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Quantum interference effects in spontaneous atomic emission:
Dependence of the resonance fluorescence spectrum on the phase of the driving field
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We discuss quantum interference effects in the resonance fluorescence spectrumtioea-level atom
when the lower-level doublet is driven by a coherent field. The interfering pathways that lead to the same final
state involve both spontaneous decays and stimulated transitions, and differ from one another by an odd
number of stimulated processes induced by the driving field. As a consequence, the interference structures
depend upon the phase of the coherent field, an effect that is absent in other resonance fluorescence phenom-
ena. The phase dependence of the quantum interference contribution is especially significant when the level
splitting of the driven doublet is comparable to the spontaneous decay rates of the competing optical paths.
[S1050-294@7)02806-0

PACS numbg(s): 42.50.Ct, 42.50.Lc, 42.50.Ar

[. INTRODUCTION 1. An atom, initially prepared in its excited state 3, can decay
spontaneously to either levels 1 or 2 through dipole-allowed
Under ideal conditions, the spectrum of the radiationtransitions. Levels 1 and 2, which have the same parity, are
emitted spontaneously by an excited atom has a Lorentziagoupled to one another by an external field; for example, by
profile with a width that scales as the Einstéircoefficient a source of microwave radiation through an allowed mag-
of the excited statg¢l]. The spectral width of the emitted netic transition.
radiation and, in principle, also the shape of the spectrum can In the absence of the driving field it is clear what to ex-
be modified by placing the excited atom in a special envipect: as the atom decays, it generates two independent emis-
ronment, such as a hig-resonator for example, where the sion lines, each having a Lorentzian shape, with maxima
density of field modes in the neighborhood of the atomiclocated at the transition frequencieg; andws,, aside from
resonance can be significantly different from what is nor-small radiative shifts. When the external field is turned on,
mally expected in empty spa¢g,3]. each of the two original lines splits into a doublet, as a result
Because the emission spectrum is controlled by thef the Autler-Townes effecf9]. Furthermore, the detailed
atomic polarization fluctuationgor, more precisely, by the shape of the fluorescence spectrum depends upon the ampli-
polarization correlation functignits shape can be modified tude and the carrier frequency of the driving field.
not only by reshaping the density of vacuum modes, but also Until now, we have taken for granted that the phase of the
by driving the atom with a resonant or nearly resonant codriving field would play no role in controlling the shape of
herent field, as it has been common knowledge since the latbe spontaneous emission spectra. Instead, the results of our
1960s and early 1970<}-6]. Variants of the original pro- study suggest that the optical fluorescence of a driven atom
posals have also been suggested and demonstrated in m@&@n acquire an observable dependence also upon the phase of
recent times. For example, extensions from two driven levels
to three or more have included interesting complications

-3
connected with the appearance of quantum interference phe- TR
nomend 7] and effects such as subnatural line narrowisijg I’ Y
which are the consequence of the linkeherencginduced / \
by the driving fields) among the atomic states, even those ! ‘\
that are not directly involved in the spontaneous decay pro- ,’
cess. i o o 2
In general, the dynamical variables that have a most direct 1 o
influence on the shape of the fluorescence spectra are the
amplitudes(or, more precisely, the Rabi frequendiesd the FIG. 1. Schematic representation of the relevant atomic energy

carrier frequencies of the driving fields. This is well known. |evels.w, andQ, denote the carrier and the complex Rabi frequen-

In this paper, instead, we discuss a situation where also th&es of the microwave field, respectively. The dashed lines indicate

phase of the external field can have observable significancehe spontaneous decay pathways; the solid line illustrates the cou-
The setting of interest is illustrated schematically in Fig.pling induced by the driving field.
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opment of a mechanism that allows them to “see” the same

; . ) \ phase of the field as they begin their evolution. A reasonable

1 \ // \\ N way to accomplish this goal would appear to require that the
A 3212 -

3-1 ,’ 35251 \ channel atoms be excited in a time interval short enough that the field
channel channel phase does not have a chance to vary appreciably. Thus, the

/ \ ! |
I’ ) ,’ \ 5 atoms could be driven by a pulse of radiation whose duration
, ?’—2 I e At is such that the change of phase at some position within
1 1L the cloud of atoms satisfies the conditiphe|=wAt<1,

wherew, is the frequency of the driving field. If it should be
(a) (b) necessary to repeat the measurement several times in order to
_ _ _ _collect an adequate spectral signal, the atoms should be pre-
FIG. 2. _Schematlc representation of the first-order processes Msared in their initial state with the same driving field con-
volved during the decay of an atom from level @ The twO  fio ration every time. Testing the predictions of our calcula-
competing routes of the decay from level 3 to level 1. a directjqnq joes not appear to be straightforward. Nevertheless an
pathway 3-1 and an indirect pathway-32—1, which involves the - o o imant should be within reach of currently available
stimulated emission of a microwave photdh) the two routes of techniques
Fhe. decay from level 3 to Ie\{el 2 a direct pathway.»z and an Our papér is organized as follows. In Sec. Il we describe
'Cr;glvrvzcvtep;ﬂlvtv:r{ 8:1-2, which involves the absorption of a mi the model and outline the calculations leading to the fluores-
cence spectrum. In Sec. Il we discuss specific results and
the driving field. In fact, we predict that the spontaneousOffer a more detailed physical interpretation of our findings.
emission spectra produced by two nearly identical experi-
mental configurations can be qualitatively different from one Il. DESCRIPTION OF THE MODEL AND DERIVATION
another, even if the only difference between the experimental OF THE FLUORESCENCE SPECTRUM
setups is the presence of a phase shifter in one of the micro-
wave beams.
While a detailed description of the model will be pre-

channel !

With reference to Fig. 1, we consider a three-level atom
whose excited state 3 is linked to a ground-state doublet,
; X . comprised of levels 1 and 2, by dipole-allowed transitions.
sented in Sec. |l of this paper, it may be useful to precede th‘f'he ?wo lower states have a fre)(;ueﬁcy spaing, and the

fqrmal calculations with a qualltatl_ve description of Fhe O atom is driven by a classical source of microwave radiation
gin of the phase dependence. With reference to Fig. 1, we

anticipate that the spectrum will consist of two main struc-ith @ carrier frequencywg=w; and a Rabi frequency
tures: one is connected with the decay of the excited electro
to level 1, and the other with the decay to level 2. The two
structures are spacdfiom center to centerby a frequency
wy1, and each is split into two Autler-Townes components
that are typically of unequal heights. By varying the phase o
the driving field; for example, from some valug, to
¢@o+ 7 [10], the two Autler-Townes components switch po-
sitions. If they are of unequal heights to begin with, the new d i
spectrum will have a different shape from the original one. gt | ()= — > Hi(t)] (1)), 2.1
Qualitatively, we interpret this phenomenon as the conse-
qguence of two effectssee Fig. 2

Q. Our calculation follows the procedure adopted 11].
Eirst, we solve the Schdinger equation for the combined
state vector of the driven atom and the radiation field; next,
we construct the two-time correlation function of the radi-
ted fluorescence; and, finally, we calculate the spectrum by
aking the Fourier transform of the field correlation function.
We begin with the Schidinger equation

for the combined-state vector of the atom and the surround-

| (i) .Th? decay ofdthe (talxc:(ted r—:llect:o;ttollevellll can ?k%g electromagnetic field. The interaction Hamiltonian, in the
place in two ways, directly from level 5 1o level 1 or, A~ .40 action representation, is given by

rectly, first to level 2 and then to level 1, the last step being
accompanied by the stimulated emission of a microwave H,(t)=Ha+Hg(t), 2.2
photon (similarly, the decay to level 2 can occur directly
from the excited state or, indirectly, by way of level 1 with
through the subsequent absorption of a microwave photon
These two decay pathways interfere with one another and the Ha=—#dpasar+ih(Qoara; —NEalay), (2.39
total decay amplitude is the sum of two distinct components,
as confirmed by the explicit calculations. _ )
(i) The indirect decay pathways, e.g., the decayHs()=i%>, gi(balae™ % —blalage' )
3—2—1, involve a one-photon exchange with the micro- .
wave field (a stimulated emission, in this casevhile the

direct decay pathway does not. Hence, the phase dependence +ih >, gi(balase 'kt eolt—plalagel (% w0t

in the fluorescence spectrum is the consequence of the inter- .

ference between two decay paths, one of which depends on (2.3b
the complex amplitude of the driving field, while the other

one does not. In Egs (2.3 the symbolsaiT and a; denote the creation and

The observation of the effect might begin with the prepa-annihilation operators of the atomic electron in leve(i
ration of a sufficient number of excited atoms and the devel=1,2,3), b} andb, are the corresponding operators for the
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kth mode of the electromagnetic field with frequeney,
andg, andg, are coupling constants between #td mode
of the field and the atomg, is associated with the-31
transition andy,, with the 3—2 transition. The detuning pa-

rametersé, and 8, are defined by
(2.9

o= wp— wz1, O= WK~ W31,

respectively. The origin of the atomic energy scale is set at

the lowest atomic level 1.
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With the help of Eqs(2.10), (2.3), and(2.1), it is now a
simple matter to derive the coupled amplitude equations

d _
gt Ca(0=2 {gul ay(Dsing+ fy(t)cosple™"

+igy[ ax(t)cosd— Bi(t)sin 6]

X el¢og~ 113t @ty (2.123

A convenient basis for the atomic Hilbert space consists d

of the unperturbed excited stad® and of the dressed states
|@) and|B) resulting from the interaction of the atom with the

classical microwave field. The dressed states are defined by

the eigenvalue equations

Hala)=%N,|a), (2.59
HalB) =74l B), (2.5b
respectively, where
60 50 2 2
)\a——?'i‘ ?) +|QO| , (2.6a
) 8o\ °
7\,3__?— (7 +|QO|2 (26b)

Their explicit form, in terms of the unperturbed atomic
states|1) and|2), is given by

|a)=sing|1) +ie'*ocoss| 2), (2.79
| B)=cosf|1)—ie'®osing|2), (2.7b
where
| Qo Ag
sing= =— , (2.839
Wt [Qo? NG+[Qf?
cosf= Ao = [ (2.8b
NS+ [Qf? \/)\f;+|90|2
and
Qo=|Q0€'%0, 2.9

where ¢, is defined as the phase of the driving field at the
time when the atom is excited to level 3. After these prelimi-
naries, we now seek a solution of the Salinger equation
(2.1) in the form

[#(0)=C5(D[0)|3)+ 2, [ard(t)bi|0)]r)

+Bt)bi|0)|B)], (2.10
subject to the initial conditions
C3(0)=1, a(0)=px(0)=0. (2.11

In Eq. (2.10, the ket|0) denotes the vacuum state of the
electromagnetic field.

ot a (1) =C5(t)[ — gye'Pksing+ig e '#oe! (%t @) cosh]

—in (D), (2.12b

d . L
i B0 =Ca(D[ ~ g€ *cosy—igye<oei % w0 sing]

—iNgBi(t), (2.129
which we can solve by a method similar to the traditional
Wigner-Weisskopf approach, as shown in some detail in Ap-
pendix A. For the purpose of this discussion, we only need to
mention that the final result comes about after taking the
infinite volume limit where the discrete inddxtakes on the
role of a continuous variable.

Because we are interested in the structure of the fluores-
cence spectrum after a sufficiently long time, we only need
to be concerned with the asymptotic behavior of the Schro
dinger amplitudes calculated at times that are much longer
than 1/, wherewy is the Einstein decay rate of level 3, given

by
y=2m[D(w3)9%(@31) + D(w3)9' (w3)], (2.13

as shown in Appendix A. In Eq2.13 D(w,) represents the
density of the vacuum modes calculated at the frequency
wy, andg(w,) andg’(w,) are the corresponding coupling
constants. The required amplitudes take the form

Ca(t>1/y)~0, (2.143
. sing
a,(t>1ly)~e ™| —g(wz)
E"(Mﬁ%)
- cospe ™ o
+ig' (w3) '
510t 8, )
(2.14h
. coy
Bo(t=>1ly)~e 6| —g(wz)
S-i0g+a,)
- singe™'¢o
—ig' (w3 )
(2.149
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where w is the continuous limit ofw,, «,, andg, corre-

spond to the discrete amplitudes and 3, respectively, |¢(t)>:C3(t)|O)|3>+§k: [Ci(D)bi]O)[1)
and 5wEa)_(1)31.
Now that the asymptotic form of the state vect2rl10 is +Cp(t)b]|0)[2)], (2.18

known, we can calculate the spontaneous emission spectrum
S(w), which, in the continuous limit, is proportional to the where Cy, and C, are the probability amplitudes that the

Fourier transform of the field correlation function atom is found in levels 1 or 2, respectively, with a photon
having been emitted in mode Of course there is no need to
(E(_)(F,H— 7)- E(”(F,t))pw solve the problem all over again because the bare-state am-

plitudesC,, andC, are linear combinations of the dressed
amplitudese,(t) and B,(t), and can be calculated immedi-

- 2(-)(F B (F
=(OIET([Ft+ ) EED()w, (219 ately from Eqs.(2.14) with the result

where Sha) .
Cro(t>1/y)=g(wz)| ——————— e !
R fiw; \1? e S—i(N g+ 6,)
E(F,t)=limi (_J) &be ki Ton, (2.163 2 e
V—o ; 260V M
cos 6 - gt

EC(F,0)=[E™(F,0]". (2.16b %_i()\ﬁ 5.)

The result of the simple calculation is sing cosy

, , +ig’ (wgp)e™ 1% 5
S(a))fx|01w| +|,8w| . (2.17 E_i()\a+w0+5w)

The structure of Eq(2.17) indicates at once that quantum ;

. ; N i siné cosd »
interference effects play a role in assigning the spectral shape X @ Nt e irgt
of the fluorescence. In fact, both, and 8, are the sums of Y (A gt wo+5,)
two separate terms, one of whi¢the second term in Egs. 2 £ T
(2.14bh and (2.149] depends on the phase of the driving

field, while the other one does not.

If one of the decay channels, for example, the Bpath- sirko '
way, could be ignoredii.e., if we setg(w31)=~0], the spec- Coo(t>1y)=—g'(w3) g Mot
trum would no longer be sensitive to the phase of the micro- 2N+ wot 8,)
wave field. However, in the presence of both competing 2 @’ T0T T
decay channels and, in particular, as a result of the interfer- 2
ence between their transition amplitudes, the spectrum ac- + cos ¢ e itgt
quires a dependence upon the phase. This is the formal ar-
gument that supports the qualitative description made in the
Introduction. )

The main features of the spectruf2.17 can be ident- _ig(wg)e®o sing cosd R
ified by direct inspection of Eqs(2.14b and (2.149. If glws _
we consider a resonant driving field, for simpliciy,=0, E_'()\cﬁ‘ 5,)

No=|Qol, andX z=—[Qg|), the spectral structurky,,|? is

comprised of two lines centered absz—|Qy and wg; sing cosy .

—|Qo| (plus interference contributionswhile |3,|? gener- Ty e e (2.190
ates lines centered aig,+|Qo| and wy;+|Q| (and again 51\t d,)

the interference contributionsObviously, if w,,>2|Q| the

components ofa,|* are interlaced with those ¢Bw|2?2 oth- A glance at the amplitudes in Eq&.19 may give the im-
erwise, if wx<2|€q|, the two spectral structur¢s,|“ and  pression that the fluorescence spectrum
|B,,|? fall to the left of the unperturbed resonanse, and to

the right ofwsq, respectively. If one should change the phase S(w)oc|C1’w|2+ |c;21w|2 (2.20

¢g of the driving field(a reminder: this is the phase of the

field at the time when the atom is excited to leve) e  has acquired an explicit time dependence in the bare-state

shape of the spectrum changes. In particularedfis re-  representation. Of course this cannot be the case, as one can

placed by, + 7, the new structuréa,|? is replaced by the verify by direct substitution of Eqs(2.19 into Eqg. (2.20

mirror image of the old 8,/ [12]. and, indeed, the result is the same as the one obtained before.
We can provide a complementary view of this effect if we Equationg2.19 show explicitly that the atom can decay, for

start from a representation of the state vector that involvegxample, to level 1 through two different pathways: one is a

the unperturbed, rather than the dressed, atomic states; i.€irect transition from the excited to the ground state, as evi-

by replacing Eq(2.10 with denced by the appearance of the coupling congiéat,),

(2.193

Y .
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FIG. 3. (a) Spontaneous emission spectri8fw) in arbitrary 4 B, B, ©
units[see Eq(2.17)]. The frequencies are measured in units of the
Einstein ratey [see Eq(2.13]. The parameters used in this simu-
lation are w,;=15, |Qo|=2, §o=1, and ¢,=0; (b) same aga) é\
with ¢g= 7. The labelsa,, a5, B1, and B, identify the doublets -2
belonging to the structurelsy,|? and|B,|?, respectively, as dis- »
cussed in the text. % &
and the other is the decay to level 2, with a weight factor 0
g’ (w3y), followed by the stimulated emission of a micro- -10 0 10
wave photon, as indicated by the appearance of the phase w—o

i . . . 3
factore™'?0. A similar interpretation can be advanced for the :

probability amplitude that the atom can be found in level 2, FIG. 4. () Spontaneous emission spectr8fw) in arbitrary

except that in this case the decay channel13-2 requires units. The frequencies are measured in units of the Einsteimyate

the absorption of a microwave photon, as indicated by th‘fsee Eq.(2.13]. The parameters used in this simulation arg

phase factoe'?. _ =1,|Q4|=5, 8,=0, andg,=0: (b) same aga) with ¢o= /2 (in

Finally, as already nqted, if one O_f the_ decay Channe|~°this panel the linesr; and a, are no longer resolved(c) same as
should become inaccessiljiee., by setting eitheg(ws1) Or (g with o= The labelsa;, a,, B;, and 3, identify the dou-
g’ (w3p) equal to zerpthe phase dependence of the spectrunpiets belonging to the structurés, |2 and|3,,|2, respectively, as
disappears, confirming that the origin of the effect lies in thegiscussed in the text.

guantum interference that accompanies the spontaneous ) )
emission process. lines a; and a, are replaced by the mirror image of the

structure; and 8, (and vice versa
If the frequency of the microwave field is resonant with

Ill. DESCRIPTION OF THE RESULTS AND DISCUSSION the ground-state doublet, and §f(w3)~g'(w3,) (as is

, : : __likely to be the case in practice because of the near degen-
_ An example of the results derived in the preceding sectiony 4¢y of the two lowest levelsthe two lines belonging to
is shown in Figs. @) and 3b) for a case in which the mi- |, |2 have nearly the same height, and the same is true for
crowave field is detuned from the,; resonance and the ipe components ofg,|2. In this case a phase change,
Rabi frequency| Q| is small as compared to the transition — ;- modifies the fluorescence spectrum in such a way that
frequencyw,; . In Fig. 3@ the phase of the microwave field the |«,|? structure is replaced by the ol@,|?, and vice
is selected ag,=0, while, in Fig. 3b), ¢q is equal tor. As  versa, as shown in Figs(a and 4c) [in Fig. 4(b) we have
anticipated in the analysis of the preceding section, the twalso shown the casg,= /2]. In this figure we have chosen
pairs of resonances associated with each of the spectral cora-Rabi frequency that satisfies the conditigg|> w,; in
ponents|a,|? and|B,|? are interlaceda; and a, in the  order to display a situation where the two structureg|?
figures belong tde,|? and 8, and 3, to | 8,,|?). When the  and|g,|? are located on opposite sides of the center of the
phase of the driving field is increased lyradians, the old entire spectrum.



4488 M. A. G. MARTINEZ et al. 55
M M o, B, o By
2 (2)
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38
~
A1 B @, R
T T 0
7 @y
0 . . .
-10 0 10 FIG. 6. Schematic representation of the spectral lines for the

0—-0,, casewy;>2|Q|. @; and a, denote the two components of the
2 |a,|? structure, with centers at frequencie§ and g, respec-

tively. 8; and 3, are the corresponding components of }j8g)|?
(b) . , ;

structure with center frequencies @f and w5 .

@0 S (w)=0X 1)sin261+005‘?-0

w)= w T~a\o )

& R IR G
R 00326+ Sirfg (.13

W) a3zt =53] .
i 91 (g7 T (Df)?
-10 0 10
0—o

3 The secondS,, or interference contribution, is given by

FIG. 5. (a) Noninterfering contribution to the fluorescence spec-
trum shown in Fig. 4a) [see Eq{(3.13]; (b) interference contribu-

tion to the spectrum shown in Fig(a} [See Eq.(3.1b]. Si(w)=20(w31) g’ (ws3y)Sing cos| — M
DiD;
Even a glance at the results shown in Figs. 3 and 4 indi- sin( o+ ¢P)
cates that the phase dependence of the fluorescence spectrum “DPDE (3.1b
192

can be more or less pronounced. Thus the question comes
up: How can one enhance the effect of the phase dependence
as much as possible? The objective of the following discus- _
sion is to argue that the optimum arrangement corresponds {8 Egs.(3.1) we have introduced the symbols
a situation where the frequency spacing of the ground-state
doubletw,; is of the order of the decay rateof the excited

state, although observable effects should be apparent even DI= V(72 + (0— 0t )% (3.29
under less stringent conditions.

Perhaps the simplest way to address this issue is to start
by writing out explicitly the fluorescence spectryth17?) as D3=\(7/2)?+ (0— wg1+ 0o+ \y)?, (3.2b

the sum of two partsS(w) =Sy (@) + S;(w). The first, la-
beledSy,, or noninterfering contribution for convenience, is

given by and

TABLE I. Explicit expressions for the quantiti®} , D%, and ¢* [x=«a,B; see Eqs(3.2)], for o=w{, andw= w0} .

wf=w31—|Qo| w§=w32—|ﬂo|

DY 2

D3 [(¥/2)*+ 05,12

DY [(v/2)* 4100l

Df [(¥/2)*+ (w21 2|Q0]) M2

®” arg(y/2—iwsy)

oF —ar%%+i(a}21—2|ﬂo|) —arg{%+2i|90|>

[(¥/2)?+ w3,]*?
2
[(¥/2)2+ (wa1+2|Q|)21M2
[(¥/2)%+4|Q|2]*2

arg(y/2—iwjy)

—arg{;—ﬁ i(@p1+2]Q0)) +arg{%+ i |90|)
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p*=ard y2—i(w— wz+ wot\,)] sin oo+ o%(w)]
. S(w])=09(w31)9' (wz) ] —
2

and the superscript stands for eitheer or 8. The contribu-

ti?ThSNl(w) isfp;ositi\ll_e delj{in_ite, I{;\s ;xpetlzzt_ed,é)n]dét(co;sists . sin g+ P (0])]

of the sum of four Lorentzian linegsee Fig. . S(w),

instead, is not positive definifsee Fig. &)], so that some V(712)%+ 4] Qo *V(712)*+ (021- 2| Q0])?

parts of the spectrum are enhanced, relativ&jdw), and

others are lowered in height. (3.6b
In order to avoid unnecessary algebraic complications, we

now continue our discussion in the case when the drivingvhere

field is resonant with the 32 transition(i.e., wg= w,4). In

this situation, as shown schematically in Fig. 6, the four “(w“)=arg<z—iw ) (3.78

Lorentzian lines associated wigy, () [Eqg. (3.13] are cen- e 2 21 '

tered at the frequencies

@ Yo Y .
wf=w31—|Qo|, (Ug:w32_|90|:w31_w21_|90|, @E(wl):ar%i_l(w21_2|ﬂo|) _ar4§+2||00|)'
(3.7b
W= w3+ |Qol, 5= wapt|Qgl=wa1— wx+[ Q.
(3.3 In the specific, and probably fairly common, case in

. . which
If g(w31)~9'(w3y), a straightforward analysis of E(8.13,

yields the following symmetry relationsee Appendix B for w13 | Qo[> , (3.9
some useful formulas
the “visibility ratio” scales as

Sni(@f) =Sy(wh), (3.43
a B Si(wf)
Sni(w3) = Sy(wh). (3.4b Su(@f) =0(y/w3z1). (3.9
For arbitrary values of the coupling constants, instead, th(ﬁ instead
interference contribution of the spectrum obeys the symme-’ Instead,
try relations wa1~ <], (3.10
ay— B
Si(01)=~S(w2), (3.53 Eq. (3.9 is replaced by
Si(0%)=—S(wf). (3.5b Si(wf)
—| =0(1). (3.11
Thus the peak heights of the lines centeredwdt and Sni( o7

B . . . . pr
@3 (the a; and 5, lines in Fig. § are modified by the same Thus, as one might expect, the effects of quantum interfer-

amount, but in opposite directions, by the effect of the quan- -
: : : ence are most pronounced when the transition frequency
tum interferencdthe same conclusion holds for the pair of

: w B . - w»1 is of the order of the Einstein rate Intuitively, this is a
lines centered ab; andwy (the a; and g, lines in Fig. 6] reasonable result because, in this limit, the two optical pho-
As we have already stated, a phase chapge» o+ 7

. A tons at frequenciess; and w3, become virtually indistin-
causes the old line¢ to be replaced by the old line5 (and d 31 3 y

. : X . guishable from each other.
vice versy, so that a good figure of merit for the observabil-
ity of the spectral phase dependence is provided by the ab-
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29 (w32)((y/2)2+w221
1 APPENDIX A
+ 2 2 (3.6a ; i ;
(Y12)°+ (w21—2|Qyg)) The purpose of this appendix is to sketch the solution of

the coupled amplitude equatiof.12) following a straight-
and forward generalization of the Weisskopf-Wigner procedure
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TABLE II. Explicit expressions for the quantitié3’, D}, and¢* [x=a,B; see Eqs(3.2)], for o=w#, andw= w5 .

wf= w1+ Q|

w5= w3yt | Q|

D{ [(712)*+4] Q1"
D3 [(7/2)*+ (w21+2|Qq|) 2]
D# V2
oH [(¥/2)*+ w3112
a Y. Y ..
¢ —arg{§+|(w21+2|ﬂo|) +arg{§+2||ﬂo|)

Y .
(pB ar §—|w21

[(¥/2)%+ (w21 —2|Qy|)2]H2
[(y/2)%+4]Q|2]*2
[(¥/2)?+ w3,]*?

V2
arg 2—i(wy—2|Qg|) |~ ard 2+ 2i[ Q|
2 2
ar l/—i
2 W21

[1]. We start by deriving explicit formal solutions of Egs. and

(2.12bh and(2.129, with the results

. t . ,
ak(t)=ak(0)e_”‘a‘+f dt’ Ca(t")e Malt=t)
0

X[ — gysinge' ¢’ +ig| cosge ™ ¢oel (%k+wolt'],
(Ala)

AU =B0e o+ [t ot e

X[ — gycosge' Kt —ig,singe vogl (%t @',
(Alb)
After imposing the initial condition$2.11), substitution of
Egs.(A.l) into Eq.(2.123 yields

4

dCs(t)
T:_E > frk(@o,90,t)
n=1 k
t ] ,
xf dt’ Cy(t/)e e =t - (A2)
0
where

M=wz—N,, Qo= wz—Ng,
Q3=w31—)\a—wo, 04:(1)31_)\B_w0, (A3)

dCs(t)
dt

f11(@o,¢0,1)=0Zsir?0+ig,gye ' (“ot~#osing coss,
(Ada)

for( o, @o,t) =0grcog H—ig,gre ' (o'~ ¢0sing co?ri, )
A4

fa(@o,¢0,1) =0r°coLH—ig,gre (@0t #0)sing cos,
(Adc)

f 4 @0, 00,1) =0psiPO+ig,gre' (ot~ #sing cosh.
(A4d)

Next, we solve Eq(A.2) along the lines of the traditional
approach of Weisskopf and Wigner, with the result

dCs(t :
d3t( )m—Cs(t)Trnzl [Ek fn,k(‘”O-‘POvt)&(wk—Q”)}

(A5)

In the infinite volume limit we have, for example,

S oo 00— [ doyD (o)) S0,
(A6)

whereD(w,) is the density of vacuum modes of the electro-
magnetic field, and EqA.5) takes the form

= —Ca(t)7{[g%(Qy)sirth+ig(Q,)g’ (Q;)e (@t~ ¢)sing cosA]D(Q;)

+[g2(Q,)cog0—ig(Q,)g’ (Qy)e (@t~ #dsing cosf]D(Q,)

+[9'%(Q3)co80—ig(Q3)g’ (Qz)e (ot~ ¢)sing cosH]D(Q3) +[g’'%(Q,)sirt o

+ig(Q4)g’ (Q4)€' (@0t~ ¢sing cosf]D(Q4)}. (A7)
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In view of the weak frequency dependence of the functions =27{g?(w3)D(w3y) +9'2(w31— we)D(wz;— wo)].
g, g’', andD, we can safely assume (A10)

9(Q1) VD (21)~g(22) VD(£22) =g(w31) VD (w3y),

(A8a) After replacingCs(t’) on the right-hand side of Eq$Al)
with the solution of Eq(A9), and carrying out the elemen-

9(Q3)VD(Q3)~g(Q4)VD(Q,) tary integration, Eqs2.14b and(2.149 follow, in the long-
time and infinite volume limits.
=0g(wz1~ wo) VD (w3~ wg), (A8b)
and similar relations fog’. Thus we have APPENDIX B
dCs(t) N For the convenience of the reader, we list in Tables | and
Tdt 2 vCs(l), (A9) Il a number of formulas that will allow a verification of Egs.
(3.4) and(3.5) virtually by inspection(note: on resonance we
where have sif=co9=1/12).
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