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Secular motion of three-dimensional Rydberg states in a microwave field
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We study the spectral properties of three-dimensional Rydberg states of atomic hydrogen in a microwave
field of linear polarization. We identify a novel structure in the Floquet spectrum as the “backbone” of the
experimentally observed ionization process. Localization properties, enesigiddifetimesof the individual
Floquet states are shown to faithfully reflect the structure of classical phase space, which can be described by
a perturbative approachS1050-294®7)50902-4

PACS numbgs): PACS: 32.80.Rm, 05.45%.b, 42.50.Hz

The ionization of atomic Rydberg states by microwavethe dynamical symmetry is a particular property of the hy-
fields allows for the experimental and theoretical study ofdrogen atonj7] and therefore priori not applicable to non-
quantum transport under the condition of highly nonlinearhydrogenic Rydberg states, e.g., that of rubidi@h For the
interaction between the atomic degrees of freedom angake of a simple and transparent classical motivation of our
the driving field. In a classical picture, the ionization of the quantum results we focus on microwave frequencies that are
Rydberg electron is due to chaotic transport in classicanonresonantith the unperturbed Kepler motion of the Ry-
phase spac¢l], within a wide range of microwave fre- dberg electron.
quencies. As chaos is created for classical initial conditions The Hamiltonian describing the hydrogen atom in a
along the z axis (parallel to the microwave field axisit monochromatic, linearly polarized microwave field of con-
has been argued that chaotic ionization will merely reflecstant amplitudd- and frequency» reads, in the length gauge
the dynamics along this one-dimensional subspace of thre@nd in atomic units,

dimensional(3D) configuration spacé¢l,2]. In a quantum 5
description, classical chaos manifests itself in a strong mix- H= P~ E+ F7 coswt 1)
ing of the unperturbed atomic eigenstates and the partial loss 2 r '

of good quantum numbersl,3]. Extreme parabolic states

(elongated along the polarization axare most strongly af- As described in earlier work, a complex dilation of the cor-
fected by the chaotic excitation in energy, since they mostesponding Floquet Hamiltonian allows us to obtain the en-
effectively populate initial conditions that correspond to €rgies, the ionization rates, and the associated Floquet eigen-
classically chaotic motiofil,2,4). In a more traditional lan- states of the atom dressed by the microwave phof8hs
guage, they exhibit the largest oscillating dipole and thereDue to the azimuthal symmetry around thexis, the prob-

fore most effectively interact with the driving field. Conse- lem is effectively 2D with a 5D phase spag#ecause of the
quently, experimental ionization thresholffs,6] observed explicit time dependence dfl). For vanishing microwave

for a mixture of angular momentum or parabolic states disamplitude, the dressed eigenstates are products of spherical
tributed over the energy shell labeled by the principal quan{n,l,m) states with Fock states of photon numierwhere

tum numbern display globally quasi-one-dimensional be- we choosem=0 for the conserved magnetic quantum num-
havior, since exactly the extreme parabolic states ionize firdder. For nonresonant microwave frequency, each energy
[2]. In view of the available experimental data, most of thelevel (n,K) has a degeneracy equal to the principal quantum
theoretical emphasigl,2,4 has so far been devoted to the numbern in the angular momentum<9l<n—1. For non-
atomic excitation in energgi.e., inn), which, on the experi- vanishing field amplitude, the terfaz coswt in the Hamil-
mental time scales, could be shofih4] to be largely unaf- tonian couples different states with the selection rules
fected by the excitation in the transverse degree of freedomd|=*1, AK==1. To first order inF, there is no coupling
(angular momentunh). inside the ,K) manifold and the degeneracy is not lifted.

It is the purpose of the present Rapid Communication toTo second order, there are nonzero terms that couple the
reveal the “backbone” of the gquantum-mechanical ioniza-state f,1,K) to the statesr(,1 =2K), through the interme-
tion process by focusing exactly on this transverse dimensiodiate statesr(’,| £1K=*1); these terms lift the degeneracy.
of phase space, which will allow us to identify a novel struc-A crucial point is that the second-order termmist diagonal
ture in theexact quantum spectruriiVhereas up to now the in |. The actual eigenstates of the 3D atoms dressed by the
extreme parabolic state has been understood to bentst  microwave field are consequently nat,[,K) states, eveat
fragile under external drivingl], we shall describeigen- lowest nonvanishing order
states of the unperturbed hydrogen attimt are essentially From a classical point of view, the electronic trajectories
unaffectedby the microwave field, due to their symmetry are simple Kepler ellipses, fdf=0. For nonvanishing field
properties, which are compatible with the dynamical symmeamplitude, the nonresonant situation studied here corre-
try of the Coulomb problenas well aswith the symmetry sponds to an electron on its Kepler orbit exposed to a micro-
imposed on the atom by the external perturbation. Note thawave field oscillating at a noncommensurate frequency.
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Hence, the electron cannot efficiently exchange energy with
the field. To first order, it exhibits oscillatioridriven by the
microwave field around its unperturbed Kepler ellipse. To
second order, the resulting trajectory is an instantaneous el-
liptical trajectory, the parametefsccentricity, spatial orien-
tation) of which slowly evolve in time. This secular motion
[9] preserves energfthe classical analog af remaining an
approximate good quantum numpand can be described by
an effective Hamiltonian, after appropriate averaging over
the oscillation of the microwave field.0]. The expansion of

(2) in the canonical action-angle coordinategtotal action,

0 (conjugate anglel (angular momentuimandd (conjugate
angle measuring the angle between thexis and the major
axis of the ellipsg of the hydrogen atorhl] reads

1
- 2 _
H= 2n? +Fn® coswt FIG. 1. Isocurve values for the effective Hamiltoniahy de-

scribing the secular motion of a classical elliptical trajectory—
representedon the unit sphepeby its angular momenturh,, and
the parallel and perpendicular componefsandA,, of the Runge-
Lenz vector—under the influence of a linearly polarized microwave

X MEO {am(Lo)coM 6cosy+ by (Lo)sinM dsing}.  (2)

Lo=I/n is the scaled angular momentum, field of scaled frequency,=1.304. There are two stablé\(=1
andLy=1) fixed points corresponding to electronic motion along a
ZJI’VI(M ‘/1—)(2) straight line in the plane defined by the polarization vector of the
ay(x)=-— v E— (M#£0), ap=3%J1-x° microwave field and along a circle in a plane that contains the
polarization vector, respectively. The third fixed poid,E1) is
unstable and represents electronic motion along the polarization
2xIy(My1— x2) axis. P 9 P
bM(X)z (M?EO), bO=0! (3)

M+/1—x? _ _
here was motivated by experiments performed by the Stony
Ju represents the Bessel function, and the prime denotes thi&rook group[5]. One immediately recognizes that the mo-

derivative. At lowest nonvanishing order ihwe obtain tion is equivalent to that of a rigid rotor or a top, with three
206 fixed points, that is three distinct types of classical periodic
— n i i i = =
H,= - {hy(Lo,we)cOLs+ ho(Lo, wo)Siryt,  (4) motion. The first two defined bly,=1 andA,=1 are stable.

They correspond to the circular orbit in the plane containing
. . ) the field polarization vector and to the straight-
wherewo=wn” is the scaled frequendyatio of the micro-  |ine orbit normal to that plane. The third fixed point defined
wave to the Kepler frequengyand by A,=1 corresponds to the straight-line orbit along the field
direction—the precise analog to the restricted 1D dynamics
282 _ ’y ’
hy= > (M (ay —2Loamay) —2Mayby of the atom—and isinstable an initial trajectory close to the

M=0 wg— M2 field axis will diverge from it.
4.2 We can now predict the quantum spectrum of the atom
__6MTay ) (5) dressed by the microwave field, by WKB quantization of
(wg— M2)2)" H,. The semiclassical energies are defined by
Here, a,, andb,, are evaluated for the argumehg=1/n. $ldy=p+3, (7)

h, is obtained by exchanging,, andb,, in (5). The lower-
order terms of the effective Hamiltonian ifF read the integral being evaluated along a classical secular trajec-
H—o= —1/2n2 andH_1=O. tory (fixed value ofH,) andp an integer ranging from 0 to
The secular electronic motion as the temporal evolution oh— 1. This gives the 23 isovalue curves shown in Fig. 1 for
the conjugate variablek and ¢, generated byH,, can be then=23 Rydberg manifold. The validity of this approach
represented by the motion of the vectar(A,,A;) on the can be tested by a direct comparison to. the “e>_<actf’ numeri-
unit sphereA, andA,, design the components of the Runge- €@l quantum spectrum. Indeed, after diagonalizatior1f
Lenz vector(directed along the major axis of the ellipse with ©ne finds “multiplets” that originate from the unperturbed

a modulus equal to its eccentricifydefined by energy levels. The energies of these states are plotted in Fig.
2(a) for n=23,F,=Fn*=0.03,w,=1.304, and compared to
A§=(1—L§)co§1p; A;f:(l—LS)sinzlp_ (6) the semiclassical prediction. The agreement is quite good,

. with some quantitative disagreement for the lower part of the
In Fig. 1 we show several isovalue curvestdf plotted  manifold. For both, the semiclassical and the exact result,
on the unit sphere, fow,= 1.304. The figure is independent there are ten eigenstatéiabeledp=0 to 9 by increasing
of the field strength and, thanks to classical scaling, indeperenergy corresponding to secular motion around the=1
dent ofn, but it changeswith w,. The value ofw, chosen fixed point, and 13 eigenstatéfom p=10 to 22 corre-
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2 Quantum number p over one field periodof three eigenstates=2, 8, and 20(from

left to right) of Fig. 2; as predicted by the secular calculatisee

FIG. 2. Energy levelgoriginating from then= 23 manifold of text), they are localized near a circular orbit, the field axis, and the
a hydrogen atom exposed to a microwave field with scaled freplane perpendicular to the field, respectively; only pe8 state
quencywy=1.304 and scaled fielf,=0.03. (a) Comparison be- significantly contributes to the ionization yielth) Husimi phase-
tween the exact energy levels obtained from numerical diagonalizaspace densities for the same three states plotted with the same co-
tion (crossep and the semiclassical prediction using the effectiveordinates as in the classical picture, Fig(density increases from
HamiltonianH, (circles; the lowest(highes} energy levelp=0 to black to whitg; the densities are well localized in the vicinity of the
9 (10 to 22 correspond to states localized around the fixed pointclassical isocurves dfi,, which proves that the second-order secu-
Lo=1 (A,=1) in Fig. 1; the arrow indicates the position of the lar approximation describes the exact eigenstates quite well.
corresponding energy level for the 1D model of the at@dm.lon-
ization rates obtained from numerical diagonalization. There is . . .
sharp maximum for states localized in the v?cinity of the microwavea,%he, 3D_ manifold W',th respect to the.§epar§trl?< m,ay be an
field axis. indication of the existence of an additional ionization chan-
nel due to the higher dimensionality of the real problem with
respect to the restricted dynamics, in the case of near-
ri]%tegrable classical motiorl0]. It provides a non-negligible

orrection to the popular 1D picture of the ionization process
1,4].

A further test of our semiclassical picture is to investigate
the localization properties of the quantum eigenstates in con-
figuration and in phase space. This is done in Fig. 3 for the

tates withp=2,8,20. The plots are contours of the elec-
ronic densities averaged over one field period, and of their
phase-space Husimi densities on the surface of the unit
sphere of Fig. 1. As expected, the stipe=2) is localized
close to the circular orbitjp=8) near the field axis, and

sponding to motion around th&,=1 fixed point. The two

series are separated by a minimum in the energy spacing, t
guantum consequence of the slowing down of the classic
motion[1,4] near the unstable fixed point. As indicated by an
arrow in Fig. Za), it is exactlyat this energy, which separates
thel, and theA, motion, that we find the Floquet eigenstate
originating fromn=23, in the restricted 1D dynamics. The
semiclassical structure of the manifold is also reflected b
the ionization rate of the individual Floquet states, as show
in Fig. 2(b) [11]. The states with pronounceg, or A, char-

acter have extremely small ionization rates, g states

being actually more stable than theg states. On the other "~ : ,
hand, the states that correspond to motion close to the u*p—ZO} close 1o the plane perpendicular to the field. The

stable fixed point exhibit the largest ionization rates. Yet, thea_ss_oCIateOI p.hase-spacegensmes' are well I(?c.al'lzed in the vi-
maximum ionization rate is not observed for the eigenstat&inity of the isovalues oH,; that is, in the vicinity of the
that comes closest td, motion, i.e., to the restricted 1D cla53|c.al invariant tor!, as expected from the semiclassical
dynamics, but slightly is displaced to valuesbelowthe  analysis. Let us mention that the statps-2) and|p=20)
separatrix. According to our present accumulated numericdi'® @lmost pure eigenstates of the unperturbed hydrogen
data (for different values ofFq, wo, andn), this displace- atom [7]. Whereas |p=2) is very similar to
ment towardsL, motion seems systematic but is not yet|N!=n—2m=0), |p=20) can be obtained from the simul-
understood. However, for a broad distribution of atomic ini-taneous diagonalization of the unperturbed Hamiltortign

tial states over thea manifold[5,6], this does not affect the L., and A§+ LZ=\2. In this basis,|p=20) is practically
quasi-one-dimensional behavior of the ionization thresholdsdentical to|n,\ =n—3m=0). However, as the field ampli-
Note, however, that af,=0.03 the ionization rate of the tude is increased, the quiver amplitude of the elecfrti
corresponding eigenstate of the 1D model is found to be twavill tend to values that are comparable to the diameter of the
orders of magnitude smaller than the maximum ionizatiorstate |n,| =n—2,m=0), leading to a hard transition from
rate observed in Fig.(B). 1D and 3D widths acquire com- regular to chaotic motion for such high-angular-momentum
parable values only in the vicinity of the 10% ionization states wittm=0 (for classical studies, s¢&3]) and hence to
threshold, i.e., aFy=0.05[3,5], when strongn mixing pre-  the ionization of states lik¢p=2). A similar geometrical
vails. This and the displacement of the maximum width oflimitation does not exist for “flat” states lik¢p=20) that



R1588 ANDREAS BUCHLEITNER AND DOMINIQUE DELANDE 55

do probe the Coulomb singularity, but are compatible withFloquet states with an effective ionization yield dominated
the cylindrical symmetry imposed by the driving field. This by intermediatep values.

might explain the fact that flat electronic densities are sys- A complementary experimental approach consists in di-
tematically more stable against ionization than states likéect photospectroscopy of the Floguet spectrum from low-
|[p=2). In an “exact” numerical calculation we checked lying atomic states. In this kind of experiment, the underly-
that the distribution of the widths of Fig. 2 and the associated"d phase-space geometry should be manifest in the positions

classification of initial atomic states according to their sym-and widths of the atomic resonances. _ _
metry properties correctly predict the relative ionization When Rydberg states of a different atomic species are

threshold of an extreme parabolic state, a high-angular md:S€d[8], the interaction of the electron with the ionic core
mentum state|ng,lp=no—1,mp=0), and a flat state should destroy the multiplets and produce Floquet eigen-

INg.No=no— 1My=0), which increases in the given order states with completely different localization properties, since
°n conclusion. the quasi-one-dimensional ionization of 3pthe described organization of the resonances strongly relies

Rydberg states of atomic hydrogen is embedded in a tran n the degeneracy of the energy levels of the hydrogen atom.

verse structure of 5D phase space, which can be describ(=f|£(5;r'1S rir;?gsecxoprlgigevrvgt))/l thd?ﬁeip;(rarwttaatall)r/] obsiivier:j éofnrlz;-
perturbatively. In future experiments, the details of this d y y diter fro € Ones obtained 1ro
structure can be revealed by careful preparation of the aton%y rogen.

in well-defined initial states, such as/ng,lo=ng We acknowledge fruitful discussions with Jakub
—1my=0) or |ng,\g=nNg—1my=0). Since these two Zakrzewski and Howard Taylor. CPU time has been pro-
states evolve into the statgs=0) and|p=ny—1) in Fig. 2,  vided by IDRIS and RZG. Laboratoire Kastler-Brossel, de
we expect them to exhibit a dramatically smaller ionization'Ecole Normale Supéeure et de I'UniversitePierre et
yield than in current experiments that populate a mixture oMarie Curie, is uniteassocie 18 du CNRS.
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