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Quantum interference effects in spontaneous atomic emission:
Dependence of the resonance fluorescence spectrum on the phase of the driving field
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We discuss quantum interference effects in the resonance fluorescence spectrum of aL three-level atom
when the lower-level doublet is driven by a coherent field. The interfering pathways that lead to the same final
state involve both spontaneous decays and stimulated transitions, and differ from one another by an odd
number of stimulated processes induced by the driving field. As a consequence, the interference structures
depend upon the phase of the coherent field, an effect that is absent in other resonance fluorescence phenom-
ena. The phase dependence of the quantum interference contribution is especially significant when the level
splitting of the driven doublet is comparable to the spontaneous decay rates of the competing optical paths.
@S1050-2947~97!02806-0#

PACS number~s!: 42.50.Ct, 42.50.Lc, 42.50.Ar
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I. INTRODUCTION

Under ideal conditions, the spectrum of the radiati
emitted spontaneously by an excited atom has a Lorent
profile with a width that scales as the EinsteinA coefficient
of the excited state@1#. The spectral width of the emitte
radiation and, in principle, also the shape of the spectrum
be modified by placing the excited atom in a special en
ronment, such as a high-Q resonator for example, where th
density of field modes in the neighborhood of the atom
resonance can be significantly different from what is n
mally expected in empty space@2,3#.

Because the emission spectrum is controlled by
atomic polarization fluctuations~or, more precisely, by the
polarization correlation function!, its shape can be modifie
not only by reshaping the density of vacuum modes, but a
by driving the atom with a resonant or nearly resonant
herent field, as it has been common knowledge since the
1960s and early 1970s@4–6#. Variants of the original pro-
posals have also been suggested and demonstrated in
recent times. For example, extensions from two driven lev
to three or more have included interesting complicatio
connected with the appearance of quantum interference
nomena@7# and effects such as subnatural line narrowing@8#,
which are the consequence of the links~coherence! induced
by the driving field~s! among the atomic states, even tho
that are not directly involved in the spontaneous decay p
cess.

In general, the dynamical variables that have a most di
influence on the shape of the fluorescence spectra are
amplitudes~or, more precisely, the Rabi frequencies! and the
carrier frequencies of the driving fields. This is well know
In this paper, instead, we discuss a situation where also
phase of the external field can have observable significa

The setting of interest is illustrated schematically in F
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1. An atom, initially prepared in its excited state 3, can dec
spontaneously to either levels 1 or 2 through dipole-allow
transitions. Levels 1 and 2, which have the same parity,
coupled to one another by an external field; for example,
a source of microwave radiation through an allowed m
netic transition.

In the absence of the driving field it is clear what to e
pect: as the atom decays, it generates two independent e
sion lines, each having a Lorentzian shape, with maxi
located at the transition frequenciesv31 andv32, aside from
small radiative shifts. When the external field is turned o
each of the two original lines splits into a doublet, as a res
of the Autler-Townes effect@9#. Furthermore, the detailed
shape of the fluorescence spectrum depends upon the a
tude and the carrier frequency of the driving field.

Until now, we have taken for granted that the phase of
driving field would play no role in controlling the shape o
the spontaneous emission spectra. Instead, the results o
study suggest that the optical fluorescence of a driven a
can acquire an observable dependence also upon the pha

FIG. 1. Schematic representation of the relevant atomic ene
levels.v0 andV0 denote the carrier and the complex Rabi freque
cies of the microwave field, respectively. The dashed lines indic
the spontaneous decay pathways; the solid line illustrates the
pling induced by the driving field.
4483 © 1997 The American Physical Society
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4484 55M. A. G. MARTINEZ et al.
the driving field. In fact, we predict that the spontaneo
emission spectra produced by two nearly identical exp
mental configurations can be qualitatively different from o
another, even if the only difference between the experime
setups is the presence of a phase shifter in one of the m
wave beams.

While a detailed description of the model will be pr
sented in Sec. II of this paper, it may be useful to precede
formal calculations with a qualitative description of the o
gin of the phase dependence. With reference to Fig. 1,
anticipate that the spectrum will consist of two main stru
tures: one is connected with the decay of the excited elec
to level 1, and the other with the decay to level 2. The t
structures are spaced~from center to center! by a frequency
v21, and each is split into two Autler-Townes componen
that are typically of unequal heights. By varying the phase
the driving field; for example, from some valuew0 to
w01p @10#, the two Autler-Townes components switch p
sitions. If they are of unequal heights to begin with, the n
spectrum will have a different shape from the original on

Qualitatively, we interpret this phenomenon as the con
quence of two effects~see Fig. 2!.

~i! The decay of the excited electron to level 1 can ta
place in two ways, directly from level 3 to level 1 or, ind
rectly, first to level 2 and then to level 1, the last step be
accompanied by the stimulated emission of a microw
photon ~similarly, the decay to level 2 can occur direct
from the excited state or, indirectly, by way of level
through the subsequent absorption of a microwave phot!.
These two decay pathways interfere with one another and
total decay amplitude is the sum of two distinct componen
as confirmed by the explicit calculations.

~ii ! The indirect decay pathways, e.g., the dec
3→2→1, involve a one-photon exchange with the micr
wave field ~a stimulated emission, in this case!, while the
direct decay pathway does not. Hence, the phase depend
in the fluorescence spectrum is the consequence of the i
ference between two decay paths, one of which depend
the complex amplitude of the driving field, while the oth
one does not.

The observation of the effect might begin with the prep
ration of a sufficient number of excited atoms and the dev

FIG. 2. Schematic representation of the first-order processe
volved during the decay of an atom from level 3.~a! The two
competing routes of the decay from level 3 to level 1: a dir
pathway 3→1 and an indirect pathway 3→2→1, which involves the
stimulated emission of a microwave photon;~b! the two routes of
the decay from level 3 to level 2: a direct pathway 3→2 and an
indirect pathway 3→1→2, which involves the absorption of a m
crowave photon.
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opment of a mechanism that allows them to ‘‘see’’ the sa
phase of the field as they begin their evolution. A reasona
way to accomplish this goal would appear to require that
atoms be excited in a time interval short enough that the fi
phase does not have a chance to vary appreciably. Thus
atoms could be driven by a pulse of radiation whose dura
Dt is such that the change of phase at some position wi
the cloud of atoms satisfies the conditionuDwu5v0Dt!1,
wherev0 is the frequency of the driving field. If it should b
necessary to repeat the measurement several times in ord
collect an adequate spectral signal, the atoms should be
pared in their initial state with the same driving field co
figuration every time. Testing the predictions of our calcu
tions does not appear to be straightforward. Nevertheles
experiment should be within reach of currently availab
techniques.

Our paper is organized as follows. In Sec. II we descr
the model and outline the calculations leading to the fluor
cence spectrum. In Sec. III we discuss specific results
offer a more detailed physical interpretation of our finding

II. DESCRIPTION OF THE MODEL AND DERIVATION
OF THE FLUORESCENCE SPECTRUM

With reference to Fig. 1, we consider a three-level at
whose excited state 3 is linked to a ground-state doub
comprised of levels 1 and 2, by dipole-allowed transitio
The two lower states have a frequency spacingv21, and the
atom is driven by a classical source of microwave radiat
with a carrier frequencyv0'v21 and a Rabi frequency
V0 . Our calculation follows the procedure adopted in@11#.
First, we solve the Schro¨dinger equation for the combine
state vector of the driven atom and the radiation field; ne
we construct the two-time correlation function of the rad
ated fluorescence; and, finally, we calculate the spectrum
taking the Fourier transform of the field correlation functio

We begin with the Schro¨dinger equation

d

dt
uc~ t !&52

i

\
HI~ t !uc~ t !&, ~2.1!

for the combined-state vector of the atom and the surrou
ing electromagnetic field. The interaction Hamiltonian, in t
interaction representation, is given by

HI~ t !5HA1HB~ t !, ~2.2!

with

HA52\d0a2
†a21 i\~V0a2

†a12V0* a1
†a2!, ~2.3a!

HB~ t !5 i\(
k
gk~bka3

†a1e
2 idkt2bk

†a1
†a3e

idkt!

1 i\(
k
gk8~bka3

†a2e
2 i ~dk1v0!t2bk

†a2
†a3e

i ~dk1v0!t!.

~2.3b!

In Eqs ~2.3! the symbolsai
† andai denote the creation an

annihilation operators of the atomic electron in leveli ( i
51,2,3), bk

† andbk are the corresponding operators for t

in-

t
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kth mode of the electromagnetic field with frequencyvk ,
andgk andgk8 are coupling constants between thekth mode
of the field and the atom;gk is associated with the 3→1
transition andgk8 with the 3→2 transition. The detuning pa
rametersd0 anddk are defined by

d05v02v21, dk5vk2v31, ~2.4!

respectively. The origin of the atomic energy scale is se
the lowest atomic level 1.

A convenient basis for the atomic Hilbert space cons
of the unperturbed excited stateu3& and of the dressed state
ua& andub& resulting from the interaction of the atom with th
classical microwave field. The dressed states are define
the eigenvalue equations

HAua&5\laua&, ~2.5a!

HAub&5\lbub&, ~2.5b!

respectively, where

la52
d0
2

1AS d0
2 D 21uV0u2, ~2.6a!

lb52
d0
2

2AS d0
2 D 21uV0u2. ~2.6b!

Their explicit form, in terms of the unperturbed atom
statesu1& and u2&, is given by

ua&5sinuu1&1 ieiw0cosuu2&, ~2.7a!

ub&5cosuu1&2 ieiw0sinuu2&, ~2.7b!

where

sinu5
uV0u

Ala
21uV0u2

52
lb

Alb
21uV0u2

, ~2.8a!

cosu5
la

Ala
21uV0u2

5
uV0u

Alb
21uV0u2

, ~2.8b!

and

V05uV0ueiw0, ~2.9!

wherew0 is defined as the phase of the driving field at t
time when the atom is excited to level 3. After these prelim
naries, we now seek a solution of the Schro¨dinger equation
~2.1! in the form

uc~ t !&5C3~ t !u0&u3&1(
k

@ak~ t !bk
†u0&ua&

1bk~ t !bk
†u0&ub&], ~2.10!

subject to the initial conditions

C3~0!51, ak~0!5bk~0!50. ~2.11!

In Eq. ~2.10!, the ket u0& denotes the vacuum state of th
electromagnetic field.
at

s

by

-

With the help of Eqs.~2.10!, ~2.3!, and~2.1!, it is now a
simple matter to derive the coupled amplitude equations

d

dt
C3~ t !5(

k
$gk@ak~ t !sinu1bk~ t !cosu#e2 idkt

1 igk8@ak~ t !cosu2bk~ t !sin u#

3eiw0e2 i ~dk1v0!t%, ~2.12a!

d

dt
ak~ t !5C3~ t !@2gke

idktsinu1 igk8e
2 iw0ei ~dk1v0!rcosu#

2 ilaak~ t !, ~2.12b!

d

dt
bk~ t !5C3~ t !@2gke

idktcosu2 igk8e
2 iw0ei ~dk1v0!rsinu#

2 ilbbk~ t !, ~2.12c!

which we can solve by a method similar to the tradition
Wigner-Weisskopf approach, as shown in some detail in A
pendix A. For the purpose of this discussion, we only need
mention that the final result comes about after taking
infinite volume limit where the discrete indexk takes on the
role of a continuous variable.

Because we are interested in the structure of the fluo
cence spectrum after a sufficiently long time, we only ne
to be concerned with the asymptotic behavior of the Sch¨-
dinger amplitudes calculated at times that are much lon
than 1/g, whereg is the Einstein decay rate of level 3, give
by

g52p@D~v31!g
2~v31!1D~v32!g82~v32!#, ~2.13!

as shown in Appendix A. In Eq.~2.13! D(vx) represents the
density of the vacuum modes calculated at the freque
vx , andg(vx) andg8(vx) are the corresponding couplin
constants. The required amplitudes take the form

C3~ t@1/g!'0, ~2.14a!

av~ t@1/g!'e2 ilatF2g~v31!
sinu

g

2
2 i ~la1dv!

1 ig8~v32!
cosue2 iw0

g

2
2 i ~la1dv1v0!

G ,
~2.14b!

bv~ t@1/g!'e2 ilbtF2g~v31!
cosu

g

2
2i~lb1dv!

2ig8~v32!
sinue2 iw0

g

2
2 i ~lb1dv1v0!

G ,
~2.14c!
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wherev is the continuous limit ofvk , av , andbv corre-
spond to the discrete amplitudesak and bk , respectively,
anddv[v2v31.

Now that the asymptotic form of the state vector~2.10! is
known, we can calculate the spontaneous emission spec
S(v), which, in the continuous limit, is proportional to th
Fourier transform of the field correlation function

^EW ~2 !~rW,t1t!•EW ~1 !~rW,t !& t→`

5^c~ t !uEW ~2 !~rW,t1t!•EW ~1 !~rW,t !uc~ t !& t→` , ~2.15!

where

EW ~1 !~rW,t !5 lim
V→`

i(
j

S \v j

2e0V
D 1/2ê jbjei ~kW j •rW2v j t !, ~2.16a!

EW ~2 !~rW,t !5@EW ~1 !~rW,t !#†. ~2.16b!

The result of the simple calculation is

S~v!}uavu21ubvu2. ~2.17!

The structure of Eq.~2.17! indicates at once that quantu
interference effects play a role in assigning the spectral sh
of the fluorescence. In fact, bothav andbv are the sums of
two separate terms, one of which@the second term in Eqs
~2.14b! and ~2.14c!# depends on the phase of the drivin
field, while the other one does not.

If one of the decay channels, for example, the 3→1 path-
way, could be ignored@i.e., if we setg(v31)'0], the spec-
trum would no longer be sensitive to the phase of the mic
wave field. However, in the presence of both compet
decay channels and, in particular, as a result of the inter
ence between their transition amplitudes, the spectrum
quires a dependence upon the phase. This is the forma
gument that supports the qualitative description made in
Introduction.

The main features of the spectrum~2.17! can be ident-
ified by direct inspection of Eqs.~2.14b! and ~2.14c!. If
we consider a resonant driving field, for simplicity~d050,
la5uV0u, andlb52uV0u!, the spectral structureuavu2 is
comprised of two lines centered atv322uV0u and v31
2uV0u ~plus interference contributions!, while ubvu2 gener-
ates lines centered atv321uV0u andv311uV0u ~and again
the interference contributions!. Obviously, ifv21.2uV0u the
components ofuavu2 are interlaced with those ofubvu2; oth-
erwise, ifv21,2uV0u, the two spectral structuresuavu2 and
ubvu2 fall to the left of the unperturbed resonancev32 and to
the right ofv31, respectively. If one should change the pha
w0 of the driving field~a reminder: this is the phase of th
field at the time when the atom is excited to level 3!, the
shape of the spectrum changes. In particular, ifw0 is re-
placed byw01p, the new structureuavu2 is replaced by the
mirror image of the oldubvu2 @12#.

We can provide a complementary view of this effect if w
start from a representation of the state vector that invol
the unperturbed, rather than the dressed, atomic states
by replacing Eq.~2.10! with
um

pe

-
g
r-
c-
ar-
e

e

s
.e.,

uc~ t !&5C3~ t !uO&u3&1(
k

@C1k~ t !bk
†uO&u1&

1C2k~ t !bk
†u0&u2&], ~2.18!

whereC1k andC2k are the probability amplitudes that th
atom is found in levels 1 or 2, respectively, with a phot
having been emitted in modek. Of course there is no need t
solve the problem all over again because the bare-state
plitudesC1k andC2k are linear combinations of the dresse
amplitudesak(t) andbk(t), and can be calculated immed
ately from Eqs.~2.14! with the result

C1,v~ t@1/g!5g~v31!F sin2u

g

2
2 i ~la1dv!

e2 ilat

1
cos2u

g

2
2 i ~lb1dv!

e2 ilbtG
1 ig8~v32!e

2 iw0F sinu cosu

g

2
2 i ~la1v01dv!

3e2 ilat2
sinu cosu

g

2
2 i ~lb1v01dv!

e2 ilbtG ,
~2.19a!

C2,v~ t@1/g!52g8~v32!F sin2u

g

2
2 i ~la1v01dv!

e2 ilat

1
cos2u

g

2
2 i ~lb1v01dv!

e2 ilbtG
2 ig~v31!e

iw0F sinu cosu

g

2
2 i ~la1dv!

e2 ilat

2
sinu cosu

g

2
2 i ~lb1dv!

e2 ilbtG . ~2.19b!

A glance at the amplitudes in Eqs.~2.19! may give the im-
pression that the fluorescence spectrum

S~v!}uC1,vu21uC2,vu2 ~2.20!

has acquired an explicit time dependence in the bare-s
representation. Of course this cannot be the case, as one
verify by direct substitution of Eqs.~2.19! into Eq. ~2.20!
and, indeed, the result is the same as the one obtained be
Equations~2.19! show explicitly that the atom can decay, fo
example, to level 1 through two different pathways: one i
direct transition from the excited to the ground state, as e
denced by the appearance of the coupling constantg(v31),
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55 4487QUANTUM INTERFERENCE EFFECTS IN SPONTANEOUS . . .
and the other is the decay to level 2, with a weight fac
g8(v32), followed by the stimulated emission of a micro
wave photon, as indicated by the appearance of the p
factore2 iw0. A similar interpretation can be advanced for t
probability amplitude that the atom can be found in level
except that in this case the decay channel 3→1→2 requires
the absorption of a microwave photon, as indicated by
phase factoreiw0.

Finally, as already noted, if one of the decay chann
should become inaccessible@i.e., by setting eitherg(v31) or
g8(v32) equal to zero# the phase dependence of the spectr
disappears, confirming that the origin of the effect lies in
quantum interference that accompanies the spontan
emission process.

III. DESCRIPTION OF THE RESULTS AND DISCUSSION

An example of the results derived in the preceding sec
is shown in Figs. 3~a! and 3~b! for a case in which the mi-
crowave field is detuned from thev21 resonance and th
Rabi frequencyuV0u is small as compared to the transitio
frequencyv21. In Fig. 3~a! the phase of the microwave fiel
is selected asw050, while, in Fig. 3~b!, w0 is equal top. As
anticipated in the analysis of the preceding section, the
pairs of resonances associated with each of the spectral
ponentsuavu2 and ubvu2 are interlaced~a1 and a2 in the
figures belong touavu2 andb1 andb2 to ubvu2!. When the
phase of the driving field is increased byp radians, the old

FIG. 3. ~a! Spontaneous emission spectrumS(v) in arbitrary
units @see Eq.~2.17!#. The frequencies are measured in units of t
Einstein rateg @see Eq.~2.13!#. The parameters used in this sim
lation arev21515, uV0u52, d051, andw050; ~b! same as~a!
with w05p. The labelsa1 , a2 , b1, andb2 identify the doublets
belonging to the structuresuavu2 and ubvu2, respectively, as dis-
cussed in the text.
r

se

,

e

ls

e
us

n

o
m-

lines a1 and a2 are replaced by the mirror image of th
structureb1 andb2 ~and vice versa!.

If the frequency of the microwave field is resonant wi
the ground-state doublet, and ifg(v31)'g8(v32) ~as is
likely to be the case in practice because of the near deg
eracy of the two lowest levels!, the two lines belonging to
uavu2 have nearly the same height, and the same is true
the components ofubvu2. In this case a phase changeDw0
5p modifies the fluorescence spectrum in such a way
the uavu2 structure is replaced by the oldubvu2, and vice
versa, as shown in Figs. 4~a! and 4~c! @in Fig. 4~b! we have
also shown the casew05p/2#. In this figure we have chose
a Rabi frequency that satisfies the condition 2uV0u.v21 in
order to display a situation where the two structuresuavu2
and ubvu2 are located on opposite sides of the center of
entire spectrum.

FIG. 4. ~a! Spontaneous emission spectrumS(v) in arbitrary
units. The frequencies are measured in units of the Einstein rag
@see Eq.~2.13!#. The parameters used in this simulation arev21

51, uV0u55, d050, andw050; ~b! same as~a! with w05p/2 ~in
this panel the linesa1 anda2 are no longer resolved!; ~c! same as
~a! with w05p. The labelsa1 , a2 , b1 , andb2 identify the dou-
blets belonging to the structuresuavu2 and ubvu2, respectively, as
discussed in the text.
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Even a glance at the results shown in Figs. 3 and 4 in
cates that the phase dependence of the fluorescence spe
can be more or less pronounced. Thus the question co
up: How can one enhance the effect of the phase depend
as much as possible? The objective of the following disc
sion is to argue that the optimum arrangement correspond
a situation where the frequency spacing of the ground-s
doubletv21 is of the order of the decay rateg of the excited
state, although observable effects should be apparent
under less stringent conditions.

Perhaps the simplest way to address this issue is to
by writing out explicitly the fluorescence spectrum~2.17! as
the sum of two parts,S(v)5SNI(v)1S1(v). The first, la-
beledSNI, or noninterfering contribution for convenience,
given by

FIG. 5. ~a! Noninterfering contribution to the fluorescence spe
trum shown in Fig. 4~a! @see Eq.~3.1a!#; ~b! interference contribu-
tion to the spectrum shown in Fig. 4~a! @See Eq.~3.1b!#.
i-
rum
es
nce
-
to
te

en

art

SNI~v!5g2~v31!F sin2u~D1
a!2

1
cos2u

~D1
b!2G

1g82~v32!F cos2u~D2
a!2

1
sin2u

~D2
b!2G . ~3.1a!

The second,SI , or interference contribution, is given by

SI~v!52g~v31!g8~v32!sinu cosuF2
sin~w01wa!

D1
aD2

a

1
sin~w01wb!

D1
bD2

b G . ~3.1b!

In Eqs.~3.1! we have introduced the symbols

D1
x5A~g/2!21~v2v311lx!

2, ~3.2a!

D2
x5A~g/2!21~v2v311v01lx!

2, ~3.2b!

and

-

FIG. 6. Schematic representation of the spectral lines for
casev21.2uV0u. a1 and a2 denote the two components of th
uavu2 structure, with centers at frequenciesv1

a and v2
a , respec-

tively. b1 andb2 are the corresponding components of theubvu2

structure with center frequencies atv1
b andv2

b .
TABLE I. Explicit expressions for the quantitiesD1
x , D2

x , andwx @x5a,b; see Eqs.~3.2!#, for v5v1
a , andv5v2

a .

v1
a5v312uV0u v2

a5v322uV0u

D1
a g/2 @(g/2)21v21

2 #1/2

D2
a @(g/2)21v21

2 #1/2 g/2

D1
b @(g/2)214uV0u2#1/2 @(g/2)21(v2112uV0u)2#1/2

D2
b @(g/2)21(v2122uV0u)2#1/2 @(g/2)214uV0u2#1/2

wa arg(g/22 iv21) arg(g/22 iv21)

wb
2argFg

2
1 i ~v2122uV0u!G2argS g

2
12i uV0u D 2argFg

2
1 i ~v2112uV0u!G1argS g

2
12i uV0u D
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wx5arg@g/22 i ~v2v311v01lx!#

2arg@g/22 i ~v2v311lx!#, ~3.2c!

and the superscriptx stands for eithera or b. The contribu-
tion SNI(v) is positive definite, as expected, and it consi
of the sum of four Lorentzian lines@see Fig. 5~a!#. SI(v),
instead, is not positive definite@see Fig. 5~b!#, so that some
parts of the spectrum are enhanced, relative toSNI(v), and
others are lowered in height.

In order to avoid unnecessary algebraic complications,
now continue our discussion in the case when the driv
field is resonant with the 1→2 transition~i.e., v05v21!. In
this situation, as shown schematically in Fig. 6, the fo
Lorentzian lines associated withSNI(v) @Eq. ~3.1a!# are cen-
tered at the frequencies

v1
a5v312uV0u, v2

a5v322uV0u5v312v212uV0u,

v1
b5v311uV0u, v2

b5v321uV0u5v312v211uV0u.
~3.3!

If g(v31)'g8(v32), a straightforward analysis of Eq.~3.1a!,
yields the following symmetry relations~see Appendix B for
some useful formulas!

SNI~v1
a!5SNI~v2

b!, ~3.4a!

SNI~v2
a!5SNI~v1

b!. ~3.4b!

For arbitrary values of the coupling constants, instead,
interference contribution of the spectrum obeys the sym
try relations

SI~v1
a!52SI~v2

b!, ~3.5a!

SI~v2
a!52SI~v1

b!. ~3.5b!

Thus the peak heights of the lines centered atv1
a and

v2
b ~thea1 andb2 lines in Fig. 6! are modified by the sam

amount, but in opposite directions, by the effect of the qu
tum interference@the same conclusion holds for the pair
lines centered atv2

a andv1
b ~thea2 andb1 lines in Fig. 6!#.

As we have already stated, a phase changew0→w01p
causes the old linev1

a to be replaced by the old linev2
b ~and

vice versa!, so that a good figure of merit for the observab
ity of the spectral phase dependence is provided by the
solute value of the ratioSI(v)/SNI(v), calculated at any of
the four line centers.

With reference to thev1
a line, for example, Eqs.~3.1!

yield

SNI~v1
a!5 1

2g
2~v31!S 1

~g/2!2
1

1

~g/2!214uV0u2
D

1 1
2g82~v32!S 1

~g/2!21v21
2

1
1

~g/2!21~v2122uV0u!2
D ~3.6a!

and
s

e
g

r

e
e-

-

b-

SI~v1
a!5g~v31!g8~v32!H 2

sin@w01wa~v1
a!#

g

2
A~g/2!21v21

2

1
sin@w01wb~v1

a!#

A~g/2!214uV0u2A~g/2!21~v2122uV0u!2J ,

~3.6b!

where

wa~v1
a!5argS g

2
2 iv21D , ~3.7a!

wb~v1
a!5argFg22 i ~v2122uV0u!G2argS g

2
12i uV0u D .

~3.7b!

In the specific, and probably fairly common, case
which

v21@uV0u@g, ~3.8!

the ‘‘visibility ratio’’ scales as

U SI~v1
a!

SNI~v1
a!
U5O~g/v21!. ~3.9!

If, instead,

v21'g!uV0u, ~3.10!

Eq. ~3.9! is replaced by

U SI~v1
a!

SNI~v1
a!
U5O~1!. ~3.11!

Thus, as one might expect, the effects of quantum inter
ence are most pronounced when the transition freque
v21 is of the order of the Einstein rateg. Intuitively, this is a
reasonable result because, in this limit, the two optical p
tons at frequenciesv31 and v32 become virtually indistin-
guishable from each other.
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APPENDIX A

The purpose of this appendix is to sketch the solution
the coupled amplitude equations~2.12! following a straight-
forward generalization of the Weisskopf-Wigner procedu
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TABLE II. Explicit expressions for the quantitiesD1
x , D2

x , andwx @x5a,b; see Eqs.~3.2!#, for v5v1
b , andv5v2

b .

v1
b5v311uV0u v2

b5v321uV0u

D1
a @(g/2)214uV0u2#1/2 @(g/2)21(v2122uV0u)2#1/2

D2
a @(g/2)21(v2112uV0u)2#1/2 @(g/2)214uV0u2#1/2

D1
b g/2 @(g/2)21v21

2 #1/2

D2
b @(g/2)21v21

2 #1/2 g/2

wa
2argFg

2
1 i ~v2112uV0u!G1argS g

2
12i uV0u D argFg

2
2 i ~v2122uV0u!G2argS g

2
12i uV0u D

wb argS g

2
2 iv21D argS g

2
2 iv21D
s.

l

o-
@1#. We start by deriving explicit formal solutions of Eq
~2.12b! and ~2.12c!, with the results

ak~ t !5ak~0!e2 ila t1E
0

t

dt8 C3~ t8!e2 ila~ t2t8!

3@2gksinue
idkt81 igk8cosue

2 iw0ei ~dk1v0!t8#,

~A1a!

bk~ t !5bk~0!e2 ilbt1E
0

t

dt8 C3~ t8!e2 ilb~ t2t8!

3@2gkcosue
idkt82 igk8sinue

2 iw0ei ~dk1v0!t8#.

~A1b!

After imposing the initial conditions~2.11!, substitution of
Eqs.~A.1! into Eq. ~2.12a! yields

dC3~ t !

dt
52 (

n51

4 F(
k

f n,k~v0 ,w0 ,t !

3E
0

t

dt8 C3~ t8!e2 i ~vk2Vn!~ t2t8!G , ~A2!

where

V15v312la , V25v312lb ,

V35v312la2v0 , V45v312lb2v0 , ~A3!
and

f 1,k~v0 ,w0 ,t !5gk
2sin2u1 igkgk8e

2 i ~v0t2w0!sinu cosu,
~A4a!

f 2,k~v0 ,w0 ,t !5gk
2cos2u2 igkgk8e

2 i ~v0t2w0!sinu cosu,
~A4b!

f 3,k~v0 ,w0 ,t !5gk8
2cos2u2 igkgk8e

i ~v0t2w0!sinu cosu,
~A4c!

f 4,k~v0 ,w0 ,t !5gk8
2sin2u1 igkgk8e

i ~v0t2w0!sinu cosu.
~A4d!

Next, we solve Eq.~A.2! along the lines of the traditiona
approach of Weisskopf and Wigner, with the result

dC3~ t !

dt
'2C3~ t !p (

n51

4 F(
k

f n,k~v0 ,w0 ,t !d~vk2Vn!G .
~A5!

In the infinite volume limit we have, for example,

(
k
gk
2d~vk2Vn!→E dvkD~vk!g

2~vk!d~vk2Vn!,

~A6!

whereD(vk) is the density of vacuum modes of the electr
magnetic field, and Eq.~A.5! takes the form
dC3~ t !

dt
52C3~ t !p$@g2~V1!sin

2u1 ig~V1!g8~V1!e
2 i ~v0t2w0!sinu cosu#D~V1!

1@g2~V2!cos
2u2 ig~V2!g8~V2!e

2 i ~v0t2w0!sinu cosu#D~V2!

1@g82~V3!cos
2u2 ig~V3!g8~V3!e

i ~v0t2w0!sinu cosu#D~V3!1@g82~V4!sin
2u

1 ig~V4!g8~V4!e
i ~v0t2w0!sinu cosu#D~V4!%. ~A7!
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In view of the weak frequency dependence of the functio
g, g8, andD, we can safely assume

g~V1!AD~V1!'g~V2!AD~V2!5g~v31!AD~v31!,
~A8a!

g~V3!AD~V3!'g~V4!AD~V4!

5g~v312v0!AD~v312v0!, ~A8b!

and similar relations forg8. Thus we have

dC3~ t !

dt
52 1

2gC3~ t !, ~A9!

where
v.
l,

r-

.,
s g52p@g2~v31!D~v31!1g82~v312v0!D~v312v0!#.
~A10!

After replacingC3(t8) on the right-hand side of Eqs.~A1!
with the solution of Eq.~A9!, and carrying out the elemen
tary integration, Eqs.~2.14b! and~2.14c! follow, in the long-
time and infinite volume limits.

APPENDIX B

For the convenience of the reader, we list in Tables I a
II a number of formulas that will allow a verification of Eqs
~3.4! and~3.5! virtually by inspection~note: on resonance w
have sinu5cosu51/&!.
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