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Zeeman splitting in the Maxwell-Bloch theory of collisionally pumped lasers

D. Benredjem, A. Sureau, and C. Mo¨ller
Laboratoire de Spectroscopie Atomique et Ionique, URA 775 du CNRS, Universite´ Paris-Sud, Baˆtiment 350, 91405 Orsay Cedex, Franc

~Received 30 October 1996!

The radiation generated in the soft-x-ray domain by spontaneous emission and amplified while propagating
in a plasma column is investigated in the Maxwell-Bloch~MB! formalism. The MB theory is especially
appropriate to describe the interaction between the medium and the lasing radiation in the saturation regime,
and asymptotically yields the commonly used theory of the small-signal gain coefficient. We have examined
the effect of spontaneously created magnetic fields on gain coefficients, integrated intensity, and steady-state
population of quantum states. Our calculations are applied to the 0-1 and 2-1 radiations at 196 and 236 Å,
respectively, in collisionally pumped Ne-like germanium lasers. For these radiations and in our range of plasma
parameters the Voigt function—accounting for the Zeeman splitting of the various sublevels associated with a
given multiplet—provides accurate line shapes.@S1063-651X~97!08705-9#

PACS number~s!: 42.55.Vc, 32.60.1i, 32.80.2t, 52.20.2j
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I. INTRODUCTION

Although the demonstration of soft-x-ray amplificatio
and even saturation in collisionally pumped lasers has
come almost a routine since the first observations in 1
@1–4#, the development of a complete theory of this sche
has progressed somewhat more slowly than experimenta
vances. Following a recent approach on the amplification
spontaneous emission~ASE! using the Maxwell-Bloch~MB!
formalism @5#, we intend to investigate the effect of sel
generated magnetic fields on intensities and ion level po
lations in the saturation regime of collisionally pumped
sers.

One is essentially faced with the resolution of t
radiative-transfer equation. In many problems involving no
polarized radiation and relevant to x-ray laser modeling
well as to astrophysics, the purpose is to find the solution
the following one-dimensional~1D! equation:

]zI ~n,z!5G~n,z!@ I ~n,z!1S~n,z!#, ~1!

whereI (n,z) is the intensity at the frequencyn and coordi-
natez. G andS designate the gain and the source functio
respectively. In x-ray lasersG involves absorption and
induced-emission processes. The ASE theory, with a c
stant gain coefficient~the gain coefficient being the opposi
of the absorption function!, is not adequate to model th
history of radiation when the intensity nears saturation,
the populations and thusG andSdepend onz. In this regime
the problem is generally overcome by using a steady-s
saturation intensity@6–8# that enables the effect of stimu
lated transitions on the populations to be modeled indirec
However, this treatment fails to directly model changes
the level populations—potentially significant in a system t
may have several coupled lasing transitions—and, moreo
neglects the modeling of certain quantum-mechanical eff
arising in a linearly propagating field. The combination
the Maxwell wave equation and the Bloch equations m
overcome this limitation@5#. The other effects arising in col
lisional lasers such as spontaneous radiative decay, c
551050-2947/97/55~6!/4576~9!/$10.00
e-
5
e
d-
f

u-
-

-
s
f

,

n-

s

te

y.
n
t
r,
ts
f
y

lli-

sional excitation, and deexcitation, ionization, and recom
nation need to be considered in the population rate equati

Theoretical investigation of collisionally pumped system
is generally through the use of a hydrodynamics–atom
physics package generating a time-dependent descriptio
the laser-produced plasma that is postprocessed by eith
ray-tracing@9# or a wave optics@10–12# treatment. Further-
more, the 2J11 quantum states that form a given lasin
level are assumed to react as a whole to the radiation fi
and the rate equations that describe populations refer to
els and not specifically to states. Within such approxim
tions, the role of saturation in determining the intensity of t
laser output and in describing the gain narrowing for ar
trary inhomogeneous line broadening are now well und
stood@7,8#.

A number of works have already used the MB formalis
in specific investigations such as buildup of radiation@13#,
gain @14#, transverse coherence@15,16#, superfluorescence
@17#, or superradiance@18# theory. In x-ray laser modeling
the degeneracy of the lasing levels has been considered i
treatment of the interaction between the ASE electric fi
and the amplifying medium@5#.

The aim of the present work is to investigate the effect
magnetic fields, which spontaneously build up in the plas
due to the large density and temperature gradients, on
population of ionic levels and on the amplified intensity.
this case the Zeeman sublevels, associated with each m
plet, are no longer degenerate. For such systems we can
rive the MB equations that govern the evolution of t
quantum-state populations, rather than the level populati
as well as the evolution of the nonpolarized spontaneo
emission intensity, which is amplified while propagatin
through the medium. The populations themselves depen
the intensity of the radiation through the population ra
equations. The Maxwell wave equation is considered us
the customary paraxial approximation~see Ref.@13#!, and
the density-matrix coherences are assumed to be in st
state with respect to their production and decay proces
The spatial evolution of the electric-field phase as a funct
of the free-electron density and population inversions, a
the spatial evolution of the electric-field amplitude as a fun
tion of the
4576 © 1997 The American Physical Society
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55 4577ZEEMAN SPLITTING IN THE MAXWELL-BLOCH . . .
population inversions are obtained. The gain coefficient
then be deduced directly, and is expressed in a form
reduces to the small-signal gain coefficient at low intens

At high intensity we are not able to associate a rate co
ficient of stimulated emission, or absorption, to the mult
lets involved in lasing. Due to the nature of the linea
propagating radiation~all electric-field oscillations occur in
the plane perpendicular to the direction of propagation!, the
interactions between the radiation and the various quan
states are not identical. The 2J11 statesuJM& associated
with a given multipletJ are no longer degenerate in th
presence of a magnetic field, and inelastic electron-ion co
sions of the typeuJM& ^ upl &→uJM8& ^ up8l 8&, whereupl & is
a quantum state of an incident electron, must also be con
ered, as they tend to restore equilibrium populations am
the states of the considered multiplet. In particular, th
collisions lessen or even eliminate the polarization of
medium by the x-ray beam.

The irradiation of a target along a prescribed line focus
such that the produced plasma expands nearly cylindrica
The generated x-ray pencil then propagates along the ax
a cylindrical plasma column, which forms the amplifyin
medium. If the intensity of the beam is large enough to aff
populations, the plasma becomes inhomogeneous in the
rection of propagation.

The intensity satisfies the radiative-transfer equat
given above, and is coupled to the quantum-states popula
densities, which are governed by the following rate eq
tions:

] tni~z!52ni~z!G i~z!1r i~z!, ~2!

wherei designates a quantum state—upper or lower—of
considered ion.G andr are, respectively, the total decay ra
of the considered state and the sum of all processes pop
ing it.

II. ZEEMAN SPLITTING AND VOIGT
PROFILE FUNCTIONS

In the laser-produced-plasma conditions that prevail
x-ray lasers, magnetic fields may be spontaneously cre
owing to the existence of nonparallel gradients of the el
tron temperature and density. An estimate of such field
obtained from the well-known relation@19#

B5
1

eNe

“~kTe!3“Ne

u“uu
, ~3!

whereu is the macroscopic flow velocity of the plasma. T
z axis is conventionally taken to be the plasma column a
or, what amounts to the same thing, the direction of pro
gation of the x-ray pencil~see Fig. 1!, and is thus perpen
dicular to the direction of the heating beam. The electr
density gradient is large in the direction perpendicular to
target surface while the electron-temperature gradient is
portant in the lateral direction. The resulting magnetic field
then parallel to the plasma-column axis. Within the assum
tion of nearly cylindrical expansion, which is satisfied
most cases, it is easy to estimate the amplitude of
magnetic field in the gain domain. The following valu
are representative of collisionally pumped germani
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lasers: Ne'731020 cm23, u“Neu'231023 cm24, u“Teu
'104 eV cm21, and u“uu'33109 s21 ~see Ref. @20#!,
yielding B'10 T.

The inhomogeneous broadening, which is attributed to
Stark interaction with the slowly moving ions, is negligib
for the Ne-like germanium radiations at 196 and 236 Å,
the density and temperature conditions that prevail in co
sional lasers. We can thus assume that the Voigt func
gives a good description of the line shape. The Voigt pro
accounts for thermal Doppler broadening and electr
impact broadening, on the one hand, and electron-imp
shift, on the other hand. The Zeeman interaction removes
spherical degeneracy, so that the 2J11 statesuJM&, associ-
ated with theJ multiplet, are symmetrically split. If we as
sume a Maxwellian distribution for ion velocities, with
most probable valuev0 , the Voigt profile of a given transi-
tion uJM&→uJ8M 8&, having a central angular frequencyv0
for a free ion, is

PJM,J8M8~v!

5
g

2

1

p3/2v0

3E
0

`

dv
exp@2~v/v0!

2#

~v2v02v0v/c2Dve2DvB!21~g/2!2
,

~4!

whereg andDve are the angular-frequency width and shi
due to electron collisions with the lasing ion, andDvB is the
Zeeman shift,

DvB5\21~gM2g8M 8!mBB, ~5!

in which mB@5e\/(2mc)# designates the Bohr magneto
and theg’s are the Lande´ factors. We have in thej - j cou-
pling schemeg(1/2,1/2)52/3 for J50 and J51, and
g(1/2,3/2)53/2 for J52.

FIG. 1. Geometry of the amplifying plasma. Thez axis is taken
to be the plasma-column axis, or equivalently the propagation a
The nonparallel gradients of the electron density and electron t
perature are contained in a transverse plane, and the resulting
netic field is thus along the propagation axis. The plasma is re
sented as a succession of adjacent cylinders having a common
z axis, and lengthszp2zp21 (p51,...,m). The lengths are taken
sufficiently small, so that the plasma is assumed to be homogen
in each fraction of the plasma column. The lasing radiations
amplified over the lengthzm2z0 .
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Let t5v/v0 , x5(v2v02Dve2DvB)/DD , and y
5g/(2DD), where DD5v0v0 /c is the thermal Doppler
width, which is related to the Doppler full width at ha
maximum ~FWHM! dvD through dvD52Aln 2 DD . It is
then easy to get~see, e.g., Ref.@21#!

PJM,J8M8~v!5
1

p3/2

y

DD
E
0

`

dt
exp~2t2!

~x2t !21y2

5
1

p1/2

1

DD
Rew~x1 iy !. ~6!

The functionw(x1 iy) is then expanded in terms of trigo
nometric and hyperbolic functions:

w~x1 iy !5exp@2~x1 iy !2#$12erf@2 i ~x1 iy !#%

5exp@2~x22y212ixy!#@12erf~y2 ix !#

5exp@2~x22y212ixy!#

3F12H erf y1
exp~2y2!

2py

3@12cos~2xy!2 i sin~2xy!#

1
2

p
exp~2y2! (

m51

`
exp~2m2/4!

m214y2

3@ f m~y,2x!1 igm~y,2x!#J G , ~7!

where

f m~y,2x!52y22y cosh~mx!cos~2xy!

1m sinh~mx!sin~2xy! ~8a!

and

gm~y,2x!522y cosh~mx!sin~2xy!

2m sinh~mx!cos~2xy!. ~8b!

After a straightforward derivation the Voigt profile becom

P~x!5
1

p1/2DD
exp~2x2!H sin2~xy!

py
1exp~y2!cos~2xy!

3~12erf y!1
4y

p (
m51

`
exp~2m2/4!

m214y2

3@cosh~mx!2cos~2xy!#J . ~9!

Such a profile is symmetrical with respect tox50, which
means that the central angular frequency isv01Dve
1DvB . The corresponding value ofP is

P~0!5
1

p1/2DD
exp~y2!~12erfy!. ~10!
The Voigt FWHM is obtained by settingP(x)5P(0)/2,
which yields the following relation:

exp~2x2!H sin2~xy!

py
1cos~2xy!C~y!

1
4y

p (
m51

`
exp~2m2/4!

m214y2
@cosh~mx!

2cos~2xy!#J 2
C~y!

2
50, ~11!

whereC(y)5exp(y2)(12erfy). It has been checked that th
m.5 terms do not contribute significantly to the solution

We now focus our attention on germanium slab targe
which have been the subject of recent theoretical@4# and
experimental@22# progress. More specifically we conside
the Ne-like transitions at 196 Å, i.e., betwee
(2p1/2

5 3p1/2)J50 and (2p1/2
5 3s)J51 , and at 236 Å, i.e., be-

tween (2p1/2
5 3p3/2)J52 and (2p1/2

5 3s)J51 ~henceforth re-
ferred to as 0-1 and 2-1 radiations!. It is worth noting that
lasing around 200 Å in Ne-like ions constitutes the mo
efficient collisionally pumped lasers with large gain-leng
products@23,24#. Figure 2 shows the individual Voigt pro
files for spontaneous emission in the presence of a magn
field. To eachs1 transition between an upper state wi
magnetic quantum numberM and a lower state with mag
netic quantum numberM 8 such thatq5M2M 851, a sym-
metricals2 transition (2M→2M 8) characterized byq5
21 is associated. As expected the profiles of these circul
polarized radiations are symmetrically split with respect
the profile of thep transitionuJ0&→uJ80&, and the separa
tion increases linearly with the magnitude of the magne
field. The shift of the various components is small compa
to the linewidth.

III. RADIATIVE-TRANSFER PROBLEM

Due to the splitting of thes1 and s2 radiations, the
intensity of each component at a given frequency must

FIG. 2. Normalized Voigt profiles of the circularly polarize
radiations associated with theu(2p1/2

5 3p1/2)00&→u(2p1/2
5 3s)161&

transitions in Ne-like Ge, for two values of the spontaneously g
erated magnetic field. For finite values ofB the profiles of thes1

ands2 transitions are symmetrically split with respect to the u
perturbed line shape~associated withB50!, which is then common
to the two transitions.
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55 4579ZEEMAN SPLITTING IN THE MAXWELL-BLOCH . . .
considered separately. The radiative-transfer equation
sq photons (q561,0) propagating in thez direction may
also be written as

]zI J,J8
~q!

~n,z!5 j J,J8
~q!

~n,z!1GJ,J8
~q!

~n,z!I J,J8
~q!

~n,z!, ~12!

where j J,J8
(q) andGJ,J8

(q) designate the monochromatic emiss
ity and gain, respectively, both of which arez-dependent in
the saturation regime. The emissivity of the medium cor
sponds to the radiation generated in a solid angleQ
('1024) centered on thez axis by all the transitions from
the Zeeman sublevels represented byJ to those represente
by J8 such thatM2M 85q, and is given by

j J,J8
~q!

~n,z!5
3Q

8p
hn(

M
nJM~z!AJM,J8M2q~n!, ~13!

whereAJM,J8M2q(n) is the probability of spontaneous emi
sion from uJM& to uJ8M2q&, at the frequencyn. The index
q takes only the values 1 and21 as a radiation propagatin
along thez axis cannot include anyp-polarized radiation
~polarization component parallel toz, corresponding toq
50!, and we have to consider only circularly polarized r
diation (q561). The spectral gain is then

GJ,J8
~q!

~n,z!5
k

2e0\
(
M

^JMudquJ8M2q&2PJM,J8M2q~n!

3@nJM~z!2nJ8M2q~z!#, ~14!

wherek5v/c is the wave vector of light. In order to calcu
lateAJM,J8M2q(n), let us consider the spontaneous emiss
in the solid angleQ. The corresponding probability per un
time is ~see, e.g., Ref.@25#!

dAJM,J8M2q~n!5
1

2p\ S 2pn

c D 3z^JMudquJ8M2q& z2

3PJM,J8M2q~n!Q, ~15!

wheredq is the relevant tensorial component of the electr
dipole operatord.

We thus obtain

dAJM,J8M2q~n!

5
1

2p\ S 2pn

c D 3~JidiJ8!2S J
2M

1
q

J8
M2qD 2

3PJM,J8M2q~n!Q

5
1

2p\ S 2pn

c D 3 3\

4 S c

2pn D 3~2J11!

3AJ,J8S J
2M

1
q

J8
M2qD 2PJM,J8M2q~n!Q

5
3

8p
~2J11!AJ,J8S J

2M
1
q

J8
M2qD 2PJM,J8M2q~n!Q.

Owing to the fact that the emission in a given polarization
not isotropic~only two of the three orthogonal directions a
allowed! the integration over angles introduces a fac
or

-

-

n

-

s

r

8p/3. The total rate of spontaneous emission in term of
Einstein coefficientAJ,J8 is then

AJM,J8M2q~n!5~2J11!AJ,J8S J
2M

1
q

J8
M2qD 2

3PJM,J8M2q~n!. ~16!

We numerically solve the radiative-transfer problem
treating the plasma column as an assembly ofm adjacent
cylinders with a common axis,z, and lengthszp2zp21 (p
51,...,m). zm2z0 is obviously the plasma length ove
which the radiation propagates~see Fig. 1!. The intervals are
chosen sufficiently small, so that populations, temperatu
and densities are independent ofz in each cylinder. In a
given interval@zp21 ,zp# the equation of transfer is then ea
ily integrated, yielding

I ~q!~n,z!5
j ~q!~n,zp!

G~q!~n,zp!
$exp@G~q!~n,zp!~z2zp21!#21%

1exp@G~q!~n,zp!~z2zp21!#I
~q!~n,zp21!.

~17!

The first contribution in the right-hand side of the abo
relation is due to the emission spontaneously generated
amplified in the interval considered, while the second o
describes the amplification, in the same interval, of the
diation coming from the preceding segment@zp22 ,zp21#.
Assuming I (q)(n,z0)50 we easily obtain the intensity in
terms of the source functionS(q)(n,z)5 j (q)(n,z)/G(q)(n,z)
and of the spectral gain, at the various abscissazp :

I ~q!~n,z1!5S~q!~n,z1!$exp@G
~q!~n,z1!~z12z0!#21%,

~18a!

I ~q!~n,z2!5S~q!~n,z2!$exp@G
~q!~n,z2!~z22z1!#21%

1S~q!~n,z1!$exp@G
~q!~n,z1!~z12z0!#21%

3exp@G~q!~n,z2!~z22z1!#, ~18b!

I ~q!~n,zm!

5 (
p51

m

S~q!~n,zp!$exp@G
~q!~n,zp!~zp2zp21!#21%

3exp@G~q!~n,zp11!~zp112zp!#3•••

3exp@G~q!~n,zm!~zm2zm21!#, ~18c!

where all the indexes are<m. S(q)(n,zp) andG
(q)(n,zp) are

the source function and the spectral gain in@zp21 ,zp#. Both
functions satisfy]z50 in this segment. The relation~18c!
may be written in the more compact form:

I ~q!~n,zm!5 (
p51

m

@S~q!~n,zp!2S~q!~n,zp21!#

3exp(
l5p

m

@G~q!~n,zl !~zl2zl21!#2S~q!~n,zm!,

~18d!

with the conditionS(q)(n,z0)50.
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FIG. 3. Integrated intensity of the 0-1~a! and 2-1~b! radiations in Ne-like Ge, as a function of plasma length for three values of
spontaneously created magnetic field. Saturation is reached at 2.5–3.5 cm, depending on the radiation and on the magnetic fie
radiation saturates before the 2-1 one.
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It is worth noting that the above treatment is able to
count for the possible inhomogeneities of the plasma al
the propagation axis of the radiation. Large-scale inhomo
neities in the line plasma emission have actually been
served in a qualitative way by many groups@26,27#. Kieffer
and co-workers@28# ~see also Ref.@29#! have shown that
such inhomogeneities arise from nonuniform pump laser
radiation along the line focus, and affect the gain of the x-
laser. However, the results presented in this work do
include those effects.

The total intensityI (z) is obtained by adding the partia
intensitiesI (q)(n,z), q51, andq521, and integrating with
respect to frequency:

I ~z!5E dn@ I ~1!~n,z!1I ~21!~n,z!#.

In Fig. 3 we show the evolution withz of the amplified
intensity of the 0-1 and 2-1 radiations in Ne-like germaniu
for three values of the magnetic field. We choose an elec
density of 731020 cm23, which may be accessed by the u
of curved targets or prepulses and we assume an elec
temperature of 500 eV and an ion temperature of 300
For a given plasma length and for increasing magnetic fie
we observe a small attenuation of the intensity, due to
broadening of the intensity profile, generated by the incre
ing splitting of the variouss1 ands2 profiles. While the
saturation intensity is reached at largerz values its magni-
tude does not depend on the magnetic field value, bec
amplification overcomes the effect of the magnetic field
line shapes. As is clearly seen for intermediate plas
lengths, the 2-1 radiation is more affected by the Zeem
interaction than the 0-1 radiation. This behavior is attribu
to a larger broadening of the 2-1 radiation, which is con
tuted of 3s1 and 3s2 transitions, while the 0-1 radiation i
formed of 1s1 and 1s2 transition only~see Fig. 4!.

The plasma-column radius and length, and conseque
the solid angleQ, have no effect on the gain-coefficient va
ues. In order to calculate an effective gain@30#, which is
defined in the same way as in experiments and which is
comparable to theobservedgain, let us consider a fictitiou
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us

transitionU-L giving rise to a Gaussian-shape line. Follow
ing Linford et al. @31# the corresponding integrated intensi
is

I UL~z!}
@exp~G0z!21#3/2

@G0z exp~G0z!#1/2
, ~19!

whereG0 is the gain value at line peak. The effective gain
the value ofG0 , which, treated as a parameter, allows

FIG. 4. Schematic representation of the 3p-3s transitions in-
volved in the collisional-excitation scheme in the Ne-like sequen
Energies are not scaled. The collisional excitations from the gro
level are followed by collisional-radiative cascades, which popul
the upper lasing statesu(2p1/2

5 3p3/2)2M & and u(2p1/2
5 3p1/2)00&.

These states are metastable, i.e., E1 radiative decay to the gr
level is forbidden. The transition labeled 1 designates the mono
collisional excitation, which is the leading mechanism in the pop
lation of theJ50 level. The transitions 2 represent the recombin
tion from theF-like stage, dominated by the dielectronic recomb
nation. Inversions may occur because the lower lasing st
u(2p1/2

5 3s)1M & have a strong radiative decay to the ground leve
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FIG. 5. Effective gain of the 0-1~a! and 2-1 ~b! radiations in Ne-like Ge, as a function of plasma length for three values of
spontaneously created magnetic field. The effective gain involves all the transitions that contribute to the output signal~two transitions for
the 0-1 radiation and six transitions for the 2-1 one! and is derived from the intensities calculated for various plasma lengths. Saturat
reached at 2.5–3.5 cm, depending on the radiation and on the magnetic field.
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matching of the integrated intensitiesI and I UL . Figure 5
illustrates, for various magnetic fields, the evolution of t
effective gain for the 2-1 and 0-1 radiations, as a function
the plasma length. At the electron density of 731020 cm23 it
is obvious that the 0-1 radiation is dominant. For the sa
reason as above, the 2-1 effective gain is more influence
the magnetic field than the 0-1 one.

IV. QUANTUM-STATE POPULATIONS

Taking into account the Maxwell wave equation for rad
tion through the globally neutral plasma and the Bloch eq
tion for the density operator@5# we can obtain the rate equa
tions for the population densitiesn in the presence of the
radiation propagating along thez axis, which is associated
with the JM2J8M 8 transitions. We have

] tnJM~z!5r JM~z!2GJM~z!nJM~z!

2 (
q,uqu51

^JMudquJ8M2q&2@nJM~z!

2nJ8M2q~z!#

3
1

2\2e0c
E dn I J,J8

~q!
~n,z!PJM,J8M2q~n!

~20!

for the upper Zeeman sublevels and

] tnJ8M8~z!5r J8M8~z!2GJ8M8~z!nJ8M8~z!

1 (
q,uqu51

^JM81qudquJ8M 8&2

3@nJM81q~z!2nJ8M8~z!#
1

2\2e0c

3E dn I J,J8
~q!

~n,z!PJM81q,J8M8~n! ~21!

for the lower sublevels. The above equations when coup
to the radiative-transfer equation determine the quant
f

e
by

-
-

d
-

state populations at eachz value, and generalize the usu
equation system that describes the energy level populati
The r and G coefficients result from all populating
and depopulating processes except those of absorp
and stimulated emission, which are associated with
J-J8 radiation. Using the propertŷ JMud1uJ8M21&2

5^J2M ud21uJ82M11&2, and dropping thez coordinate
for ease of notation, the population rate equations in the p
ence of the 0-1 and 2-1 radiations may be written as

] tn2625r 2622G262n2622@n2622n161#3L262,161 ,

] tn2615r 2612G261n2612@n2612n10#
3
2L261,10,

] tn205r 202G20n202$@n202n11#
1
2L20,11

1@n202n121#
1
2L20,121%,

~22!

] tn1615r 1612G161n1611$@n2622n161#3L262,161

1@n202n161#
1
2L20,1611@n002n161#L00,161%,

] tn105r 102G10n101$@n212n10#
3
2L21,10

1@n2212n10#
3
2L221,10%,

] tn005r 002G00n002$@n002n11#L00,11

1@n002n121#L00,121%,

with

LJM,J8M85
BJ,J8
c E dn I J,J8

~q!
~n!PJM,J8M8~n!

~q5M2M 8!, ~23!

whereBJ,J85(JidiJ8)2/@6\2e0(2J11)# is the Einstein co-
efficient for stimulated emission. Owing to the Zeeman int



r
of a same
radiation

4582 55D. BENREDJEM, A. SUREAU, AND C. MO¨ LLER
FIG. 6. Steady-state populations of the quantum statesu(2p1/2
5 3p3/2)2M & ~a! and u(2p1/2

5 3s)1M & ~b!, as a function of plasma length fo
three values of the spontaneously generated magnetic field, the collisional population redistribution among the Zeeman sublevels
multiplet being ignored. Saturation is reached at 2.5–3.5 cm, depending on the radiation and on the magnetic field. The 0-1
saturates before the 2-1 one~see text!.
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action, the individual profiles of the variouss1 and s2

components involved in a givenJ-J8 radiation have the
same shape but are shifted with respect to each other, s
metrically with respect to the line centern05(v0
1Dve)/(2p). Let us consider the integralsLJM,J8M8 and
LJ2M ,J82M8 . Omitting theBJ,J8 /c factor, the first one is
equal to *dn I J,J8

(q) (n)PJM,J8M8(n), and the second one i

equal to*dn I J,J8
(2q)(n)PJ2M ,J82M8(n). The first integral is

obviously equal to*dn8I J,J8
(q) (n01n8)PJM,J8M8(n01n8) and

the second one to*dn8I J,J8
(2q)(n02n8)PJ2M ,J82M8(n02n8).

Now it is clear from Fig. 2 thatPJM,J8M8(n01n8)
5PJ2M ,J82M8(n02n8). So, in the case of a nonpolarize
global beam, and wheneverI J,J8

(q) (n01n8)5I J,J8
(2q)(n02n8),

one obtains

LJM,J8M85LJ2M ,J82M8 . ~24!

This property clearly shows that the two systems of eq
tions, for the$uJM&,uJ8M 8&%M ,M8>0 states, on the one hand
and the$uJM&,uJ8M 8&%M ,M8<0 states, on the other hand, a
identical, yieldingnJM5nJ2M and nJ8M85nJ82M8 . There-
fore the resolution of the population rate equations need
consider only one sign, e.g., the upper sign, viz.,

] tn225r 222G22n222@n222n11#3L22,11,

] tn215r 212G21n212@n212n10#
3
2L21,10,

] tn205r 202G20n202@n202n11#L20,11,
~25!

] tn115r 112G11n111$@n222n11#3L22,111@n202n11#

3 1
2L20,111@n002n11#L00,11%,

] tn105r 102G10n101@n212n10#3L21,10,

] tn005r 002G00n002@n002n11#2L00,11.

This set of time-dependent equations is resolved with
help of the collisional-radiative model of Pert@32#, which we
have adapted for our purpose in order to account for
m-

-

to

e

e

integralsL, which describe the effect of the lasing radiatio
on the quantum-state populations, and for the Zeeman in
action. The rates contain all significant interlevel terms a
have yielded a very satisfactory description of the laser in
small-signal limit@33#. The problem is modeled in a piece
wise fashion through the plasma column, assuming unifo
conditions inside each interval, for the purpose of~i! finding
the atomic populations and~ii ! amplifying the beam through
the interval of plasma thus obtained, appending the appro
ate ASE term from the segment@see Eq.~17!#. We assume
that an aperture of 10 mrad (Q'331024 sr) of the sponta-
neous emission contributes to the x-ray beam. The pop
tions are calculated in the steady state.

Figures 6 and 7 represent the fractional populations of
quantum states involved in the 2-1 radiation as a function
length, for three values of the magnetic field. In Fig. 6 t
population transfers between Zeeman sublevelsJM, fixed
J, by electron-ion collisions are ignored, in order to exhi
clearly the different effects of the magnetic field on the va
ous individual states. At the onset of saturation the popu
tions of the five states—represented as three due to
M ,2M symmetry discussed above—of theJ52 multiplet
separate as a consequence of the asymmetry in
stimulated-emission rates imposed by the absence
p-polarized radiation. The populations of theu261& states
fall most rapidly as these states interact only withs6 radia-
tion in any case, and the increase of population for
u161& states, due to the effect of the 0-1 radiation, whi
saturates first, reinforces the absorption proces
u161&→u262& and u161&→u20&, yielding thus a smaller
decrease for theu262& and u20& populations. A small dis-
tance beyond the onset of 0-1 saturation, the 2-1 radia
itself begins to saturate, and stimulated emission begin
affect populations. The result is a surge in population for
u161& states, accompanied by a second-order effect on
u262& and u20&, which are coupled to these states. In oth
words, the 0-1 radiation dominates the lasing and is resp
sible for the saturation behavior; the initial effect is then
rapid increase in the population of theu161& states with
consequent effects on the connectedu262& and u20& states.



r
ublevels of

55 4583ZEEMAN SPLITTING IN THE MAXWELL-BLOCH . . .
FIG. 7. Steady-state populations of the quantum-statesu(2p1/2
5 3p3/2)2M & ~a! and u(2p1/2

5 3s)1M & ~b!, as a function of plasma length fo
three values of the spontaneously generated magnetic field, taking into account the population redistribution among the Zeeman s
a same multiplet by electron-ion collisions. Comparison with Fig. 6 shows the importance of this last mechanism.
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For increasing magnetic fields the populations of the low
states decrease while those of the upper states increase
have stressed in the preceding section that in this case
intensity decreases~see Fig. 3!, yielding a decrease for th
lower states populations@1 sign in Eq.~25!# and an increase
for the upper states populations@2 sign in Eq.~25!#. Figure
7 shows the complementary effect produced by the elect
ion collisions of the type (aJM)1e2→(aJM8)1e2,
which tend to restore an equal population among the var
Zeeman sublevels.

V. CONCLUSION

This work presents a theoretical description of quantu
state populations and radiation intensities of collisiona
pumped lasers, in the presence of spontaneously cre
magnetic fields. The coupled intensities and populations
calculated in the framework of the Maxwell-Bloch forma
ism, which is the most convenient frame for plasma samp
exhibiting population inversions between two groups of Z
man sublevels connected by electric-dipole interaction. T
equations are valid with any radiation intensity, provided
coherence envelopes may be assumed to be in steady
relative to their production and decay processes. When
ASE intensities become large this approach is appropriat
describe the continuous transition to saturation of x-ray
sers in plasmas.

For intensities approaching saturation and in the prese
of a strong magnetic field one needs to consider the spe
quantum-state interactions with radiation. At low intens
the solutions, as they should, tend continuously towards
usual ASE regime with a constant gain value along thz
axis, and the gain value is then consistent with the Eins
coefficient for stimulated emission as calculated by
Fermi ‘‘golden rule.’’

Our calculations are applied to Ne-like Ge ions beca
the germanium slab targets have been proved to allow on
the highest efficiencies in collisionally pumped lasers w
large gain-length products. We have shown that the
splitting of the circularly polarized transitions associat
with an x-ray beam propagating along thez axis increases
r
We
the
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with increasing magnetic fields. This expected behav
yields a small depletion of the integrated intensity, more p
nounced for the 2-1 radiation than for the 0-1 one, due to
larger number of transitions involved. In accordance with
recent work in the recombination scheme~Ref. @30#!, we
have calculated an effective gain suitable for direct comp
son with experiment. This definition is consistent with t
experimental determination of the gain, and takes into
count the whole line shape as well as the overlapping, wh
may arise when several lasing components contribute to
output signal. For the lines considered it has been chec
that the effective gain is comparable to the peak gain, wh
is not surprising due to the smallness of the inhomogene
Stark broadening. For a given target length we observe
increasing the magnetic field lessens the saturation~the com-
ponents are more split and the total lasing efficiency is le!.
In this case the population of the lower quantum states
creases whereas that of the upper states increases by a
amount.

We have investigated the 100-ps regime where the s
generated magnetic field is essentially due to the existenc
noncollinear gradients of the electron density and tempe
ture. In the last three years a new kind of plasma, namely,
transient sources~see, e.g., Refs.@34# and @35#!, has been
investigated. These sources are obtained by a successi
two laser pulses, the first, of ns duration, creates a pla
with nearly uniform electron density and temperature dis
butions, and the second one of ps duration heats the pla
when the proportion of Ne-like ions is large enough. T
second pulse produces population inversions via elec
collisions. The large intensity associated with the seco
pulse gives rise to other magnetic field sources, which co
pete with the analytical term given by relation~3!. A better
knowledge of the magnetic field would require a comple
simulation involving at least the ponderomotive force
combination with resonance absorption. Furthermore,
presence of high-velocity electrons also contributes to
magnetic field generation. A study of this process under
assumption of a two-temperature electron fluid has been
sented by Mason@36#.
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Further investigations can be undertaken, such as
study of the mutual interactions between an incident po
ized radiation and a plasma. The incident beam may pola
the lasing ions of the plasma which in turn react back on
polarization state of the output signal. The MB formalis
used in the present work is suitable to treat problems of
type.
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