a func
of energy. In Fig. 2, we are concerned with the direct el
trons, and their emission rate is proportional to the gene
ized Bessel function in Eq.~11!. A saddle-point analysis o
this expression produces exactly this sequence of cons
tive and destructive interferences and supports the inter
tation in terms of tunneling interferences@21#. Our results are
based on the assumption of constant intensity, a condi
that in experiments in the tunneling regime one will hard
be able to meet. Hence, these interferences may never s
up in an actual experiment and, indeed, they are not vis
in the available data of Ref.@6#. There is, however, a closel
related situation where they have been seen already, aga
close agreement with theory. This is in the ellipticity depe
dence of the ATI spectra at fixed energy@21#. Ellipticity
provides a tunable parameter that can be kept cons
throughout the pulse.

For any angle, the plateau is made up of a sequenc
sharp suppressions and rounded tops much like the spec
of the low-energy direct electrons. The origin is likely aga
to be interference of tunneling trajectories as suggested
the plateau in high-harmonic generation@22#, calculations of
which look very similar. As opposed to the direct electron
the interferences within the plateau are not as easily pin
down quantitatively, owing to the more complicated mech

ous

FIG. 2. Enlargement of the low-energy region of Fig. 1.
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nism of rescattering. Just before the end of the plateau,
final rounded top is the largest of all. This region is the m
classical part of the plateau.

Comparing our calculations to the experimental data
Walkeret al. @6# we observe good qualitative agreement w
respect to the existence and the extent of the plateau
relative height as compared to emission at low energy,
the angular dependence of the emission of the direct e
trons. There are two apparent discrepancies. First, the ca
lated plateau is horizontal as opposed to the measured
which slopes downward. Averaging the calculated spectr
over the intensity distribution in the laser pulse would intr
duce such a downward slope. Second, the height of the m
sured plateau drops with increasing angle of emission, w
the height of the calculated plateau is largely independen
this angle. Again, the averaging would remove part of t
discrepancy, but partly it is likely to be due to the propert
of the zero-range potential. This potential scatters isotro
cally, which gives more emphasis to large scattering ang
than a more realistic potential would.
he
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We have, in this paper, derived a generalization of
standard ionization amplitude of the Keldysh approach t
incorporates a single return of the electron to its parent
and, therefore, allows for rescattering. It holds for an ar
trary binding potential, but, as the ordinary Keldysh amp
tude, will work the better the higher the intensity of the las
field and the shorter the range of the binding potential. W
have explicitly calculated electron spectra for ionization
helium at 1015 W/cm2 and obtained very good qualitativ
agreement with the recent data of Walkeret al. @6#. Our re-
sults lend additional support to the conclusion that for ma
phenomena in high-intensity laser-atom physics the deta
shape of the atomic potential is not essential.

We enjoyed discussions with G. G. Paulus. W.B. is
debted to the theory division of the Department of Physics
the Munich Technical University where this work was ca
ried out, for their hospitality. We are grateful to Deutsc
Forschungsgemeinschaft for partial support.
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