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Refining molecular potentials using atom interferometry
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We present a theoretical study of the index of refraction of argon for the propagation of sodium matter
waves. The sensitivity of the index of refraction to the details of the molecular potential curve is analyzed. Our
calculations reveal velocity-dependent oscillations in the index of refraction that may be detectable, particu-
larly at low temperatures, in atom interferometry measurements. A procedure for refining molecular potential
curves is outlined.@S1050-2947~97!50305-2#
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Recently, atom interferometry@1# has been successfull
applied to measuring the complex index of refraction
sodium matter waves passing through a noble-gas med
@2,3#. With the application of multiple-scattering theory@4,5#
these experiments provide the capability for directly meas
ing the average forward-scattering amplitude of an ato
collision. It has been suggested@5,6# that this feature pro-
vides the possibility for refining molecular potential curve
The motivation for the present work is to provide a brid
between the molecular potential curves obtained from ex
ing spectroscopic data and the index of refraction meas
ments obtained from present and future atom interferom
experiments.

For the light noble gases He and Ne, it was shown@5# that
the index of refraction is sensitive to the ‘‘glory’’ contribu
tion to the forward-scattering amplitude that arises from
deflected classical trajectories. A connection was made
tween short-range potential parameters and the index
refraction measurements. For heavier systems such as A
glory contribution has also been predicted to be import
@6#. However, the argument in@3# that the measurements a
most sensitive to the long-range part of the molecular po
tial applies to heavy systems possessing many bound st
Therefore, the connection between potential parameters
the interpretation of atom interferometry measurements m
be different for heavy systems than for light systems. In
present work, we investigate this connection for the case
sodium atoms passing through argon.

For the atom interferometry measurements@3#, it has been
established@3,5,6# that the noble gas can be treated as
effective medium with a complex index of refraction

n~kL!511
2pN

kL
K f ~k,0!

k L , ~1!

whereN is the number density of the medium andkL is the
momentum of the beam in the laboratory frame. T
forward-scattering amplitudef (k,0) is calculated in the
center-of-mass frame for two particles with relative mome
tum k. Atomic units are assumed unless otherwise indica
The notation^•••& in Eq. ~1! refers to a statistical averag
551050-2947/97/55~5!/3311~4!/$10.00
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with respect to all microscopic parameters of the mediu
Following @5#, we average with respect to the momentu
distribution

r~k!5~mT1mP!A b

pmTmPE
sinhS bmTk

m
A2E

mP
D

3expH 2bF k22m S 11
mT

mP
D 1ESmT

mP
D G J , ~2!

wherem is the reduced massmTmP /(mT1mP) with mP and
mT the respective masses of the projectile and target ato
E5kL

2/2mP is the kinetic energy of the projectile atom, an
b is the inverse of the Boltzmann constant times the te
perature. The statistical procedure given above is differ
from the one used by Vigue and co-workers@6# in that a
distinction is made between the laboratory momentumkL
and the relative momentumk. This difference may become
significant for applications where the distribution of proje
tile velocities is wide compared to the spread in target
locities, or when the projectile velocity is much smaller th
the average relative velocity of collision, i.e.,kL!Am/b. In
the experiment of Schmiedmayeret al. @3#, the sodium mat-
ter wave has a velocity width that is only a few percent of t
peakkL . The relative velocity distribution is much wider, s
we can neglect the average over projectile velocities, and
difference between the distributions used in@5# and @6# is
negligible.

The forward-scattering amplitude is calculated from t
molecular potentialV(r ) between the sodium and argon a
oms. The potential scattering calculations are performed
ing both the standard quantum partial-wave theory and
semiclassical eikonal approximation. In the quantum cal
lation, the scattering amplitude is obtained from the exp
sion

f ~k,u!5
1

2ik (
l50

`

~2l11!@exp~2id l !21#Pl~cosu!, ~3!

whered l is the numerically computed phase shift andu is the
center-of-mass scattering angle. In the eikonal approxim
tion, the scattering amplitude is given by
R3311 © 1997 The American Physical Society
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f ~k,0!52 ikE
0

`

$exp@2ih~b!#21%b db, ~4!

whereb is the classical impact parameter andh(b) is the
corresponding phase shift function

h~b!52
1

4kE2`

1`

U~b,z!dz, ~5!

with

U~b,z!52mV~Ab21z2!. ~6!

The NaAr potential can be represented in terms of a sh
range partVS and long-range partVL ,

V~r !5HVS~r !, r,rm

VL~r !, r.rm
~7!

where

VS~r !5De@e
22a~r2r0!22e2a~r2r0!#1D, ~8!

VL~r !52C6g6~b;r !2C8g8~b;r !2C10g10~b;r !. ~9!

The parametersa, De , andr 0 are the standard Morse pote
tial parameters andrm is a matching radius. The consta
D is a small offset, similar to the one used by Vigue a
co-workers@6#, that can be used together with the functio
gn(b;r ) to smooth the connection between the short- a
long-range potentials. With the definitions

gn~b;r !5
g~n,br !

~n21!! r n
, ~10!

g~n,br !5~n21!! F12exp~2br ! (
m50

n21
~br !m

m! G , ~11!

we obtain asr→`, the van der Waals expansion

VL~r !;2
C6

r 6
2
C8

r 8
2
C10

r 10
. ~12!

To determine the parameters for our short-range Mo
potential, we used the measurements of Smalleyet al. @7#
and Pritchard@8#. The long-range van der Waals coefficien
are taken from@9#. We require the potential and its derivativ
to be continuous at the matching pointrm . The values of
D, rm , andb are obtained by a least-squares fit to this
quirement. Our procedure offers a slight improvement o
the approach used by Vigue and co-workers@6#, which does
not constrain the potential derivative to be continuous
rm . The potential parameters are given in Table I. Figur
shows logarithmic and linear plots of the interaction pote
tial with and without the long-range tail.

We have calculated the ratio of the real to the imagin
part of the forward-scattering amplitude in the center-
mass frame for the NaAr potential

R~k![
Re@ f ~k,0!#

Im@ f ~k,0!#
. ~13!
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In Fig. 2, we compare the quantum calculation with the
konal calculation. The agreement between the two calc
tions is very good fork.25. Several thousand partial wave
are required for the quantum calculation to converge wh
k.25, so we use the eikonal approximation for large valu
of k.

Oscillatory structure appears in both the quantum and
konal calculations. The narrow structures that occur in
quantum calculation at low values ofk are shape resonance
The eikonal calculation oscillates near the value 0.72, wh
is what is obtained when only the long-range potential
used @3#. The phase of the eikonal oscillation is given b
@10,11#

fE52Fh~bg!2
3p

8 G ~14!

where the ‘‘glory’’ impact parameterbg is evaluated from
the condition

TABLE I. Potential parameters.

Parameter Value Units

a 0.498 895 6 a.u.
b 1.268 26 a.u.
De 45.43 cm21

D -0.325 cm21

r 0 4.991 Å
rm 10.2672 Å
C6 190 a.u.
C8 12 700 a.u.
C10 820 000 a.u.

FIG. 1. The absolute value of the NaAr interaction potentia
The solid curve is for the Morse potential connected to a long-ra
van der Waals expansion. The dashed curve is for the Morse po
tial. The inset shows the potentials on a linear scale; there is
discernible difference between the two curves.
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dh~b!

db U
b5bg

50. ~15!

The glory impact parameter changes with energy, so i
possible to define a trajectorybg[bg(k) that describes the
evolution offE with k. A quantum phase functionfQ can
be similarly defined to be the largestd l for a givenk. The
eikonal calculations demonstrate thatfE is proportional to
1/k, while the quantum calculations show thatfQ<fE with
strong deviations from the 1/k proportionality whenk is
small.

In order to study the importance of the long-range part
the potential, we performed calculations using the Morse
tential with and without the van der Waals contribution. F
ure 3 compares the two calculations ofR(k) over a wide
range of energies. Fork.1 a.u. the phasefQ is nearly the

FIG. 2. The ratioR(k) versus 1/k. The solid curve is the quan
tum calculation and the dashed curve is the eikonal calculation

FIG. 3. The ratioR(k) versusk. The solid curve is for the
Morse potential connected to a long-range van der Waals ex
sion. The dashed curve is for the Morse potential.
is

f
-
-

same for both calculations, which suggests that long ra
scattering regulates the amplitude, and glory scattering re
lates the phase ofR(k) whenk is sufficiently large.

The total variation of the quantum phase is

DfQ5fQuk502fQuk5`52pn, ~16!

wheren is the number of rotationless bound states that
supported by the molecular potential@10,11#. For a Morse
potential, the number of bound states is known analytica
@12#,

n5IntF1aA2mDe2
1

2G11. ~17!

For the Morse potential in Fig. 1, there are seven bou
states, and for the full NaAr potential of Fig. 1, there a
eight. Counting the number of coarse oscillations in Fig
yields the correct number of bound states for both potenti

The k→0 limiting behavior of the ratio of the real to th
imaginary part of the scattering amplitude can be used
determine the parameters of the effective range expansi

R~k!;2~ask!211
1

2
r ek, ~18!

whereas is the scattering length andr e is the effective range
of the potential. For the full NaAr potential of Fig. 1, th
values ofas and r e are 170 and 20 a.u., respectively. Th
accuracy of these estimates is very sensitive to the lo
range tail of the potential. Therefore, atom interferome
could potentially play an important role in determining bet
effective range parameters.

Thermal averaging is needed to get the ratio of the rea
the imaginary part of the forward-scattering amplitude in t
laboratory frame where the effective medium is defined. F
ure 4 is a plot of the distribution function~2! for sodium
n-

FIG. 4. The NaAr relative momentum distribution function. Th
four plots correspond to sodium projectile velocities of 1000 a
2000 m/s, and argon gas temperatures of 77 and 300 K.
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projectile velocitiesv and argon gas temperaturesT that are
being considered in future experiments@8#. The spread is
widest for high temperatures.

Figure 5 shows the velocity dependence of the ratio of
real to the imaginary part of the forward-scattering amplitu
in the laboratory frame forT5300 K andT577 K. For
T5300 K, the thermal averaging tends to suppress the g
oscillations when converted to the laboratory frame.
T577 K, the glory oscillations become more prominent. F
both temperatures, the shape resonance structure tends
washed out by thermal averaging. Also shown in Fig. 5 is
T5300 K measurement of Schmiedmayeret al. @3#. The
agreement between theory and experiment is within exp
mental uncertainty.

An interpretation presented in@3# indicates that index of
refraction measurements are most sensitive to the long-ra
part of the interatomic potential. For the light noble gases
and Ne, it was shown@5# that the index of refraction is sen
sitive to the ‘‘glory’’ contribution to the forward-scatterin
amplitude. A connection was made between short-range

FIG. 5. The thermally averaged ratioR as a function of projec-
tile velocity for argon gas temperatures of 77 and 300 K. The up
curves are for the Morse potential connected to the long-range
der Waals expansion. The lower curves are for the Morse poten
Also shown is the measurement of Schmiedmayeret al. ~Ref. @3#!.
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tential parameters, such as the position and depth of the
tential well, and the index of refraction measurements. In
present work, we have presented a general approach tha
be used to interpret the index of refraction measurements
a variety of experimental conditions. The long-range con
bution is larger for Ar than for He and Ne, and effective
determines the index of refraction@3#. Nevertheless,
velocity-dependent glory oscillations should still be dete
able in the index of refraction measurements, particularly
low temperatures where the effect of thermal averaging
reduced.

Vigue @6# has noted that atom interferometry measu
ments may provide the capability for determining the ma
nitude and sign of the scattering length for an ultracold g
For such systems, the relative velocity of collision is ve
nearly equal to the laboratory velocity, and the scatter
lengthas can be approximated by

as'2 lim
kL→0

1

kL

Im@n~kL!#

Re@n~kL!21#
. ~19!

From a theoretical point of view, low-temperature ato
interferometry would provide perhaps the most interest
information. The quantum phase functionfQ is quite sensi-
tive to the details of the molecular potential, and its variati
is related to the number of bound states of zero angular
mentum contained in the potential. If the effect of therm
averaging can be minimized, thenfQ can be resolved and
analyzed. By calculating the forward-scattering amplitu
with and without the long-range potential tail, and compari
to index of refraction measurements, we can determ
which part of the molecular potential is most uncertain. W
accurate short-range information, such as the Morse par
eters used in the present work, and additional atom inter
ometry measurements, it would be possible to refine the
tential at intermediate to large distances.
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